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Abstract

The Feynman diagrams have become a highly valued tool for complex calculations

and understanding the physics of elementary particles within the framework of

quantum field theory. In this thesis, we present an overview on constructing and

utilizing Feynman diagrams in quantum field theory along with an overview of

quantum field theory itself. We begin with a review of prerequisite topics then

progress to discussing symmetries using Lie groups, algebras, and representation

theory. We then use the representations of the Lorentz group to derive the fields

in a classical context then proceed with quantization to create the corresponding

quantum fields while providing a thorough analysis of each quantum field. Path

integrals are constructed for each quantum field by deriving their propagators

then the formulas for scattering are derived in the context of quantum field theory.

Quantum symmetries are briefly explored with the intention of quantizing classical

results such as Noether’s theorem. Then we construct interacting quantum field

theories and introduce the Feynman diagrams and Feynman rules for different in-

teraction theories and provide examples and applications of the Feynman diagrams.

The physics behind the diagrams is carefully analyzed and interpreted. Finally, we

conclude this thesis with a summary of what we have covered along with possible

routes of study after mastering the contents of this thesis that will lead to current

research topics.
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Chapter 1

Introduction

In the early 20th century, intense research into the property of light and matter at

the smallest scales revealed that nature did not obey the laws of classical physics

that many scientists had come to accept as the paradigm for modeling physical

phenomena. Various contradictions and paradoxes arose in which current scientific

theories of the time could not explain nor resolve [1]. In a time period that spanned

several decades with the contributions of thousands of scientists all over the world,

a new physical theory, radically different from all known scientific theories of

the time, was slowly developed that could quantitatively explain model nature

at the smallest scales. This new physical theory is called quantum mechanics

and despite its controversial philosophical implications, it quickly proved to be

remarkably accurate in describing physical phenomena at atomic scales. It was

able to quantitatively explain the hydrogen spectrum, explain the structure of

atoms with great accuracy, and much more. Quantum mechanics very quickly

established itself as one of the most successful scientific theories in history. In fact,

millions of experiments have confirmed the validity of quantum mechanics with an

astonishing degree of accuracy.

In a radically opposite situation during the same time, another major scientific

development occurred by virtually one person in a paper published on September 26,

1905 [1]. In this landmark paper titled “On the Electrodynamics of Moving Bodies”,
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a young theoretical physicist named Dr. Albert Einstein formally established

the theory of special relativity which reconciled the mathematical asymmetries

of classical electromagnetism and corrected Newtonian mechanics to account for

bodies that move at speeds close to or at the speed of light. Immediately afterwards,

it was soon realized by Einstein and other notable scientists and mathematicians,

such as Hermann Minkowski and David Hilbert, that the theory of relativity was a

geometrical theory that dealt with the intimate relationship of space and time. This

has tremendous implications on all existing and future theories left to be discovered

in the fact that the laws of nature must obey relativity [2]. Then Albert Einstein

developed in a span of ten years a general theory of relativity that incorporated

gravity where the theory of special relativity he had initially developed was the

special case. Much like quantum mechanics, special and general relativity proved to

be extremely accurate theories that could explain the physics of very large bodies

and bodies moving close to or at the speed of light. Experiments have shown that

the predications and results of special relativity and general relativity have been

correct to an extremely accurate degree and relativity established itself as one of

the most accurate scientific theories of all time as well.

With the creation of two of the most powerful theories that form the basis

of modern physics, it was only natural that scientists would try to fuse quantum

mechanics and special relativity into a new physical theory that would provide

the tools and framework for studying an even larger range of physical phenomena

with results just as, if not more, accurate from any of the two theories alone. This

proved to be an extremely difficult task because many of the attempts at fusing

both theories ran into contradictions or inconsistencies that violated one or both

of the fundamental tenets of the two theories. An example of this was the first

relativistic quantum wave equation called the Klein-Gordon equation

−~2 ∂
2

∂t2
ψ(x, t) =

(
− ~2c2∇2 +m2c4

)
ψ(x, t),

which was formulated by replacing the energy E and momentum p in the relativistic
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energy equation

E2 = p2c2 +m2c4,

with their quantum operator equivalents. Interesting, this equation was the first

equation that Erwin Schrödinger formulated but he discarded this equation in favor

of the nonrelativistic Schrödinger equation because this equation did not account

for the spin of the electron. The Klein-Gordon equation, although manifestly

covariant, is not consistent with quantum mechanics because probability is not

conserved and predicts negative energy states. Many scientists were not sure if it

was possible to combine both theories until British theoretical physicist Paul Dirac

successfully derived and presented the beautiful Dirac equation

(−iγµ∂µ +m)ψ = 0,

which was a covariant quantum mechanical equation created to model the electron

that seemed to successfully combine special relativity and quantum mechanics

[1]. The Dirac equation gave scientists the promised highly accurate results.

However, there were several inconsistencies that arose with one of the most glaring

inconsistency being the existence of negative energy states like the Klein-Gordon

equation. In a rather ad hoc manner, Dirac used the Pauli exclusion principle

along with his remarkable physical intuition to describe these negative energy

states as a type of particle with the same properties as the electron except that

it possessed a positive electric charge and would annihilate instantly when it

interacted with a regular, negatively charged electron. This was the first time that

the concept ofantimatter was presented and was experimentally verified shortly

afterwards which contributed to the Nobel committee awarding him, along with

Erwin Schrödinger, the Nobel Prize in Physics [1].

Despite the various attempts at reconciling any problems with the fusion of

special relativity and quantum mechanics, it was clear that another physical theory

was needed to successfully combine and reconcile the relativity and quantum
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mechanics. After World War II, physicists all over the world contributed to this

development and eventually a new physical framework emerged that combined

classical field theory, special relativity, and quantum mechanics into a new theory

called quantum field theory. Quantum field theory proved to be extremely successful

as well but once again, serious flaws emerged in the form of mathematical infinities

which gave nonsensical results. Eventually, various mathematical techniques

collectively called renormalization were created that removed the infinities that

plagued quantum field theory [1]. Unsurprising, the mathematics and physical

interpretations of quantum field theory proved to be conceptually difficult to

understand and explain. However, a brilliant theoretical physicist named Richard

Feynman developed a computational tool called the Feynman diagrams which

allowed one to make calculations in quantum field theory by using a series of

diagrams with a set of rules that made calculations far easier and streamlined. Very

quickly however, the Feynman diagrams proved to provide a deeper insight into

the underlying physics at hand in quantum field theory and combined with their

computational power, the Feynman diagrams essentially became an indispensable

part of the subject of quantum field theory.

The goal of this thesis to show how the Feynman diagrams are derived and

utilized in particle physics and in quantum field theory in general. We will formulate

the foundations of quantum field theory from the ground up by first presenting a

brief overview on the key concepts and results from the theory of special relativity,

classical field theory, and nonrelativistic quantum mechanics. Then we will cover

the mathematical basis of quantum field theory by delving into the study of Lie

groups, Lie algebras, and their representations which will naturally lead to the

discussion of the representations of the Lorentz group. We will cover how symmetry

transformations are expressed mathematically and discuss their relationship to

quantum field theory. We will then provide a thorough derivation and analysis of

the types of quantum fields that are studied in practice then construct each field’s

respective path integrals. After a brief overview of scattering theory in quantum
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field theory along with a short digression on the symmetries of quantum fields, we

will begin our study of interactions which will naturally lead to constructing our

first Feynman diagrams and deriving the Feynman rules for the other fields so that

we can construct their respective diagrams. We will include pedagogical examples

and real life applications when we construct the Feynman diagrams. The idea of

renormalization will be hinted at and briefly covered but will not be fully developed.

This will not hinder our discussion of the Feynman diagrams and quantum field

theory in general because as we will see in this thesis, the topic of quantum field

theory is such a vast and rich subject. We will assume that the reader has a basic

knowledge of nonrelativistic quantum mechanics and special relativity along with

a familiarity in using Dirac notation.
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Chapter 2

Background

2.1 Special Relativity

The Need for Relativity

The special theory of relativity, or special relativity, in its most general sense

is the physical theory that explains the structure and relationship of space and

time. Originally formulated by Albert Einstein in the groundbreaking paper “On

the Electrodynamics of Moving Bodies”, the original goal of special relativity

was to address the apparent asymmetries of Maxwell’s equations when applied to

moving bodies by correcting Newtonian mechanics to be compatible with classical

electrodynamics [1]. It soon became apparent however that special relativity

fundamentally dealt with the relationship of space and time and in particular, its

geometry. If we were to imagine all of our physical laws and theories as actors in

a play, then special relativity would be considered the background on which the

actors perform on. The structure and form of the background ultimately decides

how the actors can interact with each other and their surroundings [2]. From this

simply analogy, it is clear that relativity plays a central role in physics. Indeed,

physicists realized that special relativity was to be applied not just to classical

mechanics, but to all of physics including all currently known physical theories and

any undiscovered physical theories [2]. In this section, we will present derivations
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and explanations of the key concepts from special relativity that will be central in

formulating and explaining quantum field theories.

The Postulates of Special Relativity and the Lorentz Transformations

We state the postulates of special relativity according to Griffiths [2]:

Postulates of the Special Theory of Relativity

1. Principle of Relativity: The laws of physics apply in all inertial frames.

2. Invariance of the Speed of Light: The speed of light in a vacuum is a

constant c in all inertial frames, regardless of the motion of the source.

The postulates of special relativity can be used to derive the relativity of

simultaneity, time dilation, and length contraction [3]. The relativity of simultaneity

says that two events that occur simultaneously in one inertial frame can be

seen to occur non-simultaneously in another inertial frame. Time dilation is the

phenomenon where a moving clock measures time slower than a clock that is in its

rest frame. This implies that the time interval between two events is dependent

on the relative velocity between the two inertial frames they occur in. Length

contraction is the phenomenon where a moving body experiences a reduction in the

dimension parallel to its velocity. This implies that the spatial distance parallel to

the velocity between two events in one moving inertial frame can be found to have

a different spatial distance in another inertial frame. The type of transformations

between two inertial frames S and S ′ that encodes these three concepts are the

Lorentz transformations 

t′ = γ(t− v
c2
x),

x′ = γ(x− vt),

y′ = y,

z′ = z,

(2.1.1)
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where

γ =
1√

1− v2

c2

, (2.1.2)

is the Lorentz factor. The matrix structure of the Lorentz transformation easily

allows us to write the Lorentz transformation as



t′

x′

y′

z′


=



γ −γ v
c2

0 0

−γv γ 0 0

0 0 1 0

0 0 0 1





t

x

y

z


, (2.1.3)

The above Lorentz transformation matrix Λ is called a standard boost and does not

represent the most general type of Lorentz transformation since a general Lorentz

transformation Λ involves some rotations as well. A boost, or pure boost, ΛB is a

type of Lorentz transformation that leaves corresponding axes parallel without any

rotation [4]. A rotation, or pure rotation, ΛR is a type of Lorentz transformation

that leaves the temporal component invariant while the spatial components are

mixed by rotations. Since there are three spatial axes, there are three rotations

and three boosts. Any Lorentz transformation Λ can be written as the product of

a boost followed by a suitable rotation Λ = ΛRΛB [4].

Now if light travels from one spacetime point (t0, x0, y0, z0) to another point

(t1, x1, y1, z1) in an inertial frame S, the distance traveled would be

c(t1 − t0) =
√

(x1 − x0)2 + (y1 − y0)2 + (z1 − z0)2,

or equivalently,

−c2(t1 − t0)2 + (x1 − x0)2 + (y1 − y0)2 + (z1 − z0)2 = 0.
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In another inertial frame S ′, the distance light travels would be [3]

−c2(t′1 − t′0)2 + (x′1 − x′0)2 + (y′1 − y′0)2 + (z′1 − z′0)2 = 0.

From the second postulate of relativity, the invariance of the speed of light in all

inertial frames implies that

−c2(t1 − t0)2 + (x1 − x0)2 + (y1 − y0)2 + (z1 − z0)2

= −c2(t′1 − t′0)2 + (x′1 − x′0)2 + (y′1 − y′0)2 + (z′1 − z′0)2.

This naturally leads to the concept of the spacetime interval between two events,

(∆s)2 = −c2(∆t)2 + (∆x)2 + (∆y)2 + (∆z)2, (2.1.4)

and if we set the spacetime coordinates in frame S ′ to coincide with the origin, we

get

s2 = −c2t2 + x2 + y2 + z2. (2.1.5)

Equation (2.1.5) is a quadratic form and given the matrix structure of the Lorentz

transformations, we can construct a mathematical vector that combines the three

spatial coordinates with time to create the four-vector

x̄ = (ct, x, y, z). (2.1.6)

The bar notation on the four-vector is added to distinguish the spatial x-coordinate

but we will abandon this bar notation shortly in favor of the more commonly used

notation. Since the dimensions of ct is length, we introduce the standard notation

of four-vectors by labeling x0 = ct, x1 = x, x2 = y, and x3 = z then

xµ = (x0, x1, x2, x3), (2.1.7)
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where µ = 0, 1, 2, 3. It is standard for Greek indices, such as µ and ν, to have

values µ = 0, 1, 2, 3 while Latin indices, such as i and j, to have values i = 1, 2, 3.

In this thesis, we will adopt this convention as well. If we let β = v/c, the standard

Lorentz transformation takes on the simpler form



x0 ′

x1 ′

x2 ′

x3 ′


=



γ −γβ 0 0

−γβ γ 0 0

0 0 1 0

0 0 0 1





x0

x1

x2

x3


. (2.1.8)

If we let β = cosh η and use the hyperbolic relation

sinh2 η − cosh2 η = 1, (2.1.9)

the Lorentz factor becomes

cosh2 η =
1√

1− tanh2
, (2.1.10)

and the standard Lorentz transformation becomes



x0 ′

x1 ′

x2 ′

x3 ′


=



cosh η − sinh η 0 0

− sinh η cosh η 0 0

0 0 1 0

0 0 0 1





x0

x1

x2

x3


, (2.1.11)

where the parameter η is called the rapidity [2]. The hyperbolic form of the

Lorentz transformation (2.1.11) can be interpreted as a hyperbolic rotation in four

dimensions which reflects the geometric nature of the theory of special relativity
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[4]. The four-vector notation allows us to write the quadratic spacetime interval as

(xµ)T · xµ = −(x0)2 + (x1)2 + (x1)2 + (x3)2

=

(
x0 x1 x2 x3

)


−1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1





x0

x1

x2

x3



=

(
x0 x1 x2 x3

)
gµν



x0

x1

x2

x3


= xµgµνx

ν ,

where gµν = gµν is the Minkowski metric. The metric signature of gµν is (−,+,+,+)

but in other literature it can also be (+,−,−,−). We will adopt the signature

(−,+,+,+) for this thesis. We see that

gµνx
ν =



−1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1





x0

x1

x2

x3


= (−x0, x1, x2, x3)

= xµ, (2.1.12)

so we introduce lowering a Lorentz index as

xµ =
3∑

ν=0

gµνx
µ = (−x0, x1, x2, x3), (2.1.13)
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and raising a Lorentz index as

xµ =
3∑

ν=0

gµνxµ = (x0, x1, x2, x3). (2.1.14)

We call the four-vectors xµ and xµ covariant and contravariant four-vectors, re-

spectively, thus raising a Lorentz index is equivalent to making a sign change in

the temporal component while leaving the spatial components invariant [2]

(x0, x1, x2, x3) = (−x0, x1, x2, x3). (2.1.15)

The Lorentz transformation matrix can be denoted as Λµν where µ and ν are

the row and column numbers, respectively, then a Lorentz transformation can be

compactly written as

xµ ′ =
3∑

ν=0

Λµνx
ν . (2.1.16)

To make equation (2.1.16) even more compact and elegant, we adopt the Einstein

summation convention where any pair of repeated indices imply summation over

the repeated indices which allows us to remove the summation symbol

xµ ′ = Λµνx
ν ≡

3∑
ν=0

Λµνx
ν . (2.1.17)

Any pair of repeated indices must have one superscript and one subscript and are

said to contracted. With this convention, we see that [5]

gµνgνρ = δµρ, (2.1.18)

where δµρ is the Kronecker delta and the spacetime interval can now be written as

s2 ≡ x2 = xµxµ = xµx
µ = −(x0)2 + x2. (2.1.19)
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A Lorentz transformation leaves the spacetime interval invariant.

Proof. Consider the spacetime interval

s2 = −(x0)2 + (x1)2 + (x2)2 + (x3)2.

The last three terms on the right hand side is the Euclidean norm in R3 which is

invariant under three dimensional rotations. Without loss of generality, under a

standard boost we have

s2 ′ = −(x0 ′)2 + (x1 ′)2 + (x2 ′)2 + (x3′)2

= −γ2(1− β2)(x0)2 + x1 + x2 + γ2(1− β2)(x1)2

= −(x0)2 + (x1)2 + (x2)2 + (x3)2

= s2,

so the interval is invariant under standard boosts. Since any Lorentz transformation

consists of a product of boosts and rotations, the spacetime interval s is invariant

under Lorentz transformations [4].

Now we have a formal definition for a Lorentz transformation [5].

Definition 2.1.1. A Lorentz transformation is a linear, homogeneous change

of coordinates from one inertial frame to another inertial frame

xµ ′ = Λµνx
ν ,

that leaves invariant the interval

xµxµ = −(x0)2 + x2.

With our definition, a Lorentz transformation obeys the following

gµνΛ
µ
ρΛ

ν
σ = gρσ (2.1.20)
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from which we can identify the inverse Lorentz transformation [5]

(Λ−1)ρν = Λ ρ
ν , (2.1.21)

which also implies that

gµνΛρµΛ
σ
ν = gρσ. (2.1.22)

We will show later that the set of all Lorentz transformations forms a group.

The form of the spacetime interval very clearly resembles an inner product thus

the spacetime interval is also known as the Minkowski inner product, or invariant

scalar product. However, despite the fact that the invariant scalar product has

many of the same properties of an inner product, it is not an inner product by

definition. To see this, when we first derived the spacetime interval, the interval

value was zero or, more formally,

xµxµ = 0. (2.1.23)

Two events whose spacetime interval is zero are called lightlike events and we call

the four-vector xµ lightlike as well. If we consider two events where their spatial

interval is greater than their temporal interval, we will have xµxµ > 0 and are

called spacelike events and we call the four-vector xµ spacelike as well. Analogously,

if two events have a greater temporal interval than their spatial interval, we will

have xµxµ < 0 and are called timelike events and we call the four-vector xµ timelike

as well. Formally speaking, the invariant scalar product can have values

xµxµ > 0, (2.1.24)

xµxµ = 0, (2.1.25)

xµxµ < 0, (2.1.26)

thus the invariant scalar product is indefinite which violates the positive definiteness

property of the inner product. Thus we have a formal definition.
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Definition 2.1.2. The Minkowski inner product, or invariant scalar prod-

uct, is a nondegenerate, symmetric bilinear form [·, ·]3,1 : R4 × R4 → R defined

as

[x, y]3,1 = x1y1 + x2y2 + x3y3 − x4y4,

which satisfies for all x, y, z ∈ R4 and for all scalars a ∈ R:

1. Bilinearity

[ax+ y, z]3,1 = a[x, z]3,1 + [y, z]3,1

2. Symmetry

[x, y]3,1 = [y, x]3,1

3. Non-degenerancy

[x, y]3,1 = 0; ∀y ∈ R4, then x = 0

By now, it is clear that we are not working in the Euclidean space R4 because

equipping the smooth manifold R4 with the Minkowski inner product creates a

non-Euclidean manifold. The space that we are working in is now defined.

Definition 2.1.3. Minkowski space is the smooth four-dimensional manifold R4

equipped with the Minkowski inner product. Depending on the metric signature, it

is denoted as R1,3 or R3,1 for signatures (−,+,+,+) and (+,−,−,−), respectively.

Our choice of the metric signature was (−,+,+,+) thus we will be using the

notation R1,3 for this thesis. All of the quantum fields that we will construct will

have their domains in R1,3 so that they are relativistically invariant.

We say that an equation is relativistically invariant if it holds in all inertial

frames, which is in accordance with the principle of relativity [4]. Before we end

this section, we introduce the four-gradient which will aid us in subsequent chapters
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[5]

∂µ ≡
∂

∂xµ
=
( ∂
∂t
,∇
)
, (2.1.27)

∂µ ≡ ∂

∂xµ
=
(
− ∂

∂t
,∇
)
. (2.1.28)

We see that

∂µxν = gµν , (2.1.29)

and it can easily be proved that under Lorentz transformations, the four-gradients

transform as [5]

∂
µ
= Λµν∂

ν , (2.1.30)

∂
2
= ∂2. (2.1.31)

2.2 Classical Field Theory

As the name of the topic suggests, fields are crucial in the formulation and

understanding of quantum field theory. Field theory is used in the study of objects

that form a continuous medium, such as water, air, and the electromagnetic field [6].

A field φ(x, t) is a physical quantity that gives a value for any point in spacetime.

The type of fields that we will deal with will be based on the representations of the

Lorentz group which we will cover later on. For now, we will review the dynamics

of fields and how the equations that govern their dynamics are derived.

Recall from Lagrangian mechanics the action functional S which is defined as

S =

∫ t2

t1

dt L(qi, q̇i), (2.2.1)

where L(qi, q̇i) is the Lagrangian function whose arguments qi and q̇i are called

the generalized coordinates and generalized velocities, respectively [4]. The Euler-
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Lagrange equations of motion are derived by using the principle of stationary action

to minimize the action S to get

d

dt

(∂L
∂q̇i

)
− ∂L

∂qi
= 0, (2.2.2)

where

∂L

∂q̇i
= pi, (2.2.3)

∂L

∂qi
= Fi, (2.2.4)

are the generalized momenta and generalized forces, respectively. The transition to

Hamiltonian mechanics involves a Legendre transform of the Lagrangian L(qi, q̇i)

to construct the Hamiltonian H(qi, ṗi) whose arguments ri = (qi, pi) are called the

canonical coordinates [7]. The Hamiltonian is

H =
∑
i

q̇i
∂L

∂q̇i
− L =

∑
i

piq̇i − L, (2.2.5)

where

pi =
∂L

∂q̇i
, (2.2.6)

are the generalized momenta from Lagrangian mechanics but are called the canoni-

cal or conjugate momenta in Hamiltonian mechanics [4]. Then Hamilton’s equations

are

∂H

∂qi
= −ṗi,

∂H

∂pi
= q̇i,

∂H

∂t
= −∂L

∂t
. (2.2.7)

These formulations of classical mechanics easily generalize to field theory with some

minor alterations. Lagrangian and Hamiltonian mechanics deals with systems of

discrete particles but fields are continuous systems over Rn. Thus for a set of fields
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ϕa, we introduce the Lagrangian density

L(ϕa,∇ϕa, ∂ϕa/∂t,x, t) = L(ϕa, ∂µϕa), (2.2.8)

and the total Lagrangian L is computed by integrating over all of R3

L =

∫
d3xL, (2.2.9)

then the action is

S =

∫
dt L =

∫
dt d3xL =

∫
d4xL, (2.2.10)

where d4x = dt d3x is the Lorentz invariant measure. To see that d4x is Lorentz

invariant, let xµ ′ = Λµνx
ν then d4x′ = |detΛ| d4x = d4x since |detΛ| = 1 [5].

Varying the action and applying the stationary action principle with vanishing

boundary conditions at spatial and temporal infinity yields the field-theoretic

analogue of the Euler-Lagrange equations

∂µ

( ∂L
∂(∂µϕa)

)
− ∂L
∂ϕa

= 0. (2.2.11)

Analogously, we define the Hamiltonian density

H(ϕa,∇ϕa, ∂ϕa/∂t,x, t) = H(ϕa, ∂µϕa), (2.2.12)

and the total Hamiltonian is computed in the same manner

H =

∫
d3xH. (2.2.13)

Deriving the Hamiltonian density is very similar to the discrete case,

H =
∑
i

∂L
∂(∂0ϕa)

ϕa − L =
∑
a

Πaϕ̇a − L, (2.2.14)
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where for each field ϕa

Πa =
∂L

∂(∂0ϕa)
=

∂L
∂ϕ̇a

, (2.2.15)

are the conjugate momenta densities [5]. Then the field-theoretic analogue of

Hamiltonian’s equations are

δH
δΠa

= ϕ̇a,
δH
δϕa

= −Π̇a, (2.2.16)

where the operator δ is the variational derivative. It is a common convention to refer

to the Lagrangian and Hamiltonian density as the Lagrangian and Hamiltonian,

respectively, and in general to drop the term density from all other names. We

will adopt this convention in this thesis as well unless specified otherwise. In this

thesis, we will place more emphasis on the Lagrangian formulation of field theory.

The main advantages of this are that it is manifestly covariant, preserves the

symmetries of the equation and naturally leads to the path integral formulation of

quantum field theory [8].

2.3 Quantum Mechanics

We will present a brief overview of nonrelativistic quantum mechanics and present

the main results that will be frequently used throughout this thesis. As mentioned

in the introduction, quantum mechanics is the fundamental theory of physics

that studies atomic and subatomic systems. Quantum mechanics differs from

classical physics in many ways with the most notable difference being that the

ordering of a series of measurements matters in quantum mechanics. A famous

example of this is that it is not possible to know the position and momentum of

a particle simultaneously which is in stark contrast with classical physics. The

massive success of quantum mechanics has led scientists to believe that there is

an underlying quantum theory for every classical theory and indeed this has been

the case with a famous example being quantum electrodynamics. Like relativity,
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it is believed that quantum mechanics is a fundamental aspect of nature thus all

theories should obey quantum mechanics at the right size ranges. For this section

and thesis, the reader is assumed to possess knowledge of and flexibility in using

Dirac notation.

Postulates of Quantum Mechanics

We present the postulates of quantum mechanics according to Cohen-Tannoudji

[9].

Postulates of Quantum Mechanics

1. At a fixed time t0, the state of an isolated physical system is defined by

specifying a ket |ψ(t0)〉belonging to a Hilbert space H called the state space.

2. Every measurable physical quantity A is described by a Hermitian operator

Â acting in H; this operator is an observable.

3. The result of the measurement of a physical quantity A is one of the eigen-

values of the corresponding observable Â.

4. When the physical quantity A is measured on a system in the normalized

state |ψ〉, the probability P (an) of obtaining an eigenvalue (an for discrete

and α for continuous) of Â is:

P (an) = |〈φn|ψ〉|2 , (Discrete, nondegenerate spectrum)

P (an) =

gn∑
i

∣∣〈φin|ψ〉∣∣2 , (Discrete, degenerate spectrum)

dP (α) = |〈φα|ψ〉|2 dα, (Continuous, nondegenerate spectrum)

5. If the measurement of the physical quantity on the system in the state |ψ〉

gives the result an, the state of the system immediately after the measurement
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is the normalized projection,

Pn|ψ〉√
〈ψ|Pn|ψ〉

,

of |ψ〉 onto the eigensubspace associated with an.

6. The time evolution of the state vector |ψ(t)〉 is governed by the Schrödinger

equation:

i~
d

dt
|ψ(t)〉= Ĥ(t)|ψ(t)〉,

where Ĥ(t) is the observable associated with the total energy of the system

(called the Hamiltonian).

In this thesis, we will adopt the convention where “hatted” quantities Â denote

Hermitian, quantum operators and “unhatted” quantities A are classical quantities.

This will be made clearer as we progress further. The postulates of quantum

mechanics also imply that two vectors that differ by a scalar multiplicative constant

represent the same pure state thus the Hilbert space contains normalizable rays

rather than vectors [7]. We now present a more mathematical description of the

quantum mechanics [10].

Definition 2.3.1. For a vector ψ ∈ H, the corresponding ray is the set

ψ = {eiαψ : α ∈ R}.

An element φ ∈ ψ is called the representative of ψ.

Definition 2.3.2. The ray product of two rays φ and ψ is defined as

φ · ψ = |〈φ|ψ〉| ,

and is independent of the choice of representatives from the sets φ and ψ.

Definition 2.3.3. The set of all rays equipped with the ray product is called the

ray space H.



22

With these definitions we are ready to define what a symmetry transformation

in quantum mechanics is [10].

Definition 2.3.4. A symmetry transformation is a bijective mapping S : H → K

that preserves the ray product

S(φ) · S(ψ) = φ · ψ, ∀φ, ψ ∈ H.

We now present one of the most fundamental theorems in quantum mechanics

[10].

Theorem 2.3.1 (Wigner’s theorem). For every symmetry transformation

S : H → K, there exists a transformation S : H → K such that

1. S(ψ) = S(ψ), ∀ψ ∈ H and,

2. the transformation is either unitary or antiunitary.

Wigner’s theorem gives us the recipe for quantizing symmetries from classical

physics to quantum physics and will be frequently invoked to create the necessary

quantum symmetry transformations. The postulates can also be used to derive

the canonical commutation relations

[X̂i, X̂j] = 0,

[P̂i, P̂j] = 0,

[X̂i, P̂j] = i~δij, (2.3.1)

and the scalar product of the position and momentum eigenkets

〈x|p〉= 1

(2π~)3/2
eix·p/~. (2.3.2)

The canonical commutation relations provide the method for quantizing a classical

theory through canonical quantization which is to promote the classical dynamical
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variables of position x (or its equivalent) and momentum p (or its equivalent) to

Hermitian operators X̂ and P̂ , respectively, and impose the canonical commutation

relations (2.3.1) on the operators.

2.3.1 Formulations of Quantum Mechanics

Schrödinger Picture vs. Heisenberg Picture

In the Schrödinger picture, operators are time-independent while the state kets are

time-dependant. The equation that governs the time evolution is the Schrödinger

equation

i~
d

dt
|ψ(t)〉= Ĥ|ψ(t)〉. (2.3.3)

In the Heisenberg picture, the Schrödinger operators undergo a unitary trans-

formation which makes the operators time-dependent while the state kets become

time-independent, formally,

ÂH(t) = Û †(t)ÂSÛ(t), (2.3.4)

where Û(t) = e−iĤt/~ is the unitary time evolution operator and the superscipts

S and H denote the Schrödinger operator and Heisenberg operator, respectively.

The equation that governs the time evolution of the Heisenberg operators is the

Heisenberg equation of motion

dÂH(t)

dt
=

1

i~
[ÂH(t), Ĥ], (2.3.5)

for any observable Â in the Heisenberg picture.
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Path Integral Formulation

We follow the methodology of Srednicki in the following [5]. Consider the general

quantum Hamiltonian for one particle

Ĥ(X̂, P̂ ) =
P̂ 2

2m
+ V (X̂). (2.3.6)

We will let ~ = 1 for clarity for this subsection. Let |x〉be the eigenket of X̂ such

that X̂|x〉= x|x〉. In the Heisenberg picture, we make the necessary adjustments

X̂ → X̂(t) = eiĤtX̂e−iĤt, (2.3.7)

P̂ → P̂ (t) = eiĤtP̂ e−iĤt, (2.3.8)

|x, t〉→ |x〉. (2.3.9)

Then in the Heisenberg picture X̂(t)|x, t〉= x|x, t〉. To calculate the probability

amplitude 〈x′′, t′′|x′, t′〉, namely, the probability that a particle at position x′ at

time t′ to move to position x′′ at the later time t′′, let us divide the time interval

t′′− t′ into N +1 equal subintervals of duration δt = T/(N +1). Then let us insert

N position intermediate eigenstates to get

〈x′′, t′′|x′, t′〉=
∫ N∏

j=1

dxj 〈x′′|e−iĤδt|xN〉〈xN |e−iĤδt|xN−1〉. . . 〈x1|e−iĤδt|x′〉.

(2.3.10)

Using the Baker-Campbell-Hausdorf formula

exp(A+B) = exp(A)exp(B)exp
(
− 1

2
[A,B] + . . .

)
, (2.3.11)

we get up to second order in δt

exp(−Ĥδt) = exp
[
− i(δt/2m)P̂ 2

]
exp
[
− iδtV (X̂)

]
exp
[
O(δt2)

]
, (2.3.12)
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where in the limit of small δt, the last term goes to one [5]. Consider the probability

amplitude 〈x2|e−iĤδt|x1〉 and observe that

〈x2|e−iĤδt|x1〉= 〈x2|e−i(δt/2m)P̂ 2

e−iδtV (X̂)|p1〉

= 〈x2|e−i(δt/2m)P̂ 2|p1〉〈p1|e−iδtV (X̂)|x1〉

=

∫
dp1 e

−i(δt/2m)p21e−iδtV (x1)〈x2|p1〉〈p1|x1〉

=

∫
dp1
2π

e−i(δt/2m)p21e−iδtV (x1)〈x2|p1〉〈p1|x1〉eip1(x2−x1)

=

∫
dp1
2π

e−iH(x1,p1)δteip1(x2−x1), (2.3.13)

where we used 〈x|p〉= (2π)1/2eix·p. It is easy to generalize to N cases but for more

general Hamiltonians, we will adopt Weyl ordering and replace H(x1, p1) with

H(x̄1, p1) where x̄1 = 1
2
(x1 + x2) [5]. Then we generalize equation (2.3.13) into

(2.3.10) to get

〈x′′, t′′|x′, t′〉=
∫ N∏

k=1

dxk

N∏
j=1

dpj
2π

eipj(xj+1−xj)e−iH(pj ,x̄j)δt, (2.3.14)

where x̄j = 1
2
(xj + xj+1), x0 = x′, and xN+1 = x′′. Let ẋj = (xj+1 − xj)/δt then in

the limit δt→ 0 we have

〈x′′, t′′|x′, t′〉=
∫
DxDp exp

[
i

∫ t′′

t′
dt
(
p(t)ẋ(t)−H(x(t), p(t))

)]
=

∫
DxDp exp

[
i

∫ t′′

t′
dt L(ẋ(t), p(t))

]
(2.3.15)

Expression (2.3.15) is called Feynman’s path integral and we see that we are

integrating over all possible paths in phase space [11]. If the momenta in H(x, p)

is quadratic at most then the integration over p is gaussian and can be performed

in an analytic form [5]. The constant that arises from this integration can then be

absorbed into the functional measure Dx. Now at some time t1 ∈ (t′, t′′), consider

〈x′′, t′′|X̂(t1)|x′, t′〉= 〈x′′|e−iĤ(t′′−t1)X̂e−iĤ(t1−t′)|x′〉. (2.3.16)
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If we insert intermediate position and momentum eigenstates, we get

〈x′′, t′′|X̂(t1)|x′, t′〉= 〈x′′, t′′|x(t1)|x′, t′〉

=

∫ N∏
j=1

dxj x(t1)〈x′′|e−iĤδt|xN〉〈xN |e−iĤδt|xN−1〉

. . . 〈x1|e−iĤδt|x′〉

=

∫
DxDp x(t1) eiS. (2.3.17)

If we now consider X̂(t1) and X̂(t2), the ordering of the operator’s times matter

thus we have

〈x′′, t′′|TX̂(t1)X̂(t2)|x′, t′〉=
∫
DxDp x(t1)x(t2) eiS, (2.3.18)

where T is the time-ordering symbol: a product of operators is implied to be written

with all operators at later times to the left of the operators at earlier times. Later

on, we will calculate many expressions such as (2.3.18) which are called correlation

functions. To calculate them, suppose we made the replacement

H(x, p)→ H(x, p)− f(t)x(t)− h(t)p(t), (2.3.19)

where f(t) and h(t) are specified functions [5]. Then the probability amplitude

becomes

〈x′′, t′′|x′, t′〉f,h =
∫
DxDp exp

[
i

∫ t′′

t′
dt
(
pẋ−H + fx+ hp

)]
. (2.3.20)

Now we introduce a new derivative [5].

Definition 2.3.5. The functional derivative is a functional analogue of the

differential operator from differential calculus that acts on functions such that

δ

δf(t1)
f(t2) = δ(t1 − t2),
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where δ(t) is the Dirac delta function. The normal rules of differential operators

from differential calculus applies to the functional derivative.

Then observe that [5]

1

i

δ

δf(t1)
〈x′′, t′′|x′, t′〉f,h =

∫
DxDp x(t1) ei

∫
dt [pẋ−H+fx+hp],

1

i

δ

δf(t1)

1

i

δ

δf(t2)
〈x′′, t′′|x′, t′〉f,h =

∫
DxDp x(t1)x(t2) ei

∫
dt [pẋ−H+fx+hp],

1

i

δ

δf(t1)

1

i

δ

δh(t1)
〈x′′, t′′|x′, t′〉f,h =

∫
DxDp p(t1) ei

∫
dt [pẋ−H+fx+hp]. (2.3.21)

If we set f(t) = h(t) = 0, then we get the correlation functions thus

〈x′′, t′′|TX̂(t1) . . . P̂ (tn) . . . |x′, t′〉=
1

i

δ

δf(t1)
. . .

1

i

δ

δh(tn)
. . . 〈x′′, t′′|x′, t′〉f,h

∣∣∣
f=h=0

.

(2.3.22)

For later calculations, we will be interested in the ground state as the initial and

final states which is called the vacuum expectation value. To compute this using

the path integral approach, we let t′ → −∞ and t′′ → +∞ to get

〈0|0〉f,h = lim
t′→−∞
t′′→+∞

∫
dx′′ dx′〈0|x′′〉〈x′′, t′′|x′, t′〉f,h〈x′|0〉

= lim
t′→−∞
t′′→+∞

∫
dx′′ dx′ψ∗

0(x
′′)〈x′′, t′′|x′, t′〉f,hψ0(x

′). (2.3.23)

To simplify the above expression we make the replacement

H → (1− iε)H, (2.3.24)

where ε is a small positive infinitesimal. This allows the Hamiltonian to pick out

only the ground state when operated on by 〈x′′, t′′|and |x′, t′〉 in the limits t′′ → +∞

and t′ → −∞ with ε fixed [5]. Thus we have

〈0|0〉f,h =
∫
DxDp exp

[
i

∫
dt
(
pẋ− (1− iε)H + fx+ hp

)]
. (2.3.25)



28

Given a perturbation Ĥ1, we have that the total Hamiltonian is Ĥ = Ĥ0 + Ĥ1 thus

〈0|0〉f,h =
∫
DxDp exp

[
i

∫
dt
(
pẋ−H0 −H1 + fx+ hp

)]
= exp

[
− i
∫
dtH1

(1
i

δ

δh(t)
,
1

i

δ

δf(t)

)]
×
∫
DxDp exp

[
i

∫
dt
(
pẋ−H0 + fx+ hp

)]
, (2.3.26)

where we have suppressed iε. If the perturbation H1 depends only on x, the P̂ in

the total Hamiltonian Ĥ is at most quadratic with no dependence on X̂, and if

we desire to compute only the vacuum expectation values involving time-ordered

products of X̂, we get the simplification

〈0|0〉f = exp
[
i

∫
dt L1

(1
i

δ

δf(t)

)] ∫
Dx exp

[
i

∫
dt
(
L0(ẋ, x) + fx

)]
, (2.3.27)

where L1(x) = −H1(x). The use of the functional integrals for the path integral

to calculate or perhaps more appropriately, generate, the vacuum expectation

values has led to the path integral to also be called the generating functional or

the partition function.

Quantum Harmonic Oscillator

We will present the derivation of the solution to the quantum harmonic oscillator.

One of the most commonly used methods to solve this problem is to bring the

Hamiltonian into position-space and solve the differential equation using a power

series expansion. Another very commonly used method is to use the ladder operator

method which allows one to find the energy eigenvalues and eigenstates without

ever solving the differential equation. Lastly, we can also solve this problem using

path integrals. We will first demonstrate the ladder operator method and then

the path integral method because the results and concepts that we get from both

methods will generalize to all the quantum fields.
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The Hamiltonian of the quantum harmonic oscillator is

Ĥ =
P̂ 2

2m
+

1

2
mω2X̂2. (2.3.28)

We can non-dimensionalize the Hamiltonian by dividing by ~ω to get

Ĥ

~ω
=

P̂ 2

2~ωm
+
mω

2~
X̂2

=
mω

2~

(
X̂2 +

P̂ 2

m2ω2

)
=
mω

2~

(
X̂ − iP̂

mω

)(
X̂ +

iP̂

mω

)
++

i[X̂, P̂ ]

4~ωm

=

√
mω

2~

(
X̂ − iP̂

mω

)√mω

2~

(
X̂ − iP̂

mω

)
− 1

4mω
. (2.3.29)

We now define the following operators

â† =

√
mω

2~

(
X̂ − iP̂

mω

)
, (2.3.30)

â =

√
mω

2~

(
X̂ +

iP̂

mω

)
, (2.3.31)

which are the creation and annihilation operators, respectively. Then observe that

â†â =
Ĥ

~ω
− 1

2

hence,

Ĥ = ~ω
(
â†â+

1

2

)
. (2.3.32)

It is trivial to prove that â†â is a Hermitian operator so we let â†â = N̂ , which is

called the number operator, then we get

Ĥ = ~ω
(
N̂ +

1

2

)
, (2.3.33)

thus the Hamiltonian and number operator have the same eigenvalues and eigenkets.
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It is trivial to see that

[â, â†] = 1,

[N̂ , â†] = â†,

[N̂ , â] = −â. (2.3.34)

Let |n〉be an eigenket of N̂ such that N̂ |n〉= n|n〉 then note that

N̂ â†|n〉= (â†N̂ + â†)|n〉

= (n+ 1)â†|n〉,

hence the operator â† raises the eigenvalue, or quanta, by one. Similar calculations

reveal that

N̂ â|n〉= (n− 1)|n〉, (2.3.35)

hence the operator â lowers the eigenvalue by one. To find the eigenvalue for â†,

observe that

〈n|̂a
(
â†|n〉= c+|n+ 1〉

)
〈n|(â†â+ 1)|n〉= c+〈n|̂a|n+ 1〉

(n+ 1) = |c+|2

c+ =
√
n+ 1.

Similar calculations show that c− =
√
n. Thus we have

â†|n〉=
√
n+ 1|n+ 1〉, (2.3.36)

â|n〉=
√
n|n− 1〉. (2.3.37)
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From the definition of the inner product, we have that

0 ≤ 〈n|N̂ |n〉

= n〈n|n〉

= n,

so n ≥ 0. Then we have that

Ĥ|n〉= ~ω
(
N̂ +

1

2

)
|n〉= ~ω

(
n+

1

2

)
|n〉, (2.3.38)

thus the energy eigenvalues are

En = ~ω
(
n+

1

2

)
, n = 0, 1, 2, ... (2.3.39)

To find the eigenstates, note that

|1〉= â†|0〉,

|2〉=
[(â†)2√

2

]
|0〉,

|3〉=
[(â†)3√

3!

]
|0〉,

...

|n〉=
[(â†)n√

n!

]
|0〉. (2.3.40)

Observe that

〈x|
(
â|0〉= 0

)
√
mω

2~

[
x+

i

mω

(
− i~ d

dx

)]
〈x|0〉= 0

d

dx
〈x|0〉= −mω

~
x〈x|0〉, (2.3.41)
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which yields (after normalization) [11]

〈x|0〉= 1

π1/4
√
x0

exp
[
− 1

2

( x
x0

)2]
, (2.3.42)

where

x0 =

√
~
mω

. (2.3.43)

Then the eigenstates are [11]

〈x|n〉=
( 1

π1/4
√
2nn!

)( 1

x
n+1/2
0

)(
x− x20

d

dx

)n
exp
[
− 1

2

( x
x0

)2]
. (2.3.44)

The key idea of this section is that the creation operators create one unit of energy

while the annihilation operator destroys one unit of energy. This concept will

be extremely important once we consider particle creation and annihilation in

quantum field theory.

Now let us rewrite the quantum harmonic oscillator Hamiltonian as

Ĥ(X̂, P̂ ) =
P̂ 2

2m
+

1

2
mω2X̂2. (2.3.45)

Then the ground state to ground state transition amplitude is

〈0|0〉f =
∫
DxDp exp

[
i

∫
dt
[
(pẋ− (1− iε)H + fx

)]
, (2.3.46)

where multiplying (1− iε) to the Hamiltonian results in mω2 → (1− iε)mω2. We

will set m = 1 for brevity then we have in the Lagrangian formulation [5]

〈0|0〉f =
∫
Dx exp

[
i

∫
dt
(1
2
ẋ2 − 1

2
(1− iε)ω2x2 + fx

)]
. (2.3.47)

Focusing on the action term, we can write the action term with the Fourier
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transformed variables

x̃(E) =

∫
dt eiEt x(t),

x(t) =

∫
dE

2π
e−iEt x̃(E), (2.3.48)

and integrate over E ′ to get

S =
1

2

∫
dE

2π

[(
(1 + iε)E2 − (1− iε)ω2

)
x̃(E)x̃(−E) + f̃(E)x̃(−E)

+ f̃(−E)x̃(E)
]

=
1

2

∫
dE

2π

[
(E2 − ω2 + iε)x̃(E)x̃(−E) + f̃(E)x̃(−E) + f̃(−E)x̃(E)

]
, (2.3.49)

where we absorbed the positive coefficient of E2 − ω2 + i(E2 + ω2)ε into ε to get

E2 − ω2 + iε. Next we shift integration variables by

q̃(E) = x̃(E) +
f̃(E)

E2 − ω2 + iε
, (2.3.50)

and the integration measure becomes Dx = Dq then the action becomes [5]

S =
1

2

∫
dE

2π

[
q̃(E)(E2 − ω2 + iε)q̃(−E)− f̃(E)f̃(−E)

E2 − ω2 + iε

]
, (2.3.51)

hence

〈0|0〉f = exp
[ i
2

∫
dE

2π

f̃(E)f̃(−E)
E2 − ω2 + iε

]
×
∫
Dq exp

[ i
2

∫
dE

2π
q̃(E)(E2 − ω2 + iε)q̃(−E)

]
. (2.3.52)

Now if we set f = 0, the first term equals 1 and since the ground state is normalized

as 〈0|0〉f=0 = 1, the bracketed expression in the second term must be zero hence
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the second term is equal to 1. Then the transition amplitude becomes

〈0|0〉f = exp
[ i
2

∫
dt dt′ f(t)G(t− t′)f(t′)

]
, (2.3.53)

where

G(t− t′) =
∫
dE

2π

e−iE(t−t′)

−E2 + ω2 − iε
, (2.3.54)

is called the propagator of the harmonic oscillator [11]. The propagator is essentially

the Green’s function of the harmonic oscillator equation which can be seen by

( ∂t
∂t2

+ ω2
)
G(t− t′) = δ(t− t′). (2.3.55)

Contour integrating in the complex E plane and using the residue theorem yields

[5]

G(t− t′) = i

2ω
exp
(
− iω |t− t′|

)
. (2.3.56)

Now we can calculate the vacuum expectation values using functional derivatives

in the following manner

〈0|TX̂(t1)X̂(t2)|0〉=
1

i

δ

δf(t1)

1

i

δ

δf(t2)
〈0|0〉f

∣∣∣
f=0

=
1

i
G(t2 − t1),

(2.3.57)

〈0|TX̂(t1)X̂(t2)X̂(t3)X̂(t4)|0〉=
1

i

δ

δf(t1)

1

i

δ

δf(t2)

1

i

δ

δf(t3)

1

i

δ

δf(t4)
〈0|0〉f

∣∣∣
f=0

=
1

i2

[
G(t1 − t2)G(t3 − t4)

+G(t1 − t3)G(t2 − t4)

+G(t1 − t4)G(t2 − t3)
]
, (2.3.58)
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or more generally [5]

〈0|TX̂(t1) . . . X̂(t2n)|0〉=
1

in

∑
pairings

G(ti1 − ti2) . . . G(ti2n−1 − ti2n). (2.3.59)

Equation (2.3.59) is known as Wick’s theorem and it will be extremely useful for

computing vacuum expectation values. We will give the proof later on once we

have introduced quantum fields.

2.4 Natural Units

Natural units are defined as setting ~ = c = 1. Then we can express time T

and length L in units of mass M , namely, T = c−2~M−1 and L = ~c−1M−1,

respectively. Thus any physical quantity X will have a unit of mass M raised to

some power [5]. From the mass-energy equivalence relation, energy in natural units

is E = m so any physical quantity can also be expressed in units of energy as well,

which will usually be the case in most equations. Let [·] be the mapping that gives

the number to which the mass unit is raised to for a physical quantity X. We can

easily see that [5]

[m] = +1,

[xµ] = −1,

[∂µ] = +1,

[ddx] = −d. (2.4.1)

We can easily deduce the dimensions of the path integral using equation (2.4.1).

Instead of the Lagrangian L for discrete systems, let us instead consider the

continuous Lagrangian density L which we will be using for quantum fields. Since

the action S is in the exponential, we see that

[S] = 0, (2.4.2)
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and since

S =

∫
ddxL, (2.4.3)

we see that

[L] = d, (2.4.4)

for d spacetime dimensions [5].

The benefit of natural units is that manipulating equations become significantly

easier since most equations will either be dimensionless or will be in dimensions of

mass/energy. Along with this, the ubiquity of ~ and c in the equations of quantum

field theory can make many equations and expressions cluttered thus setting them

to 1 significantly reduces the equations to simpler, more elegant forms. We will

adopt natural units throughout this thesis unless specified otherwise. We present

the exact and approximate values of some physical values and constants in both

SI (except for the elementary charge e which is in Lorentz-Heaviside units) and

natural units that will aid us in explicit calculations:

1 eV = 1.602176634× 10−19 J ≈ 1.602× 10−19 J,

1 eV/c2 = 1.78266192× 10−36 kg ≈ 1.783× 10−36 kg,

~ =
h

2π
= 1.054571817× 10−34 J · s = 6.582119569× 10−16 eV · s

≈ 6.582× 10−16 eV · s,

c = 299, 792, 458m/s ≈ 3× 108 m/s,

~c ≈ 200MeV · fm,

α =
e2

4π
≈ 1

137
,

e =
√
4πα ≈ 0.30282212088,

me = 0.51099895MeV/c2 ≈ 0.511MeV/c2,

mp = 938.27208816MeV/c2 ≈ 938.3MeV/c2,

where me and mp denotes the mass of the electron and proton, respectively [1, 7].
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To recover the original units, a simple dimensional analysis can be used to find

where to properly insert ~ and c. For example, converting energy E back to mass

requires that we divide by c2 since E/c2 = m. Note that the electric charge e in

natural units becomes dimensionless since it can now be expressed in terms of the

dimensionless fine-structure constant α. We will see later on the importance having

a dimensionless electric charge e for quantum electrodynamics and how natural

units plays a role in constructing viable, or renormalizable, quantum field theories.
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Chapter 3

Symmetries

3.1 Lie Groups, Lie Algebras, and Representa-

tions

In this section we will introduce the important concepts from the mathematical

theory of Lie groups, Lie algebras, and representation theory. The concepts

from these mathematical theories have an intimate relationship with the study of

quantum field theory and developing the necessary background will be crucial in

fully understanding quantum field theory. We use the definitions and theorems

from [12, 13, 14]:

Definition 3.1.1. A group 〈G, ∗〉 is a set G that is closed under the binary

operation ∗ such that the following axioms are satisfied:

1. Associativity of ∗: For all a, b, c ∈ G,

(a ∗ b) ∗ c = a ∗ (b ∗ c),

2. Identity element e for ∗: There exists an identity element e ∈ G such that

for all x ∈ G,

x ∗ e = e ∗ x = x,
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3. Inverse under ∗: For every a ∈ G, there exists an element a′ ∈ G such that

a ∗ a′ = a′ ∗ a = e.

Definition 3.1.2. [13] A subset M ⊂ Rm is a smooth manifold of dimension

n ≥ 0 if, for each x ∈M there exists a smooth function

h : U → Rm,

defined on an open set U ⊂ Rn such that

1. h maps U homeomorphically onto an open neighborhood V of x ∈M and,

2. for each u ∈ U the matrix [∂hα(u)/∂uj] rank has n.

Definition 3.1.3. Let Mn(R) and Mn(C) be the space of all n× n matrices with

real and complex entries, respectively.

We see that Mn(R) and Mn(C) can be identified as Rn2 and Cn2 , respectively.

Definition 3.1.4. [12] A Lie group G is a smooth manifold and a group such

that the group product

G×G→ G

and the inverse map G→ G are smooth.

Definition 3.1.5. The general linear group GL(n,F) of degree n over a field

F is the set of n× n invertible matrices with matrix multiplication as its binary

operation. For any A in GL(n,F), the entries of A belong to F.

Theorem 3.1.1. GL(n,R) is a Lie group under matrix multiplication.

Proof. Choose any number of arbitrary n× n matrices in GL(n,R) then note that

the product of any number of matrices in GL(n,R) yields a n× n matrix with a
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nonzero determinant because of the property of determinants for square matrices

Ai

det
(∏

i

Ai
)
=
∏
i

det(Ai).

Thus GL(n,R) is closed. It is trivial to see that the matrix product is associative

and since all elements in GL(n,R) have a nonzero determinant, there exists a

unique inverse for each element in GL(n,R). We trivially see that the unique n×n

identity matrix is in GL(n,R) as well. Thus GL(n,R) is a group under matrix

multiplication.

The set of all n×n real matrices Mn(R) forms a real vector space of dimension

n2. Consider the determinant mapping det(·) : Rn2 → R. The determinant is a

polynomial map thus the determinant is a C∞, or smooth, map. Then

det−1(R/{0}) = GL(n,R),

is an open subset of Rn2 which is trivially a smooth manifold. Thus GL(n,R) is

smooth manifold of dimension n2 therefore GL(n,R) is a Lie group.

Theorem 3.1.2. GL(n,C) is a Lie group under matrix multiplication.

Proof. For all Z ∈ GL(n,C), Z can be decomposed as

Z = X + iY,

where X,Y ∈Mn(R). Now define a map f that constructs a 2n× 2n real matrix

such that the entries in Z of the form a+ ib are replaced with the block matrix

a −b
b a

 ,

where a, b ∈ R. It is trivial to see that this map is bijective and a group homomor-

phism thus the map is an isomorphism and therefore GL(n,C) ∼= GL(2n,R). Thus

we see that GL(n,C) is subgroup of GL(2n,R) and is a subset of R(2n)2 therefore
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GL(n,C) is a Lie group.

Definition 3.1.6. [12] A matrix Lie group G is a subgroup of GL(n,C) where

if any sequence Am in G converges to some matrix A, then either A is in G or is

not invertible.

Throughout this thesis, virtually all of the Lie groups we will encounter will

be matrix Lie groups which are Lie groups as well. Thus we will focus mostly on

concepts that relate to matrix Lie groups.

We present the next theorem without proof as an aid for identifying and proving

more Lie groups [14].

Theorem 3.1.3 (Closed Subgroup Theorem). Every closed subgroup H of a

Lie group G is a Lie subgroup.

By closed, we mean that the subgroup H is topologically a closed subset of

G. This theorem and the definition of the matrix Lie group are equivalent [12].

In general, it is much more difficult to prove the smooth manifold condition of a

proposed Lie group and so the Closed Subgroup theorem and the definition of a

matrix Lie group significantly reduces our task to just proving only if a subgroup

H is a closed subset of a Lie group G.

Definition 3.1.7. The unitary group U(n) is the group of all n × n complex

matrices that satisfies U † = U−1. The subset of unitary matrices with unit

determinant is called the special unitary group SU(n).

Definition 3.1.8. The orthogonal group O(n) is the group of all n × n real

matrices that satisfies AT = A−1. The subset of orthogonal matrices with unit

determinant is called the special orthogonal group SO(n).

Theorem 3.1.4. U(n)and O(n) are Lie groups. Similarly, SU(n) and SO(n) are

Lie groups.

Proof. If Am ∈ U(n) is a sequence of matrices with determinant ±1 and converges

to A, then A also has determinant ±1 since the determinant is a continuous
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function thus U(n) and SU(n) are matrix Lie groups. The same argument applies

for O(n) and SO(n) therefore all four groups are Lie groups.

Theorem 3.1.5. The Lie group U(1) is isomorphic to the Lie group SO(2).

Proof. Consider the map f : C→ R4 defined as

f(eiθ) =

cos θ − sin θ

sin θ cos θ

 .

If we consider z1, z2 ∈ C such that f(z1) = f(z2), we get that

f(eiθ1) = f(eiθ2)cos θ1 − sin θ1

sin θ1 cos θ1

 =

cos θ2 − sin θ2

sin θ2 cos θ2

 ,

hence

cos θ1 = cos θ2,

sin θ1 = sin θ2,

which implies that θ1 = θ2 thus f is injective. Now the values of y come from the

interval [−1, 1] and the domain of the phase angle θ is [0, 2π] thus for all values

y ∈ R4, there exists a z ∈ C such that f(z) = y. Thus the map f is surjective
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therefore the map is a bijection. Now observe that

f(eiθ1eiθ2) =

cos(θ1 + θ2) − sin(θ1 + θ2)

sin(θ1 + θ2) cos(θ1 + θ2)


=

cos θ1 cos θ2 − sin θ1 sin θ2 − sin θ1 cos θ2 − cos θ1 sin θ2

sin θ1 cos θ2 + cos θ1 sin θ2 cos θ1 cos θ2 − sin θ1 sin θ2


=

cos θ1 − sin θ1

sin θ1 cos θ1

×
cos θ2 − sin θ2

sin θ2 cos θ2


= f(eiθ1)× f(eiθ2),

thus the map f is group homomorphism therefore f is an isomorphism and the

two groups U(1) and SO(2) are isomorphic.

Definition 3.1.9. [12] The generalized orthogonal group O(n, k) is the set of

all real (n+ k)× (n+ k) matrices that preserve the symmetric bilinear form

[x, y]n,k = x1y1 + · · ·+ xnyn − xn+1yn+1 − · · · − xn+kyn+k, (3.1.1)

where n, k ∈ Z+ and x, y ∈ Rn+k. The subset of O(n, k) with unit determinant is

defined as the special generalized orthogonal group denoted as SO(n, k).

The group O(n, k) will be incredibly important once we cover the mathematical

theory of Lorentz transformations because we will identify the group of Lorentz

transformations as a subgroup of O(n, k).

Theorem 3.1.6. O(n, k) and SO(n, k) are Lie groups.

Proof. It trivial to prove that O(n, k) and SO(n, k) are subgroups GL(n+k,Rn+k).

If there exists a sequence of matrices Am ∈ O(n, k) that preserves the symmetric

form [·, ·] and converges to some matrix A, then A also preserves the symmetric

bilinear form [·, ·] because [·, ·] is a function of polynomials thus is a continuous

function [12]. A similar argument applies for SO(n, k).
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Definition 3.1.10. [12] Let G and H be Lie groups. A map Φ : G → H is a

Lie group homomorphism if Φ is a continuous group homomorphism. If Φ is

bijective with a continuous inverse map, then Φ is a Lie group isomorphism

and we say that Lie groups G and H are isomorphic.

Definition 3.1.11. [12] A real or complex Lie algebra is a real or complex

vector space g equipped with a map called a bracket [·, ·] : g× g→ g that obey

the following properties:

1. [·, ·] is bilinear.

2. [·, ·] is skew symmetric: [X,Y ] = −[Y,X] for all X,Y ∈ g.

3. The Jacobi identity holds:

[X, [Y, Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = 0,

for all X,Y, Z ∈ g.

Two elements X and Y of a Lie algebra are said to commute if [X,Y ] = 0

and a Lie algebra is abelian if [X,Y ] = 0 for all X,Y ∈ g. Throughout this text,

the bracket we will use will be the matrix commutator defined as

[X,Y ] = XY − Y X, ∀A,B ∈Mn(F). (3.1.2)

Definition 3.1.12. If g and h are Lie algebras, a linear map φ : g → h is a Lie

algebra homomorphism if φ([X,Y ]) = [φ(X), φ(Y )] for all X,Y ∈ g. If φ is

bijective then φ is a Lie algebra isomorphism.

Definition 3.1.13. Let G be a matrix Lie group. The Lie algebra of G, denoted

as g, is the set of all matrices X such that eitX ∈ G for all t ∈ R.

The definition we have chosen to use is the physicist’s convention for the Lie

algebra of a Lie group G. Mathematicians use the map t→ etX [12].
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Definition 3.1.14. [12] If V is a real vector space, then the complexification

of V , denoted as VC, is the space of formal linear combinations

v1 + iv2,

with v1, v2 ∈ V .

An important concept that we will use is the Casimir operator of a Lie algebra.

Definition 3.1.15. A Casimir operator C is an element of a Lie algebra such

that

[C, X] = 0, ∀X ∈ g,

namely the Casimir operator commutes with all elements of a Lie algebra.

The Casimir operator’s eigenvalues will be used to label representations of Lie

groups and the state vectors belonging to a Hilbert space.

Definition 3.1.16. [12] Let G be a matrix Lie group. A finite-dimensional

complex representation of G is a Lie group homomorphism

Π : G→ GL(V ),

where V is a finite-dimensional complex vector space. A finite-dimensional real

representation of G is defined similarly except with V as a finite-dimensional

real vector space.

Definition 3.1.17. [12] A finite-dimensional complex representation of a

real or complex Lie algebra g is a Lie algebra homomorphism

π : G→ gl(V ),

where V is a finite-dimensional complex vector space. If g is a real Lie algebra
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then a finite-dimensional real representation is defined similarly except with

V as a finite-dimensional real vector space.

Definition 3.1.18. [12] Let Π be a finite dimensional real or complex represen-

tation of a matrix Lie group G acting on a space V . A subspace W of V is

called invariant if Π(A)w ∈ W for all w ∈ W and for all A ∈ G. An invariant

subspace W is called nontrivial if W 6= {0} and W 6= V . A representation with

no nontrivial invariant subspaces is called irreducible.

Definition 3.1.19. [12] If V is a finite-dimensional inner product space and G

is a matrix Lie group, a representation Π : G → GL(V ) is unitary if Π(A) is a

unitary operator on V for every A ∈ G.

3.2 Representations of the Lorentz Group

Let us apply our knowledge of Lie groups, Lie algebras, and representation theory

to the Lorentz transformations. As was hinted in the background chapter, the set

of Lorentz transformations forms a group under matrix multiplication called the

Lorentz group which leaves the spacetime interval s = −(x0)2+(x1)2+(x2)2+(x3)2

invariant.

Proof. It is trivial to show the associative property for any three arbitrary Lorentz

transformations. The identity element is Λµρ = δµν . Recall that any Lorentz

transformation Λ can be constructed from pure boosts K and pure rotations J .

Now let ΛA and ΛB be arbitrary Lorentz transformations then observe that

ΛAΛB = (K1K2 . . . )(J1J2 . . . )

= ΛC .

Recall that for any matrix Λµρ,

gµνΛ
µ
ρΛ

ν
σ = gρσ,
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which implies that

det
[
gµνΛ

µ
ρΛ

ν
σ = gρσ

]
−det[Λ2] = −1

det[Λ] = ±1,

therefore all matrices Λµρ are nonsingular thus an inverse element exists for all

Lorentz transformations which is (Λ−1)ρν = Λ ρ
ν .

From the previous section, we immediately identify the Lorentz group as O(3, 1),

namely, the group of 4× 4 real matrices Λ that preserve the symmetric bilinear

form

[x, y]3,1 = x1y1 + x2y2 + x3y3 − x4y4, (3.2.1)

which is just the spacetime interval for Lorentz transformations [15]. Thus we now

define the Lorentz group.

Definition 3.2.1. The Lorentz group is the group of linear, homogeneous

coordinate transformations

xµ → x̄µ = Λµνx
ν ,

that leave invariant the interval

x2 = xµxµ = −t2 + x2.

The determinant of the Lorentz transformation implies that we have two types

of the Lorentz transformations, namely, the proper Lorentz transformations and

the improper Lorentz transformations which have det[Λ] = +1 and det[Λ] = −1,

respectively [5]. It is trivial to show that the proper Lorentz transformations form
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a subgroup SO(3, 1) of the Lorentz group O(3, 1). Now from the relation

gµνΛ
µ
ρΛ

ν
σ = gρσ, (3.2.2)

we get for µ = ν = 0

(Λ0
0)

2 − Λi0Λ
i
0 = 1,

which implies that either Λ0
0 ≥ +1 or Λ0

0 ≤ −1. Thus the proper Lorentz

subgroup contains two disconnected components [15]. Lorentz transformations

with Λ0
0 ≥ +1 are called orthochronous Lorentz transformations and Lorentz

transformations with Λ0
0 ≤ −1 are called nonorthochronous Lorentz transforma-

tions [5]. One should note that any nonorthochronous transformation can be

written as the product of an orthochronous transformation and a discrete tem-

poral inversion (x0, x1, x2, x3) → (−x0, x1, x2, x3) or a discrete spatial inversion

(x0, x1, x2, x3)→ (x0,−x1,−x2,−x3) known as time reversal and parity transfor-

mations, respectively [15]. The orthochronous Lorentz transformations form a

subgroup as well and when a theory is said to be Lorentz invariant, it is invariant

under the proper orthochronous Lorentz subgroup [5]. We will define the proper

orthochronous Lorentz subgroup to be the group SO(3, 1) with Λ0
0 ≥ +1 and will

be denoted as SO(3, 1)+. We will consider parity and time reversal transformations

separately since it is well known now that there are physical processes that violate

parity and/or time reversal.

Since the Lorentz group O(3, 1) is a Lie group, we can write the infinitesimal

Lorentz transformation up to first order as [5]

Λµν = δµν + δωµν . (3.2.3)
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Then from equation (3.2.2)

gµνΛ
µ
ρΛ

ν
σ = gρσ

gµν(δ
µ
ρ + δωµρ)(δ

ν
σ + δωνσ) = gρσ

δωρσ = −δωσρ, (3.2.4)

where second order terms are neglected hence δω is an antisymmetric matrix. From

elementary linear algebra, the vector space of n× n antisymmetric matrices have

dimension 1
2
n(n− 1) so in four spacetime dimensions, the Lorentz transformations

have six independent parameters. These parameters are very obvious. We stated

before that a pure rotation, which leaves the temporal component invariant, is

identified as the group SO(3) thus three of the parameters are rotations in the

(x, y), (x, z), and (y, z) planes. A pure boost, which leaves −(x0)2 + x2 invariant,

acts on the (t, x), (t, y), and (t, z) planes so the three boosts are the other three

parameters [15]. For rotations by an angle δθ about the unit vector n̂, we have

δωij = −εijkn̂kδθ and for a boost in the direction n̂ by rapidity δη, we have

δωi0 = n̂iδη [5]. One of the parameters of the Lorentz group is the modulus of the

boost velocity |v| ∈ [0, 1) and we see that it ranges over a non-compact interval

thus the Lorentz group is a non-compact Lie group [16, 12].

Now let us see how quantum operators should transform under Lorentz trans-

formations. From Wigner’s theorem, symmetries are represented as unitary or

antiunitary operators in quantum physics so for each Λ ∈ SO(3, 1)+ we define

a unitary operator Û(Λ) that obeys the composition property. An infinitesimal

transformation can be written as

Û(1 + δω) = I +
i

2
δωµνM̂

µν , (3.2.5)

where the second rank antisymmetric, Hermitian four-tensor operator, or tensor

operator for short, M̂µν is the generator of the Lorentz group [15]. The com-

ponents of M̂µν are an antisymmetric set of Hermitian operators that are the
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generators of the Lorentz group as well. For some Λ′ = I + δω′, let us expand

Û(Λ)−1Û(Λ′)Û(Λ) = Û(Λ−1Λ′Λ),

Û(Λ)−1Û(Λ′)Û(Λ) = Û(Λ−1Λ′Λ)

Î +
i

2
δωµνÛ(Λ)

−1M̂µνÛ(Λ) = Û(I + Λ−1δωΛ)

Î +
i

2
δωµνÛ(Λ)

−1M̂µν(Λ) = Î +
i

2
δωµνΛ

µ
ρΛ

ν
σM̂

ρσ

δωµνÛ(Λ)
−1M̂µνÛ(Λ) = δωµνΛ

µ
ρΛ

ν
σM̂

ρσ.

Since δωµν is arbitrary, we get the Lorentz transformation rule for antisymmetric

tensors

Û(Λ)−1M̂µνÛ(Λ) = ΛµρΛ
ν
σM̂

ρσ, (3.2.6)

where we see that after a Lorentz transformation, the second rank tensor operator

M̂ρσ remains antisymmetric. It is trivial to see that this result applies to second

rank symmetric four-tensor operators as well, namely, a second rank symmetric

tensor operator remains a second rank symmetric tensor operator after a Lorentz

transformation [15]. To find the Lie algebra of the Lorentz group, let Λ = I + δω

in equation (3.2.19) then expand to first order to get

[M̂µν , M̂ρσ] = i(gµρM̂ νσ − gνρM̂µσ − gµσM̂ νρ + gνσM̂µρ),

which is the Lie algebra of the Lorentz group [5]. It will prove fruitful in the analysis

of Lorentz symmetry to let Ĵi = 1
2
εijkM̂

jk and K̂i = M̂ i0. Then the Lorentz Lie

algebra in terms of Ĵi and K̂i is

[Ĵi, Ĵj] = iεijkĴk,

[K̂i, K̂j] = −iεijkĴk,

[Ĵi, K̂j] = iεijkK̂k. (3.2.7)

We recognize the first algebra to be the Lie algebra of Lie group SO(3) which is
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the group of rotations in three-dimensions that was identified as one of the sets of

generators of the Lorentz group. Thus the components Ĵi are to be identified as

the components of the angular momentum operator Ĵ. The algebras that involve

the components K̂i are to be identified as the components of the boost operator

K̂ but they do not form a closed algebra since boosts do not form a group. The

second line says that a series of boosts is equivalent to a rotation while the third

line says that the boost operator K̂ transforms as a three-vector under rotations

[5].

From special relativity and nonrelativistic quantum mechanics, we can easily

deduce that first rank four-tensor operators, or four-vector operators, transform

under Lorentz transformations in the following manner

Û(Λ)−1P̂ µU(Λ) = ΛµνP̂
ν (3.2.8)

where P̂ µ is the Hermitian four-momentum operator [5]. Based on our knowledge

of the components of the four-momentum from relativity, we identify P̂ 0 = Ĥ as

the Hamiltonian and P̂ i is the momentum operator. Recall that the generators

of spatial and temporal translational symmetries are the linear momentum and

Hamiltonian, respectively. The four-momentum operator suggests that we can

combine these two symmetries into the general spacetime translational symme-

try and thus we construct the unitary spacetime translation operator T̂ (a). An

infinitesimal spacetime translation can be written as

T̂ (a) = Î − iδaµP̂ µ. (3.2.9)

and compounding multiple infinitesimal spacetime translations will result in a

finite transformation which yields the following form for the spacetime translation

operator

T̂ (a) = exp
(
− iP̂ µaµ

)
≡ exp

(
− iP̂ a

)
, (3.2.10)
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where it is implied that P̂ µaµ = P̂ a [5]. We can immediately identify the com-

mutation relations among the components of P̂ µ from nonrelatvisitic quantum

mechanics

[P̂i, P̂j] = 0,

[P̂i, Ĥ] = 0. (3.2.11)

By applying an infinitesimal Lorentz transformation on equation (3.2.8), expanding

and equating the coefficients on both sides yields

[P̂ µ, M̂ρσ] = i(gµσP̂ ρ − gµρP̂ σ). (3.2.12)

Then we can use the algebra of angular momentum and boosts to write (3.2.12) in

terms of Ĵ and K̂

[Ĵi, Ĥ] = 0,

[Ĵi, P̂j] = iεijkP̂k,

[K̂i, Ĥ] = iP̂i,

[K̂i, P̂j] = iδijĤ. (3.2.13)

Compiling the algebra of spacetime translations and Lorentz transformations yields

the closed algebra

[Ĵi, Ĥ] = 0, [Ĵi, P̂j] = iεijkP̂k, [K̂i, Ĥ] = iP̂i, [K̂i, P̂j] = iδijĤ,

[Ĵi, Ĵj] = iεijkĴk, [K̂i, K̂j] = −iεijkĴk, [Ĵi, K̂j] = iεijkK̂k,

[P̂i, P̂j] = 0, [P̂i, Ĥ] = 0. (3.2.14)

The above commutation relations forms the Lie algebra of the Poincaré group [5].

We see that the generators of the Poincaré group consist of the generators of the

Lorentz group and the translational group. Like the Lorentz group, the Poincaré
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group is a non-compact Lie group [15].

We now seek to find how quantum field operators transform under Lorentz

transformations. It is natural to work in the Heisenberg picture to show that

time and space are of equal importance but instead of the usual definition of

promoting Schrödinger operators to Heisenberg operators, we use the relativistic

generalization

T̂ (a)ϕ̂(0)T̂−1(a) = ϕ̂(x), (3.2.15)

where T̂ (a) is the spacetime translation operator to get the relativisitc Heisenberg

field operator. Again, it is crucial to recognize that the argument of the field is

a four-vector. Consider a field operator with no Lorentz indices ϕ̂(x), namely, a

quantum scalar field. From our derivation on how Hermitian operators transform

under Lorentz transformations, we can easily deduce that scalar fields transform as

Û(Λ)−1ϕ̂(x)Û(Λ) = ϕ̂(Λ−1x). (3.2.16)

With our knowledge on how four-gradients transform under Lorentz transformations,

we can also see that

Û(Λ)−1∂µϕ̂(x)Û(Λ) = Λµν∂
ρ
ϕ̂(Λ−1x),

Û(Λ)−1∂2ϕ̂(x)Û(Λ) = Λµν∂
2
ϕ̂(Λ−1x), (3.2.17)

where ∂ indicates that we differentiate with respect to x = Λ−1x [5]. A four-gradient

acting on a scalar field creates a vector field so from the first line of eequation

(3.2.17), we immediately identify the transformation property of a vector field

Âµ(x) as

Û(Λ)−1Âµ(x)Û(Λ) = ΛµρÂ
ρ(Λ−1x), (3.2.18)
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and for tensor fields,

Û(Λ)−1B̂µν(x)Û(Λ) = ΛµρΛ
ν
σB̂

ρσ(Λ−1x). (3.2.19)

In classical physics, there are many kinds of fields other than scalar and vector

fields that are used to model physical phenomena. In quantum field theory, we find

this to be true as well but quantum fields must transform in a Lorentz invariant

manner. Thus we wish to find how fields with n Lorentz indices transform under

Lorentz transformations, namely,

Û(Λ)−1ϕ̂A(x)Û(Λ) = D B
A (Λ)ϕ̂B(Λ

−1x), (3.2.20)

where ϕ̂A(x) and ϕ̂B(x) are fields with an arbitrary number of Lorentz indices

and D B
A (Λ) is a matrix that depends on Λ. Mathematically, we seek to find

representations of the Lorentz group which will leave the field Lorentz invariant

[16]. We will drop the operator hats in the when we state the definitions of the

field representations since the field representations apply to the classical field from

which we can easily quantize later on. To find the generators of a representations,

if we consider an infinitesimal transformation

D B
A (1 + δω) = δ B

A +
i

2
δωµν(S

µν) B
A (3.2.21)

then equation (3.2.20) becomes

[ϕ̂A(x), M̂
µν ] = Lµνϕ̂A(x) + (Sµν) B

A ϕ̂B(x), (3.2.22)

where Lµν = 1
i
(xµ∂ν − xν∂µ) and Sµν each separately obey the commutations

relations of the generators. Now there are many representations that can be

found for the Lorentz group. One example is the tensor representation defined in

equation (3.2.19) [15]. A generic four-tensor forms a basis for a 16-dimensional

representation but this representation is reducible. Recall that symmetric and
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antisymmetric tensors remain symmetric and antisymmetric, respectively, under

Lorentz transformations thus the symmetric and antisymmetric components of

Bµν do not mix. Thus the representation reduces to a 10-dimensional symmetric

representation Sµν and an antisymmetric representation Aµν [15]. Furthermore, if

we take the trace of a symmetric tensor T (x) ≡ gµνS
µν , we get that under Lorentz

transformations,

Û(Λ)−1T̂ (x)Û(Λ) = gµνΛ
µ
ρΛ

ν
σS

ρσ(Λ−1x)

= gρσS
ρσ(Λ−1x)

= T̂ (Λ−1x), (3.2.23)

thus the trace of a symmetric tensor transforms as a one-dimensional Lorentz scalar.

Thus the symmetric representation reduces into the irreducible, nine-dimensional

traceless representation Sµν−(1/4)T and the one dimensional scalar representation

T [15]. By dimensions, the tensor representation is written as

4⊗ 4 = 1⊕ 6⊕ 9. (3.2.24)

Thus the tensor product of two four-vector representations is the direct sum of the

1, 6, and 9 representations [15]. We now see that some representations are reducible

and will have irreducible subcomponents. It is clear that finding and analyzing

irreducible representations would prove more fundamental than finding reducible

representations since the properties of reducible representations can be understood

from its irreducible parts. In summary, we seek irreducible representations of

the Lorentz group [5]. From the Lie algebra of the Lorentz group (3.2.7), we see

that the SO(3) algebra is the same as the SU(2) Lie algebra. Indeed recall from

nonrelativistic quantum mechanics that the representations of SU(2) are three

Hermitian matrices that obey the same commutation relation of SO(3) and has a

quadratic Casimir operator Ĵ
2

whose eigenvalues j can be used to label physical

states. The index j can have values j = 0, 1
2
, 1, 3

2
.... However for j = 1

2
, a 2π
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rotation results in a minus sign for the quantum state but a 2π rotation should

leave the state unchanged for a representation of SO(3) [15]. Thus the half-integer

representations serve as inequivalent, irreducible representations for SU(2). We

want to include such representations in a relativistic quantum theory since it is

known that there exist particles with spin-1/2 [15]. To do this, we complexify the

Lorentz Lie algebra in the following manner [5]

N̂ =
Ĵ− iK̂

2
, (3.2.25)

N̂†
=

Ĵ + iK̂
2

, (3.2.26)

then the Lorentz Lie algebra becomes

[N̂i, N̂j] = iεijkN̂k, (3.2.27)

[N̂ †
i , N̂

†
j ] = iεijkN̂

†
k , (3.2.28)

[N̂i, N̂
†
j ] = 0. (3.2.29)

We see that the Lorentz algebra can be written as two different SU(2) algebras that

are related by Hermitian conjugation so the Lorentz algebra can be written as the

algebra of SU(2)× SU(2). The quadratic Casimir operator is then (N̂2
, N̂† 2

) so we

can label these representations as (n, n′) and the dimension of the representation

is (2n+1)(2n′ +1) [5]. Since Ĵi = N̂i+ N̂ †
i , we can label different components of a

representation by their angular momentum representations. This is Clebsch-Gordon

theory or addition of angular momentum from nonrelativistic quantum mechanics

and the result is that the allowed values of j are |n− n′| , |n− n′|+ 1, ..., |n+ n′|

[11]. The most common representations that are used and will be covered in this
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paper are [5]

(0, 0) = scalar,(1
2
, 0
)
= left-handed spinor,(

0,
1

2

)
= right-handed spinor,(1

2
,
1

2

)
= vector. (3.2.30)

Now we have explicit fields that can use to formulate quantum field theory. A

scalar representation is easily defined.

Definition 3.2.2. The (0, 0) field representation of the Lorentz algebra is called

a scalar field ϕ(x) and transforms as

U(Λ)−1ϕ(x)U(Λ) = ϕ(Λ−1x),

under Lorentz transformations.

To find the (1
2
, 0) representation matrix for the left-handed spinor field ψ̂a(x)

where a can take on two values, consider

Û(Λ)−1ψ̂a(x)Û(Λ) = (DL)
b
a (Λ)ψ̂b(Λ

−1x) (3.2.31)

and the infinitesimal transformation

(DL)
b
a (I + δω) = δ b

a +
i

2
δωµν(S

µν
L ) b

a , (3.2.32)

where (SµνL ) b
a = −(SνµL ) b

a . From nonrelativisitic quantum mechanics, the j = 1
2

matrices are the Pauli matrices σi where

σ1 =

0 1

1 0

 , σ2 =

0 −i

i 0

 , σ3 =

1 0

0 −1

 , (3.2.33)
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thus

(SijL )
b
a =

1

2
εijkσk. (3.2.34)

The SU(2) algebras are exchanged under Hermitian conjugation thus the Hermitian

conjugate of a left-handed spinor ψ̂a is the (0, 1
2
) right handed spinor ψ̂ȧ where

(ψ̂a)
† = ψ̂†

ȧ. (3.2.35)

We will denote a right-handed spinor with a dot on top of its Lorentz index. It is

trivial to see then that

[(SµνL ) b
a ]

∗ = −(SµνR ) ḃ
ȧ . (3.2.36)

Compounding multiple infinitesimal transformations then yields the (1
2
, 0) and

(0, 1
2
) finite transformation

DL(Λ) = e−
i
2
ωµνS

µν
L , (3.2.37)

DR(Λ) = e
i
2
ωµνS

µν
R . (3.2.38)

Now we can properly define left and right-handed spinor fields.

Definition 3.2.3. The (1
2
, 0) field representation of the Lorentz algebra is called

the left-handed spinor field, or left-handed Weyl field, ψa(x) where the

index a has two values. The (0, 1
2
) field representation is called the right-handed

spinor field, or right-handed Weyl field, ψȧ(x) where the index ȧ has two

values. The fields transform as

U(Λ)−1ψa(x)U(Λ) = (DL)
b
a (Λ)ψb(Λ

−1x)

U(Λ)−1ψȧ(x)U(Λ) = (DR)
ḃ
ȧ (Λ)ψḃ(Λ

−1x),
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where

DL(Λ) = e−
i
2
ωµνS

µν
L ,

DR(Λ) = e
i
2
ωµνS

µν
R ,

(SµνL ) b
a = +

i

4
(σµσ̄ν − σν σ̄µ) b

a ,

(SµνR )ȧ
ḃ
= − i

4
(σ̄µσν − σ̄νσµ)ȧ

ḃ

To manipulate the spinor indices, we introduce the antisymmetric tensor εab

which has the property

(DL)
c
a (Λ)(DL)

d
b (Λ)εcd = εab, (3.2.39)

thus εab is an invariant symbol of the Lorentz group like the metric tensor gµν [5].

We define εab the following way

ε12 = ε21 = 1, ε21 = ε12 = −1, (3.2.40)

then we see that [5]

εabε
bc = δ c

a , εabεbc = δac. (3.2.41)

With this, we can lower and raise indices in the following manner

ψa(x) = εabψb(x). (3.2.42)

For vector fields that possess one dotted and one undotted index Aaȧ(x), we can

use the invariant symbol σµaȧ such that [5]

Aaȧ(x) = σµaȧAµ(x). (3.2.43)
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By convention we choose σµaȧ to have the value

σµaȧ = (I,σ), (3.2.44)

where σ is the Pauli matrix vector. Along with this, we introduce the following

symbol

σµȧa = εabεȧḃσµ
bḃ
= (I,−σ). (3.2.45)

It is rather cumbersome to consistently use these indices for the Weyl fields thus

an index free notation method that we will use is

χψ = χaψa, χ†ψ† = χ†
ȧψ

†ȧ, (3.2.46)

namely, missing contracted undotted and dotted indices are implicitly understood

to be written as c
c and ċ

ċ [5]. With this, we have the simplification

(χψ)† = (χaψa)
†

= (ψa)
†(χa)†

= ψ†
ȧχ

†ȧ

= ψ†χ†. (3.2.47)

By now, the astute reader may have noticed that for two left-handed (right-handed)

Weyl fields we have

χa(x)ψa(y) = −ψb(y)χa(x), (3.2.48)

namely, the Weyl fields anticommute and since they in the (1
2
, 0) ((1

2
, 0)) represen-

tation, the Weyl fields will describe fermions. We will delve further into this later

on once we derive the fermion fields.

The vector field is now defined.

Definition 3.2.4. The (1
2
, 1
2
) field representation of the Lorentz algebra is called
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a vector field Aµ(x) and under Lorentz transformations transforms as

U(Λ)−1Aµ(x)U(Λ)−1 = DV (Λ)A
ρ(Λ−1x),

where

DV (Λ) = e−iθS
µν
V ,

(SµνV )ρτ =
1

i
(gµρδντ − gνρδµτ ).

We will encounter two more field representations that will describe other

spin-1/2 fields.

3.3 Symmetries of Nature

Noether’s Theorem and Continuous Symmetries

In the last section we covered many of the symmetries that are part of the

Lorentz group. In this section, we will explore and give physical meaning to the

mathematical abstraction of the previous section and explore the fundamental

importance of symmetries in quantum field theory. We begin with the definition of

a symmetry.

Definition 3.3.1. Let ϕa(x) be a set of fields for a = 1, . . . , n and consider the

infinitesimal transformation for each of the fields

xµ → x′µ = xµ + δωµνx
ν ,

ϕa(x)→ ϕ′
a(x

′) = ϕa(x) + δϕa(x),

where δωµν = −δωνµ. If the transformation leaves the action S invariant, the trans-

formation is called a symmetry transformation, or a symmetry. Equivalently,
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a symmetry transformation leaves the Lagrangian invariant up to a four-divergence

L(x)→ δL(x) = L(x) + ∂µK
µ(x),

for some Kµ(x).

In physics, the symmetries of a system give rise to corresponding conservation

laws. This fact is encoded in Noether’s theorem.

Theorem 3.3.1 (Noether’s Theorem). Every differentiable symmetry of the

action of a physical system has a corresponding conserved current.

Proof. Let ϕa(x) be a set of fields for a = 1, . . . , n with Lagrangian L(x). By

varying the Lagrangian with respect to the fields we get

δL(x) = ∂L
∂ϕa

δϕa +
∂L

∂(∂µϕa)
δ(∂µϕa) +

∂L
∂xµ

δxµ

= ∂µ

( ∂L
∂(∂µϕa)

)
δϕa +

∂L
∂(∂µϕa)

δ(∂µϕa) + ∂νL(x)

= ∂µ

( ∂L
∂(∂µϕa)

δϕa

)
+ gµν∂µL(x)

= ∂µ

( ∂L
∂(∂µϕa)

δϕa +Kµ(x)
)
,

where we used the Euler-Lagrange equations to get the first term of the second

line. Then we have

∂µj
µ
a (x) = δL(x), (3.3.1)

where

jµa (x) =
∂L

∂(∂µϕa)
δϕa +Kµ(x), (3.3.2)

are the Noether currents. If the transformation leaves the Lagrangian invariant,

namely, δL = 0 and makes the four-divergence vanish Kµ = 0 then we have

∂µ

( ∂L
∂(∂µϕa)

δϕa

)
= 0 (Kµ = 0). (3.3.3)

If the transformation leaves the Lagrangian invariant but the four-divergence does
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not vanish, then we have

∂µ

( ∂L
∂(∂µϕa)

δϕa +Kµ(x)
)
= 0 (Kµ 6= 0). (3.3.4)

In either cases, the Noether currents are conserved and each satisfies the continuity

equation

∂µj
µ(x) =

∂

∂t
j0(x) +∇ · j(x) = 0 (3.3.5)

for a = 1, . . . , n. The corresponding Noether charges are

Qa =

∫
d3x j0a(x). (3.3.6)

Since this holds for n arbitrary fields, there are n conserved Noether currents.

Note that since each field transforms differently depending on their representa-

tion, we can identify the following infinitesimal transformations

δϕa(x) = −
∂ϕa
∂xµ

δxµ, (scalar fields)

δϕa(x) = −
i

2
δωµνS

µνϕa(x)−
∂ϕa
∂xµ

δxµ,(spinor fields) (3.3.7)

where δωµν = −δωνµ and Sµν is the generator of the Lorentz transformations for a

general spinor field.

We call j0(x) and j(x) the charge density and current density, respectively, thus

equation (3.3.5) is the local conservation law of this charge [5]. We should note

that the names “charge” and “current” do not always refer to electric charge and

electric current, respectively. The names refer to a general class of the generators of

a symmetry transformation. One such example is the color charge of quarks which

is a completely different property than the standard electric charge [1]. We see

that the number of generators of a symmetry group, or its dimension, corresponds

to the number of conservation laws a physical system is expected to have.

We now see the beautiful connection between symmetries and the conservation
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laws that arise from them. Let us explore symmetries that will have relevance in

later chapters. Consider the symmetry of spacetime translations. Given a set of

scalar fields ϕa(x), we have that

δϕa = −
∂ϕa
∂xµ

δxµ = −∂µϕa(x), (3.3.8)

we expect that under spacetime translations

ϕa(x)→ ϕa(x− a)

= ϕa(x)− aν∂νϕa(x),

L(x)→ L(x− a)

= L(x)− aν∂νL(x), (3.3.9)

thus δϕa(x) = −aν∂νϕa(x) and δL(x) = −aν∂νL(x) = −∂ν(aνL(x)) [5]. Then the

total divergence is Kν(x) = −aνL(x) thus the conserved current is

jµ(x) =
∂L(x)

∂(∂µϕa(x))
(−aν∂νϕa(x)) + aνL(x)

= aνT
µν(x), (3.3.10)

where

T µν(x) = − ∂L(x)
∂(∂µϕa(x))

∂νϕa(x) + gµνL(x), (3.3.11)

is the energy-momentum tensor [8]. To identify the conserved quantities that arise

from spacetime translations, let us examine the components of the tensor. For
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µ = ν = 0 we have

T 00 = − ∂L
∂(∂0ϕa)

∂0ϕa + g00L

=
∂L
∂(ϕ̇a)

ϕ̇a − L

= Πaϕ̇a − L

= H, (3.3.12)

thus we see that the Hamiltonian density is the conserved quantity under time

translation, namely, the energy is the generator of time translations. Then by the

definition of four-momentum, we immediately identify the other components T 0µ

to be the energy-momentum four-vector

P µ =

∫
d3xT 0µ(x), (3.3.13)

hence the spatial momentum vector is

P i =

∫
d3xT 0i

= −
∫
d3xΠi(x)∇iϕ(x), (3.3.14)

thus the linear momentum is the generator of spatial translations [5]. Then we see

that the energy-momentum four-vector

P µ =

∫
d3xT 0µ(x),

is the conserved charge of spacetime translations. Thus spacetime translational

symmetry gives rise to the conservation of energy and linear momentum. Another

symmetry that will be important to consider is of course, Lorentz symmetry. We

find that the Noether current is

Mµνρ(x) = xνT µρ(x)− xρT µν(x), (3.3.15)



66

with the conserved charges

Mνρ =

∫
d3xM0νρ(x), (3.3.16)

which are the generators of the Lorentz group. Thus Lorentz symmetry gives rise

to six conservation laws which are angular momentum (in three dimensions) and

the velocity of the center of mass (in three dimensions) which come from rotations

and boosts, respectively [5]. If we consider a scalar field and let ν = i and ρ = j in

equation (3.3.15) then insert it into equation (3.3.16), we have

M ij =

∫
d3xxiT 0j − xjT 0i, (3.3.17)

where T 0i are the spatial momentum densities. We recognize this expression to be

field-theoretic analogue of orbital angular momentum thus we can rewrite (3.3.17)

as

Lij =

∫
d3xxiT 0j − xjT 0i, (3.3.18)

hence the field-theoretic total angular momentum for scalar fields is

J ij = Lij. (3.3.19)

If we considered the Noether currents for Lorentz symmetry of a set of spinor

fields ϕa(x) such as the Weyl fields for a = 1, . . . , n, the Noether currents would

be [5]

Mµνρ = xνT µρ − xρT µν − i ∂L
∂(∂µϕa)

Sνρϕa, (3.3.20)
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with the Noether charges

M νρ =

∫
d3xM0νρ

=

∫
d3xxνT 0ρ − xρT 0ν − i ∂L

∂(∂0ϕa)
Sνρϕa

=

∫
d3xxνT 0ρ − xρT 0ν − iΠa S

νρϕa, (3.3.21)

where Sµν depends on the representation. If we let ν = i and ρ = j in equation

(3.3.21) then we have

M ij =

∫
d3xxiT 0j − xjT 0i − iΠa S

ijϕa. (3.3.22)

We recognize the first two terms in equation (3.3.22) as the orbital momentum Lij

and we identify the third term as the field-theoretic spin. Thus we have

Sij = −
∫
d3x iΠaΣ

ijϕa, (3.3.23)

where we have merely switched the notations Sij ↔ Σij for clarity [15]. The

field-theoretic total angular momentum for spinor fields is

J ij = Lij + Sij. (3.3.24)

We now see that the concept of spin naturally arises from the nontrivial repre-

sentations of the Lorentz group. For scalar fields, the total angular momentum

lacks a spin component which is in agreement with the definition of the trivial

representation of the Lorentz group. Along with this, we know from nonrelativistic

quantum mechanics that scalar particles have spin-0 and fermions have spin-1/2

so we see that once we quantize the total angular momentum into a self-adjoint

operator, we will naturally have spin (or no spin for quantized scalar fields) built

into quantum field theory. It is now clear that the labeling of the representations

of the Lorentz group serve as the labels for the spin of the fields.
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If our Lagrangian consists of complex fields, we can explore a rather obscure

but fundamental symmetry which is the invariance under a phase, or U(1), trans-

formation

ϕ(x)→ eiαϕ(x), (3.3.25)

where α ∈ R. Repeating the same method as above, the U(1) Noether current is

jµ = Im(ϕ†←→∂µϕ). (3.3.26)

Recall that the Lie group U(1) is isomorphic to the Lie group SO(2) and a complex

field ϕ(x) can be written as the sum of two real fields

ϕ(x) =
ϕ1(x) + iϕ2(x)√

2
, (3.3.27)

thus we can consider SO(2) symmetry for a two-component field vector (ϕ1, ϕ2)

ϕ1(x)

ϕ2(x)

→
 cosα sinα

− sinα cosα


ϕ1(x)

ϕ2(x)

 , (3.3.28)

where α is the angle of rotation [5]. The SO(2) Noether current is then

jµ = (ϕ1

←→
∂µϕ2), (3.3.29)

which is equivalent to the U(1) Noether current. The U(1) Noether charge is then

Q =

∫
d3x j0(x)

=

∫
d3x = Im(ϕ†←→∂0ϕ), (3.3.30)

which is constant in time. When we make the transition to quantum field theory,

the U(1) Noether charge will become an operator and the conservation law that is

associated with U(1) symmetry will be clear.
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Discrete Symmetries

So far we have only discussed continuous symmetries so let us now consider discrete

symmetries. From our earlier analysis on Lorentz symmetry, we encountered two

discrete symmetries, namely, parity and time reversal symmetry

Pµν = (P−1)µν =



+1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1


, (3.3.31)

(3.3.32)

T µν = (T −1)µν =



−1 0 0 0

0 +1 0 0

0 0 +1 0

0 0 0 +1


, (3.3.33)

respectively [5]. The operators for parity and time reversal are

P̂ ≡ Û(P), (3.3.34)

T̂ ≡ Û(T ). (3.3.35)

From nonrelativistic quantum mechanics, recall that the operator for time reversal

is an antiunitary operator while the operator for parity is unitary [11]. Since the

parity and time reversal matrices are idempotent, applying a parity and time

reversal transformation twice should leave all observables invariant so we see that

under a parity and time reversal transformation, the field operators can transform

as

P̂−1ϕ̂(x)P̂ = ±ϕ̂(Px), (3.3.36)

T̂−1ϕ̂(x)T̂ = ±ϕ̂(T x). (3.3.37)
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If a field has a minus sign under these transformations, we say that the field

transforms as a pseudoscalar and is odd under these transformations. If a field

has a plus sign under these transformations, we say that the field transforms as a

scalar and is even under these transformations. The guiding principle is that we

must make our Lagrangian even under parity and time reversal

P̂−1L(x)P̂ = +L(Px), (3.3.38)

T̂−1L(x)T̂ = +L(T x), (3.3.39)

so we are at liberty to choose the sign of the transformation of the field operators

as long as the Lagrangian is even under these transformations [5]. Then the action

S is invariant under parity and time reversal thus both these symmetries are

conserved.

Another class of discrete symmetries are symmetries that change the sign of

fields without changing their spacetime argument is called Z2 symmetry where Z2

is the additive group of integers modulo 2 [5]. A unitary operator Ẑ called the Z2

operator has the transformation

Ẑ−1ϕ̂(x)Ẑ = ηaϕ̂a(x), (3.3.40)

where ηa is either +1 or −1 for each field ϕ̂a(x). To give an explicit example, a

Lagrangian that possesses U(1) symmetry will automatically have the discrete

symmetry

ϕ̂(x)→ ϕ̂†(x), (3.3.41)

which is equivalent to

ϕ1(x)

ϕ2(x)

→
+1 0

0 −1


ϕ1(x)

ϕ2(x)

 , (3.3.42)

for a Lagrangian with two real scalar fields. This discrete symmetry is called charge
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conjugation and we denote the charge conjugation operator as Ĉ which transforms

a complex field as

Ĉ−1ϕ̂(x)Ĉ = ϕ̂†(x), (3.3.43)

or

Ĉ−1ϕ̂1(x)Ĉ = +ϕ̂1(x), (3.3.44)

Ĉ−1ϕ̂2(x)Ĉ = −ϕ̂2(x), (3.3.45)

for SO(2) symmetries. For our discussion on fermion fields, it will prove fruitful to

introduce the charge conjugation matrix [5]

C =

εab 0

0 εȧċ

 . (3.3.46)

Now we will see later on that a Lagrangian that possesses U(1) will give rise to two

types of particles, say, a-type particles and b-type particles. Charge conjugation

means that the scattering amplitudes are invariant if we exchange a-type particles

with b-type particles and vice versa which implies that both types of particles

possess the same mass [5]. This means that the b-type particle is the antiparticle

of the a-type particle. We will explore this further in the later chapters.

Experiments confirm that all Lagrangians obey another fundamental symmetry

called charge, parity, and time reversal symmetry, or CPT symmetry for short. The

combination of the operators CPT is the only combination where all Lagrangians

are invariant. We will accept this fundamental symmetry without proof for all our

Lagrangians.

3.4 Construction of an Ideal Quantum Field

Every Lagrangian for a quantum field must possess Lorentz symmetry. This means

that every field must transform according to the representation of the Lorentz group
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and every other term in the Lagrangian must transform in a Lorentz invariant

way. By Noether’s theorem, this means that all Lagrangians will have at least

ten conservation laws along with other conservation laws from any additional

symmetries. Along with this, all Lagrangians must be invariant under CPT

symmetry. With these two rules, we can begin to construct our first quantum fields

based on the field representations of the Lorentz algebra.
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Chapter 4

Quantum Fields

4.1 Scalar Fields

Classical Real Scalar Field

We begin with the simplest model of a quantum field theory by first constructing

a classical field theory then quantizing it using the canonical quantization rules.

Many of the insights and results will be generalized to other quantum field theories

thus the derivation and analysis of the real scalar field will prove to be quite

insightful.

The simplest Lorentz invariant field is the trivial representation of the Lorentz

algebra, namely, the (0, 0) representation which is the classical scalar field that we

defined in the symmetry chapter. More specifically, we will focus on the real scalar

field and since we are working in Minkowski space, we define the real scalar field as

ϕ : R3,1 → R. (4.1.1)

By explicit construction, given four vectors xµ and xµ ′ = Λµνx
ν + aν , the field

transforms as a Lorentz scalar, namely, ϕ′(x′) = ϕ(x) which implies that the

equations of motion must be the same for both ϕ(x) and ϕ′(x′). A suitable equation
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of motion that fulfills this condition is the previous Klein-Gordon equation

(−∂2 +m2)ϕ(x) = 0. (4.1.2)

For this classical analysis, we will treat the mass term m as an arbitrary parameter

and will reinterpret it as mass once we construct our quantum the theory.

We seek a Lagrangian L for a real scalar field that transforms as a Lorentz

scalar so that the action S is Lorentz invariant. We also require our Lagrangian

to reproduce the (classical) Klein-Gordon equation as the equation of motion.

Consider the ansatz,

L = −1

2
∂µϕ∂µϕ−

1

2
m2ϕ2. (4.1.3)

We prove that our ansatz is Lorentz invariant.

Proof. Let L be defined as in equation (4.1.3). Under a Lorentz transformation,

the following transforms as follows,

xµ → x′ = Λµνx
ν

ϕ(x)→ ϕ′(x′) = ϕ(Λ−1x)

∂µϕ(x)→ ∂µϕ(Λ
−1x) = (Λ−1)νµ(∂νϕ)(Λ

−1x).

Then under a Lorentz transformation, the Klein-Gordon Lagrangian transforms as

L →− 1

2
∂µϕ′(x′)∂µϕ

′(x′)− 1

2
m2(ϕ′(x′))2

= −gµν(Λ−1)ρµ(Λ
−1)σµ

1

2
∂ρϕ(Λ

−1x)∂σϕ(Λ
−1x)− 1

2
m2ϕ2(Λ−1x)

= −1

2
gρσ∂ρϕ(Λ

−1x)∂σϕ(Λ
−1x)− 1

2
m2ϕ2(Λ−1x)

= −1

2
∂σϕ(Λ−1x)∂σϕ(Λ

−1x)− 1

2
m2ϕ2(Λ−1x)

= L(Λ−1x).

Thus the Klein-Gordon Lagrangian transforms as a Lorentz scalar.
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We apply an infinitesimal variation δϕ and use the principle of stationary action

on the Lagrangian to obtain

δS = 0

δ

∫
d4xL(ϕ, ∂µϕ) = 0∫

d4x
[
− 1

2
∂µδϕ∂µϕ−−

1

2
∂µϕ∂µδφ−m2ϕδϕ

]
= 0

−1

2
∂µϕδϕ

∣∣∣∣+ ∫ d4x
[
∂µ∂µϕ−m2ϕ

]
δϕ = 0

where integration by parts was used on the first term of the third equation to

derive the last line [5]. We impose the boundary condition that δϕ vanishes at

the infinities in both directions of spacetime thus the first term of the last line

vanishes and we have

∫
d4x

[
∂µ∂µϕ−m2ϕ

]
δϕ = 0. (4.1.4)

Since δϕ only depends on some x, the above equation is true if and only if the

bracketed expression equals zero thus we have our equation of motion

(−∂2 +m2)ϕ = 0, (4.1.5)

which is the desired Klein Gordon equation.

Similar to the free particle in nonrelativistic quantum mechanics, the Klein-

Gordon equation in classical field theory admits plane wave solutions

ϕ(x, t) = Aei(p·x±ωt),

where

ω = (|p|2 +m2)1/2, (4.1.6)

which is the relativistic energy in natural units (E = ~ω ≡ ω). The general solution
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of the Klein-Gordon equation is the sum of plane waves,

ϕ(x, t) =
∫

d3p

f(p)

[
a(p)ei(p·x−ωt) + b(p)ei(p·x+ωt)

]
(4.1.7)

where a(p) and b(p) are functions of the momentum p and f(p) is a function of

the magnitude of |p| [5]. We seek a value of f(p) so that the integration measure
d3p
f(p)

is Lorentz invariant. Consider the following identities

δ(f(x)− f(x0)) =
1

|f ′(x)|
δ(x− x0), (4.1.8)∫ +∞

−∞

1

|f ′(x0)|
δ(x− x0) =

1

|f ′(x0)|
. (4.1.9)

The measure d4p δ(p2 +m2)θ(p0), where θ(p0) is the unit step function, is Lorentz

invariant so we integrate with respect to p0 to get [5]

∫ +∞

−∞
dp0 δ(p2 +m2) =

1

2ω
. (4.1.10)

For purposes of normalization when we quantize the Klein-Gordon field, we will

choose f(p) = (2π)32ω and define our new Lorentz invariant measure as [5]

d3p

(2π)32ω
= d3pL (4.1.11)

so that equation (4.1.7) now becomes

ϕ(x, t) =
∫
d3pL

[
a(p)ei(p·x−ωt) + b(p)ei(p·x+ωt)

]
. (4.1.12)

Since we are considering real scalar fields, we impose the condition that ϕ∗ = ϕ

from which we see that

ϕ∗(x, t) =
∫
d3pL

[
a∗(p)e−i(p·x−ωt) + b∗(p)e−i(p·x+ωt)

]
=

∫
d3pL

[
a∗(p)e−ip·x+iωt + b∗(−p)eip·x−iωt

]
. (4.1.13)
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Comparing equations (4.1.7) and (4.1.13) reveals that a(p) = b∗(−p) so the Klein-

Gordan field can be rewritten as

ϕ(x, t) =
∫
d3pL

[
a(p)eip·x−iωt + a∗(−p)eip·x+iωt

]
=

∫
d3pL

[
a(p)eip·x−iωt + a∗(p)e−ip·x+iωt

]

hence,

ϕ(x) =

∫
d3pL

[
a(p)eipx + a∗(p)e−ipx

]
(4.1.14)

where px = pµxµ = p · x− ωt is the Lorentz invariant inner product of the four-

momentum and four-position vectors (it is understood that ϕ(x) involves a temporal

component) [5]. The conjugate momentum of the Klein-Gordon Lagrangian ((4.1.3))

is

Π(x, t) = ∂L
∂µ(∂0ϕ)

=
∂

∂µ(∂0ϕ)

[
1

2
(∂0ϕ)

2 − 1

2
(∇ϕ)2 − 1

2
m2ϕ2

]

= ∂0ϕ,

hence

Π(x) = ∂0ϕ = ϕ̇ (4.1.15)

We are now in an ideal position to construct the Hamiltonian of the Klein-

Gordon field. Following the formalism introduced in the background chapter, we
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get [5]

H = Πϕ̇− L

= Π2 −

[
− 1

2
∂µϕ∂µϕ−

1

2
m2ϕ2

]

= Π2 −

[
1

2
(∂0ϕ)

2 − 1

2
(∇ϕ)2 − 1

2
m2ϕ2

]

= Π2 −

[
1

2
Π2 − 1

2
(∇ϕ)2 − 1

2
m2ϕ2

]

=
1

2
Π2 +

1

2
(∇ϕ)2 + 1

2
m2ϕ2

hence,

H =
1

2
Π2 +

1

2
(∇ϕ)2 + 1

2
m2ϕ2. (4.1.16)

With our field ϕ(x), its conjugate momentum Π(x), and Hamiltonian H, we are

ready to quantize our field. However, rewriting our Hamiltonian in terms of the

Fourier coefficients a(p) and a∗(p) then proceeding with quantization will prove to

be advantageous for later calculations and provide a deeper understanding as to

the nature of the quantum field. We apply the variable change p→ p′ to equation

(4.1.14) to get

ϕ(x) =

∫
d3p′L

[
a(p′)eip

′x + a∗(p′)e−ip
′x
]
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then

ϕ(x) e−ipx =

∫
d3p′L

[
a(p′)eip

′x + a∗(p′)e−ip
′x
]
e−ipx∫

d3xϕ(x) e−ipx =

∫
d3x

∫
d3p′L

[
a(p′)eip

′x + a∗(p′)e−ip
′x
]
e−ipx∫

d3xϕ(x) e−ipx =

∫
d3p′

1

2ω

1

(2π)3

∫
d3x

[
a(p′)ei(p−p′)x−i(ω−ω′)t

+ a∗(p′)ei(−p−p′)x+i(ω+ω′)t
]

∫
d3xϕ(x) e−ipx =

∫
d3p′

1

2ω

[
a(p′)δ3(p− p′)e−i(ω−ω

′)t

+ a∗(p′)δ3(p + p′)ei(ω−ω
′)t
]

∫
d3xϕ(x) e−ipx =

1

2ω
a(p) + 1

2ω
a∗(−p)e2iωt

where we have used the Fourier definition of the Dirac delta function

δn(x− x0) =
1

(2π)n

∫ +∞

−∞
dnp ei(x−x0)p (4.1.17)

and the symmetrical property of the delta function. Then

∂0

[ ∫
d3xϕ(x) e−ipx =

1

2ω
a(p) + 1

2ω
a∗(−p)e2iωt

]
∫
d3x ∂0ϕ(x) e

−ipx + iω

∫
d3xϕ(x) e−ipx = ia∗(−p)e2iωt∫

d3x ∂0ϕ(x) e
−ipx = −iω

[ 1

2ω
a(p) + 1

2ω
a∗(−p)e2iωt

]
+ ia∗(−p)e2iωt∫

d3x ∂0ϕ(x) e
−ipx = − i

2
a(p) + i

2
a∗(−p)e2iωt

hence we have

∫
d3xϕ(x) e−ipx =

1

2ω
a(p) + 1

2ω
a∗(−p)e2iωt∫

d3x ∂0ϕ(x) e
−ipx = − i

2
a(p) + i

2
a∗(−p)e2iωt
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which we then combine to get

a(p) =
∫
d3x e−ipx[i∂0ϕ(x) + ωϕ(x)]

= i

∫
d3x e−ipx

←→
∂0 ϕ(x), (4.1.18)

where the operator
←→
∂0 is defined as f

←→
∂0 g = f(∂0g)− (∂0f)g [5]. Complex conju-

gating yields the other Fourier coefficient thus we finally get

a(p) = i

∫
d3x e−ipx

←→
∂0 ϕ(x), (4.1.19)

a∗(p) = −i
∫
d3x eipx

←→
∂0 ϕ(x). (4.1.20)

Now we rewrite the Hamiltonian in terms of a(p) and a∗(p) to get [5]

H =

∫
d3xH

=
1

2

∫
d3pL ω [a∗(p)a(p) + a(p)a∗(p)], (4.1.21)

where we have carefully evaluated the Hamiltonian in a noncommutative manner

in anticipation for quantization [5].

Quantizing the Classical Real Scalar Field

Now that we have finished gathering everything we need from the classical physics

of the Klein-Gordon field, we now finally promote the field ϕ(x, t)→ ϕ̂(x, t) and

its conjugate momentum Π(x, t)→ Π̂(x, t) to operators in the Heisenberg picture

and impose the canonical commutation relations at equal times,

[ϕ̂(x, t), ϕ̂(x′, t)] = 0,

[Π̂(x, t), Π̂(x′, t)] = 0,

[ϕ̂(x, t), Π̂(x′, t)] = iδ3(x− x′), (4.1.22)
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where the delta function replaces the identity operator since we are using continuous

labels rather than discrete labels [5]. Since we have promoted the field and

its conjugate momentum to operators, we see that the Fourier coefficients a(p)

and a∗(p) now become operators â(p) and â†(p), respectively, where the dagger

operation † denotes the Hermitian conjugation operation,

â(p) =
∫
d3x e−ipx[i∂0ϕ̂(x) + ωϕ̂(x)] = i

∫
d3x e−ipx

←→
∂0 ϕ̂(x), (4.1.23)

â†(p) =
∫
d3x eipx[−i∂0ϕ̂(x) + ωϕ̂(x)] = −i

∫
d3x eipx

←→
∂0 ϕ̂(x). (4.1.24)
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We can compute the commutation relations of the coefficient operators by using

the canonical commutation relations to get

[â(p), â(p′)] =

∫
d3x d3x′ e−ipxe−ip

′x′
(
[i∂0ϕ̂(x) + ωϕ̂(x), i∂0ϕ̂(x

′) + ωϕ̂(x′)]
)

=

∫
d3x d3x′ e−ipxe−ip

′x′
(
[iΠ̂(x) + ωϕ̂(x), iΠ̂(x′) + ωϕ̂(x′)]

)
=

∫
d3x d3x′ e−ipxe−ip

′x′
(
(i)2[Π̂(x), Π̂(x′)] + iω[Π̂(x), ϕ̂(x′)]

+ iω[ϕ̂(x), Π̂(x′)] + ω2[ϕ̂(x), ϕ̂(x′)]
)

=

∫
d3x d3x′ e−ipxe−ip

′x′
(
ωδ3(x− x′)− ωδ3(x− x′)

)
= 0,

[â†(p), â†(p′)] =

∫
d3x d3x′ eipxeip

′x′
(
[−i∂0ϕ̂(x) + ωϕ̂(x),−i∂0ϕ̂(x′) + ωϕ̂(x′)]

)
=

∫
d3x d3x′ eipxeip

′x′
(
[−iΠ̂(x) + ωϕ̂(x),−iΠ̂(x′) + ωϕ̂(x′)]

)
=

∫
d3x d3x′ eipxeip

′x′
(
(−i)2[Π̂(x), Π̂(x′)]− iω[Π̂(x), ϕ̂(x′)]

− iω[ϕ̂(x), Π̂(x′)] + ω2[ϕ̂(x), ϕ̂(x′)]
)

=

∫
d3x d3x′ eipxeip

′x′
(
− ωδ3(x− x′) + ωδ3(x− x′)

)
= 0,

[â(p), â†(p′)] =

∫
d3x d3x′ e−ip

′x′eipx
(
[i∂0ϕ̂(x) + ωϕ̂(x),−i∂0ϕ̂(x′) + ωϕ̂(x′)]

)
=

∫
d3x d3x′ e−ip

′x′eipx
(
[iΠ̂(x) + ωϕ̂(x),−iΠ̂(x′) + ωϕ̂(x′)]

)
=

∫
d3x d3x′ e−ip

′x′eipx
(
(i)(−i)[Π̂(x), Π̂(x′)] + (iω)[Π̂(x), ϕ̂(x′)]

+ (−iω)[ϕ̂(x), Π̂(x′)] + ω2[ϕ̂(x), ϕ̂(x′)]
)

=

∫
d3x d3x′ e−ip

′x′eipx
(
ωδ3(x− x′) + ωδ3(x− x′)

)
= (2ω)

∫
d3x d3x′ e−ip

′x′eipxδ3(x− x′)

= (2ω)

∫
d3x ei(p−p

′)x

= (2ω)(2π)3δ3(p− p′),
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thus,

[â(p), â(p′)] = 0,

[â†(p), â†(p′)] = 0,

[â(p), â†(p′)] = (2ω)(2π)3δ3(p− p′). (4.1.25)

With the Fourier commutation relations, we can rewrite the quantum Hamiltonian

as

Ĥ =
1

2

∫
d3pL ω

(
â†(p)â(p) + â(p)â†(p)

)
=

∫
d3pL ω

(
â†(p)â(p) + 1

2
[â(p), â†(p)]

)
=

∫
d3pL ω â

†(p)â(p) + E0. (4.1.26)

We now come across a fascinating result: the algebra of the operators â(p) and

â†(p) are equivalent to the algebra of the creation and annihilation operators of

the uncoupled, simple harmonic oscillator from quantum mechanics. It can be

further verified that the operators obey

[Ĥ, â†(p)] = ωâ†(p), [H, â(p)] = −ωâ(p).

Thus we associate â†(p) and â(p) as the creation and annihilation operators,

respectively, for the Klein-Gordon field and the Hamiltonian physically represents

the field as an infinite sum of uncoupled harmonic oscillators. Before we delve into

further analysis of our finding, we must address the rather settling infinite number

E0 =
1

2

∫
d3p ω δ3(0), (4.1.27)

in the Hamiltonian. This infinite number is quantum field-theoretic analogue of

the zero-point energy for the simple harmonic oscillator from quantum mechanics.

The stark difference is that since the Klein-Gordon field is an infinite ensemble of



84

these oscillators, E0 is the sum of all the zero-point energies of each oscillator in

this infinite ensemble. This number is actually to be expected in our calculations

because we are integrating over an infinite volume. In actual experiments, this

infinite energy term is not measured because experiments measure only energy

differences from the ground state of the system in question [8]. Additionally, the

appearance of E0 gives indications that a quantum field theory becomes unsuitable

at higher energies thus giving a clue that there may be an underlying theory that

can account for such extremely high energy situations [5]. For our calculations, we

can ignore these infinite terms by adding an arbitrary constant into the Lagrangian

and selecting a value to cancel E0 so that the ground state Hamilitonian gives a

zero energy eigenvalue. Divergent integrals such as equation (4.1.27) are infamous

in the study of quantum field theories.

Since we now are considering multiparticle states, the mathematical space that

we work with is the Fock space. In analogy with the simple harmonic oscillator, we

construct our Fock space by first defining a vacuum state |0〉 to be the state with

no particles, or vacuum, normalized as 〈0|0〉= 1, such that

â(p)|0〉= 0, (4.1.28)

and the one-particle state created by the creation operator acting on the vacuum

state as

â†(p)|0〉= (2ω)1/2â†(p)|0〉= |p〉, (4.1.29)

where ω = (p2 + m2)1/2 [5]. The normalization of the one-particle state 〈p|p′〉

must be Lorentz invariant so we cannot use the normalization from nonrelativsitic

quantum mechanics, namely, 〈p|p′〉= δ3(p−p′). To find the correct normalization,

consider the following

〈0|[â(p), â†(p′)]|0〉= 〈0|̂a(p)â†(p′)|0〉− 〈0|̂a†(p′)â(p)|0〉

(2ω)(2π)3δ3(p− p′) = 〈p|p′〉,
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hence the Lorentz invariant normalization for the one-particles state is

〈p|p′〉= (2ω)(2π)3δ3(p− p′). (4.1.30)

Then a multiparticle state is created by acting on the vacuum with multiple creation

operators
n∏
k=1

(2ωk)
1/2 â†1(p1), . . . â

†
n(pn)|0〉= |p1 . . . pn〉, (4.1.31)

which is an eigenstate of the Hamiltonian with energy (ω1 + ω2 + . . . + ωn) [5].

Now we finally come into full circle and are ready to answer what the parameter m

represents in the equation of motion for the Klein-Gordon field. Using Noether’s

theorem, the total four-momentum operator is constructed as

P̂ µ =

∫
d3x T̂ 0µ

= −
∫
d3x Π̂(x)∂µϕ̂(x)

=

∫
d3x

(2π)3
pµâ†(p)â(p), (4.1.32)

from which the total spatial momentum operator is constructed as

P̂ i =

∫
d3x

(2π)3
pi â†(p)â(p). (4.1.33)

Thus the creation operator â†k(p) creates an excitation with momentum pk and

energy ωk = (|pk|
2 +m2)1/2. The equation ωk = (|pk|

2 +m2)1/2 is the relativistic

energy equation so m is the mass of these individual excitations. These individual

excitations are what we perceive as particles hence particles are interpretted to be

the modes of excitations of the underlying quantum field. It is important to note

that the creation operator â†(p) creates a particle in the vacuum with momentum

p and not in some localized position [8]. Since we used commutators for quantizing
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the scalar field, we have that for a two particle state

â†1â
†
2|0〉= â†2â

†
2|0〉

|p1, p2〉= |p2, p1〉, (4.1.34)

thus the interchange of two scalar particles results in the same state. This can be

easily generalized to n particles, thus we find that the scalar field and the scalar

particles obey Bose-Einstein statistics. We now promote the field-theoretic total

angular momentum from the chapter on symmetries to a Hermitian operator which

yields

Ĵ = L̂. (4.1.35)

As mentioned previously, the total angular momentum operator lacks a spin

component thus the scalar field and its excitations, the scalar particles, possess

spin-0 which is expected of a Lorentz scalar field. In summary, the scalar field is a

spin-0 bosonic field with its excitation, namely, the scalar particle being a spin-0

boson [5]. Now the resolution of the identity for one-particle states can now be

defined as [8]

1̂ =

∫
d3pL |p〉〈p|, (4.1.36)

then the field operator ϕ̂(x) in the Schrödinger picture acting on the vacuum

creates the following state

ϕ̂(x)|0〉=
∫
d3pL e

−ix·p|p〉= |x〉 (4.1.37)

and similarly we can get

〈0|ϕ̂(x)|p〉= eix·p. (4.1.38)

Thus the field operator ϕ̂(x) acting on the vacuum creates a particle at position x

[8].



87

We now see that the field is clearly the more fundamental and important

object than the particle. A particle is nothing more than the excitation of the

underlying field and given enough energy that satisfies the relativistic energy

formula ω = (|p|2 +m2)1/2, multiple particles can be created from the field. Thus

we see that the field concept naturally gives rise to describing multiparticle states.

4.2 Fermion Fields

Classical Fermion Fields

From our analysis of the representations of the Lorentz group, we found that the

simplest, nontrivial irreducible representations of the Lorentz Lie algebra were

the (1
2
, 0) and (0, 1

2
) representations which were the two component left- ψa(x)

and right-handed ψ†
ȧ(x) spinor fields, or Weyl fields, respectively. We now seek to

construct a Lorentz invariant Lagrangian that is Hermitian and quadratic in ψa

and ψ†
ȧ. A suitable Lagrangian is [5]

L = iψ†σ̄µ∂µψ −
1

2
mψψ − 1

2
mψ†ψ†, (4.2.1)

where σ̄µ = (I,−σ) [5]. From the form of our Lagrangian, it is evident that the

kinetic term iψ†σ̄µ∂µψ is not Hermitian. Indeed this can be seen in the following,

(iψ†σ̄µ∂µψ)
† = −i∂µψ†

ċ σ̄
µaċψa

= iψ†
ċ σ̄

µaċ∂µψa − i∂µ(ψ†
ċ σ̄

µaċψa)

= iψ†σ̄µ∂µψa − i∂µ(ψ†σ̄µψ),

where the second line follows from the identity ∂(AB) = A(∂B) + (∂A)B [5].

However, the second term in the third line is the total divergence and if we impose

suitable boundary conditions, the term will vanish thus this kinetic term is suitable

[5]. Now we follow our usual convention and apply an infinitesimal variation on
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the action with respect to ψ† along with the stationary action principle to get the

equations of motion for ψ:

0 =
δS

δψ† =
δ

δψ†

∫
d4xL

=

∫
d4x

[
iδψ†σ̄µ∂µψ −mψ†δψ†

]
=

∫
d4x

[
iσ̄µ∂µψ −mψ†

]
δψ†,

which yields the equation of motions

δS

δψ† = iσ̄µ∂µψ −mψ† = 0.

Hermitian conjugating the above equation is equivalent to varying the Lagrangian

with respect to ψ, namely, δS
δψ

which yields the equations of motion for ψ† thus we

have the following equations of motion

δS

δψ† = iσ̄µ ȧc∂µψc −mψ† ȧ = 0, (4.2.2)

δS

δψ
= iσµaċ∂µψ

† ċ −mψa = 0, (4.2.3)

where we have restored spinor indices for clarity [5]. The above equations of motion

are a bit troublesome in the fact that they are coupled equations. However, setting

the mass term to zero decouples the equations and gives us the Weyl equations,

iσ̄µ∂µψL = 0, (4.2.4)

iσµ∂µψR = 0, (4.2.5)

where ψL = ψc and ψR = ψ† ċ are the left- and right- handed Weyl fields, respectively

(we have presented the Weyl equations in this manner in accordance with common

literature) [5]. Note that setting the mass term to zero in Lagrangian (4.2.1) gives
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us the Lagrangian for the massless Weyl field,

L = iψ†σ̄µ∂µψ, (4.2.6)

from which the Weyl equations can be derived.

As we stated before, the left- and right- handed Weyl fields are the (1
2
, 0) and

(0, 1
2
) irreducible representations, respectively, of the Lorentz algebra. From this,

it is natural to see that we can construct other spin-1/2 representations with the

Weyl fields as their building blocks. Mathematically, other spin-1/2 representations

can be constructed as the direct sum of the (1
2
, 0) and (0, 1

2
) field representations

to create the (1
2
, 0) ⊕ (0, 1

2
) field representation called the bispinor. Its Lorentz

transformation matrix will be a direct sum of the matrices for both handed spinors

[15]

D(Λ) = DL(Λ)
c
a ⊕DR(Λ)

ȧ
ċ

=

DL(Λ)
c
a 0

0 DR(Λ)
ȧ
ċ

 . (4.2.7)

The generator of the bispinor representation is then given as [5]

Sµν =

(+SµνL ) c
a 0

0 (−SµνR )ȧċ

 , (4.2.8)

where

(SµνL ) c
a = +

i

4
(σµσ̄ν − σν σ̄µ) c

a , (4.2.9)

(SµνR )ȧċ = −
i

4
(σ̄µσν − σ̄νσµ)ȧċ. (4.2.10)

Now, the equations of motion (4.2.2) and (4.2.3) can be rewritten in matrix notation
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as [5]  mδ c
a −iσµaċ∂µ

−iσ̄µaċ∂µ mδȧċ


ψc

ψ†ċ

 = 0. (4.2.11)

To make equation (4.2.11) more compact, we introduce the gamma matrices

γµ =

 0 σµaċ

σ̄µaċ 0

 , (4.2.12)

which follows the anticommutator algebra called the Clifford algebra [15]

{γν , γµ} = −2gµν . (4.2.13)

Proof. Let γµ be defined as above in equation (4.2.12). Then

{γν , γµ} = γµγν + γνγµ

=

 0 σµ

σ̄µ 0


 0 σν

σ̄ν 0

+

 0 σν

σ̄ν 0


 0 σµ

σ̄µ 0


=

{σµ, σ̄ν} 0

0 {σµ, σ̄ν}


=

−2gµν 0

0 −2gµν


= −2gµν ,

where we have used the relation {σµ, σ̄ν} = −2gµν .

With the gamma matrices, we can write matrix (4.2.8) as [5]

Sµν =
i

4
[γµ, γν ], (4.2.14)
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then the spinor representation is

D(Λ) = e−
i
2
ωµνSµν

. (4.2.15)

Now we introduce a new field [5].

Definition 4.2.1. The (1
2
, 0)⊕ (0, 1

2
) field representation of the Lorentz algebra

that obeys the Majorana condition χC = χ is the four-component bispinor called

the Majorana field, or Majorana spinor, χ

χ =

ψc

ψ†ċ

 . (4.2.16)

Under a Lorentz transformation, the Majorana field transforms as

U(Λ)−1χ(x)U(Λ) = D(Λ)χ(Λ−1x),

where

D(Λ) = e−
i
2
ωµνSµν

,

Sµν =
i

4
[γµ, γν ].

With the Majorana field and gamma matrices, equation (4.2.11) elegantly

simplifies to

(−iγµ∂µ +m)χ = 0, (4.2.17)

which is Dirac equation from the introduction. Amazingly, we see that the Dirac

equation naturally arises when we consider quantum fields rather than wave

functions. With this new field, we seek to construct a proper Lagrangian that will

produce the Dirac equation (4.2.17) as its equation of motion. To do this, some

technical nuance is needed because the Majorana field obeys a unique symmetry

condition.
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Recall from the chapter on symmetries that the charge conjugation matrix C

was introduced as

C =

−εac 0

0 −εȧċ

 ,

with the property

C† = −C.

It is obvious that χC = χ for the Majorana field, as was stated in the definition,

thus the Majorana field is its own charge conjugate [5]. If we are to construct a

proper Lagrangian for the Majorana field, it must obey this condition as well. With

this key feature in mind, we seek to rearrange the Lagrangian (4.2.1) to construct

the Lagrangian for the Majorana field. To do this, we first define the matrix

β =

 0 δȧc

δ c
a 0

 , (4.2.18)

and then introduce

χ̄ = χ†β = (ψa, ψ†
ȧ), (4.2.19)

where χ† = (ψ†
ȧ, ψ

a) [5]. Then

χγµ∂µχ = ψaσ̄µ∂µψ
†
ȧ + ψ†

ȧσ̄
µ∂µψ

a

= −(∂µψa)σ̄ψ†
ȧ + ∂µ(ψ

aσ̄µψ†
ȧ) + ψ†

ȧσ̄
µ∂µψ

a,

where we have used the identity A∂B = −(∂A) + ∂(AB) [5]. By using the

anticommutation of the fields and index manipulation, the first term can be

rewritten as

−(∂µψa)σ̄ψ†
ȧ = ψ†

ȧσ̄
µ∂µψ

a,

which then gives us

χγµ∂µχ = 2ψ†
ȧσ̄

µ∂µψ
a + ∂µ(ψ

aσ̄µψ†
ȧ). (4.2.20)
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The last term is a total divergence which is removed when we find the action S so

we discard the second term as it is irrelevant [5]. We also see that the mass terms

of equation (4.2.1) can rewritten as

1

2
mχ̄χ =

1

2
m(ψψ + ψ†ψ†). (4.2.21)

Although it now seems like we can combine our results to construct the Majorana

Lagrangian, we must incorporate the condition χC = χ. To do this, we use the

fact that χC = Cχ̄ = χ to write χ̄ = χTC [5]. With this final piece of the puzzle,

we now have the correct Lagrangian for the Majorana field

L = χT
( i
2
Cγµ∂µ −

1

2
mC
)
χ, (4.2.22)

which yields the correct equation of motion (4.2.17) [5].

It is quite remarkable how we were able to construct a new fermion field by just

using the Lagrangian for a single left-handed spinor field to build a (1
2
, 0)⊕ (0, 1

2
)

representation. Let us now consider extending the Lagrangian (4.2.1) for two left

handed Weyl fields

L = iψ†
i σ̄

µ∂µψi −
1

2
mψiψi −

1

2
mψ†

iψ
†
i , (4.2.23)

where as usual the repeated indices are to be implicitly summed for i = 1, 2 [15].

Lagrangian (4.2.23) exhibits SO(2) symmetry which we now prove [5].

Proof. Let L be the Lagrangian defined as in (4.2.23) in matrix notation

L = i(ψ†σ̄µ)T∂µψ −
1

2
mψTψ − 1

2
m(ψ†)Tψ†,
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where ψ = (ψ1, ψ2)
T and ψ† = (ψ†

1, ψ
†
2)

T and consider the SO(2) transformation

ψ −→ ψ′ = Gψψ1

ψ2

 −→
ψ′

1

ψ′
2

 =

 cos θ sin θ

− sin θ cos θ


ψ1

ψ2


where G ∈ SO(2). Then the Lagrangian under the SO(2) transformation is

L′ = i(ψ†′σ̄µ)T∂µψ
′ − 1

2
mψ′Tψ′ − 1

2
m(ψ†′)Tψ†′

= i(Gψ†σ̄µ)T∂µ(Gψ)−
1

2
m(Gψ)TGψ − 1

2
m(Gψ†)TGψ†

= i(ψ†σ̄µ)
T
GTG∂µψ −

1

2
mψTGTGψ − 1

2
m(ψ†)TGTGψ†

= i(ψ†σ̄µ)
T
∂µψ −

1

2
mψTψ − 1

2
m(ψ†)

T
ψ†

= L,

where we have used the property GTG = I. Thus the Lagrangian L exhibits SO(2)

symmetry.

Since the Lie group SO(2) is isomorphic to the Lie group U(1), the Lagrangian

(4.2.23) is also invariant under U(1) transformations and this can be directly

observed if we make the substitution [5]

χ =
1√
2
(ψ1 + iψ2),

ξ =
1√
2
(ψ1 − iψ2),

which then turns the Lagrangian into

L = iχ†σ̄µ∂µχ+ iξ†σ̄µ∂µξ −mχξ −mξ†χ†. (4.2.24)

Before we prove the U(1) symmetry of the above Lagrangian, let us first see if

we can reduce the Lagrangian into a simpler form, much like how we derived the
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Majorana field. Upon close inspection, Lagrangian (4.2.24) almost resembles a

quadratic form and a quadratic form can be expressed as the inner product of

two vectors. However, the last two terms of the Lagrangian and σ̄µ mix up the

terms. Nevertheless, we were able to deal with this problem when deriving the

Majorana Lagrangian by introducing the gamma matrices γµ. Along with this, we

were guided by the notion of combining the irreducible representations to form

reducible representations of spin-1/2 which resulted in the Majorana field. These

reasons give us a strong reason to consider combining ξ and χ into a new spinor.

To see if this is correct, we vary the action with respect to ξ and χ† to get the

equations of motion

−δS
δξ

= mχ− iσ̄µ∂µξ† = 0, (4.2.25)

− δS
δχ† = mξ† − iσ̄µ∂µχ = 0. (4.2.26)

Then we express the equations of motion above in matrix form

 mδ c
a −iσµaċ∂µ

−iσ̄µȧc∂µ mδȧċ


χ
ξ†

 = 0, (4.2.27)

which confirms our assumption and we are left with a new field [15].

Definition 4.2.2. The (1
2
, 0)⊕ (0, 1

2
) field representation of the Lorentz algebra is

the four-component bispinor called the Dirac field, or Dirac spinor, Ψ

Ψ =

χc
ξ†ċ

 , (4.2.28)

where χc and ξ†ċ are left- and right-handed Weyl fields, respectively. Under a

Lorentz transformation, the field transforms as

U(Λ)−1ΨU(Λ) = D(Λ)Ψ(Λ−1x),
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where

D(Λ) = e−
i
2
ωµνSµν

,

Sµν =
i

4
[γµ, γν ].

The matrix in equation (4.2.27) is the same as the matrix in equation (4.2.11)

so like before, we introduce the gamma matrices γµ and the equations of motion

(4.2.27) once again elegantly reduces to

(−iγµ∂µ +m)Ψ = 0, (4.2.29)

which is the Dirac equation. Unsurprisingly, we see that the Dirac field’s equation

of motion is the Dirac equation. The Lagrangian for the Dirac field is derived in

the same manner as the Majorana Lagrangian with the substitution ψ → χ and

ψ → ξ which yields

L = Ψ(iγµ∂µ −m)Ψ. (4.2.30)

where Ψ = Ψ†β = (ξ, χ†) [5]. Now we finally prove the U(1) symmetry of the

Dirac Lagrangian.

Proof. Let L be the Dirac Lagrangian as defined in equation (4.2.30) and consider

the U(1) transformation

Ψ→ Ψ′ = e−iαΨ,

Ψ→ Ψ
′
= e+iαΨ,
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where α ∈ R. Then the Dirac Lagrangian transforms as

L → L′ = Ψ
′
(iγµ∂µ −m)Ψ′

= e+iαΨ(iγµ∂µ −m)e−iαΨ

= Ψ(iγµ∂µ −m)Ψ

= L.

Thus, the Dirac Lagrangian exhibits U(1) symmetry.

With the Dirac and Majorana fields, it is sometimes advantageous to recover

their individual components, namely, the Weyl fields. To do this, we define a new

gamma matrix

γ5 = iγ0γ1γ2γ3 =

−δ c
a 0

0 δȧċ

 , (4.2.31)

then define left and right projection matrices [5]

PL ≡
1

2
(1− γ5) =

δ c
a 0

0 0

 , (4.2.32)

PR ≡
1

2
(1 + γ5) =

0 0

0 δȧċ

 . (4.2.33)

Operating both projection matrices on a Dirac field yields

PLΨ =

χc
0

 ,

PRΨ =

 0

ξ†ċ

 ,



98

and similarly for a Majorana field yields

PLχ =

ψa
0

 ,

PRχ =

 0

ψ†
ȧ

 .

From this point until the end of this section, we will use various identities and

formulas that will be derived in the next chapter with formal proofs. We will

present every identity and formula used so as to explain each step of our derivation.

Before we quantize our three fields, let us carry out further analysis into our

fields so that the quantization procedure yields deeper insights. Now it is evident

that both the Majorana and Dirac fields have the same equation of motion which

is the Dirac equation,

(−i/∂ +m)Ψ = 0, (4.2.34)

(−i/∂ +m)χ = 0, (4.2.35)

where we have introduced the Feynman slash notation /a = aµγ
µ [5]. Multiplying

on the left by the operator (i/∂ +m) for either of the equations gives

0 = (i/∂ +m)(−i/∂ +m)Ψ

= (i/∂ /∂ +m2)Ψ

= (−∂2 +m2)Ψ,

where we have used the identity /a/a = −a2 in the third line [5]. Unsurprisingly, we

see that both the Majorana and Dirac fields satisfy the Klein-Gordon equation

which makes sense given that in nonrelativistic quantum mechanics, any wave

function that satisfies the Dirac equation also satifies the Klein-Gordon equation
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[11]. Thus, the Dirac equation admits plane-wave solutions of the form,

Ψ(x) = u(p)eipx + v(p)e−ipx, (4.2.36)

where e±ipx = e±i(p·x)∓iωt and u(p) and v(p)e−ipx are constant, four-component

spinors. Recall that Ψ(x) = Ψ(x, t) since we are working with four-vectors. Now

applying the Dirac equation on the Dirac field above yields

0 = (−i/∂ +m)Ψ(x)

= (−i/∂ +m)u(p)eipx + (−i/∂ +m)v(p)e−ipx

= (/p+m)u(p)eipx + (−/p+m)v(p)e−ipx,

which implies that [15]

(/p+m)u(p) = 0, (4.2.37)

(−/p+m)v(p) = 0. (4.2.38)

The above equations each admit two linearly independent solutions u±(p) and

v±(p) thus the general solution for the Dirac field is [15]

Ψ(x) =
∑
s=±

∫
d3pL

[
bs(p)us(p)eipx + d†s(p)vs(p)e−ipx

]
. (4.2.39)

For the Majorana field, some technical nuance is needed for deriving the correct

general solution. The Majorana field has the condition that χ = Cχ̄T so if a

Majorana field has the form

χ(x) =
∑
s=±

∫
d3pL

[
bs(p)us(p)eipx + d†s(p)vs(p)e−ipx

]
, (4.2.40)
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then

χ̄(x) = χ†β

=
∑
s=±

∫
d3pL

[
b†s(p)u†s(p)βe−ipx + ds(p)v†s(p)βeipx

]
=
∑
s=±

∫
d3pL

[
b†s(p)ūs(p)e−ipx + ds(p)v̄s(p)eipx

]
,

where ūs(p) = u†s(p)β and v̄s(p) = v†s(p)β [5]. Then we use the identities

Cūs(p)T = vs(p), (4.2.41)

Cv̄s(p)T = us(p), (4.2.42)

to get

Cχ̄T(x) =
∑
s=±

∫
d3pL

[
b†s(p)CūsT(p)e−ipx + ds(p)Cv̄sT(p)eipx

]
=
∑
s=±

∫
d3pL

[
b†s(p)vs(p)e−ipx + ds(p)us(p)eipx

]
.

Comparing this result and equation (4.2.40) leads the conclusion that

ds(p) = bs(p), (4.2.43)

thus we arrive at the general solutions for the Dirac and Majorana fields [5]

Ψ(x) =
∑
s=±

∫
d3pL

[
bs(p)us(p)eipx + d†s(p)vs(p)e−ipx

]
, (4.2.44)

χ(x) =
∑
s=±

∫
d3pL

[
bs(p)us(p)eipx + b†s(p)vs(p)e−ipx

]
. (4.2.45)

When we quantize the Dirac and Majorana fields, we anticipate that the Fourier

coefficients bs(p) and ds(p) will be operators since this is a consequence of quantizing

a field that obeys the Klein-Gordon equation. For the sake of future brevity and

computational ease, let us follow the same procedure of the real scalar field and
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rewrite the Fourier coefficients bs(p) and ds(p) in terms of Ψ (χ) and Ψ (χ̄) and

write the Hamiltonian in terms of these Fourier coefficients. Since it is obvious

that the Majorana field is a specific case of the Dirac field, we will start with the

Dirac field.

Starting with the general solution of the Dirac field,

Ψ(x) =
∑
s′=±

∫
d3p′L

[
bs′(p′)us′(p′)eip

′x + d†s′(p
′)vs′(p′)e−ip

′x
]
, (4.2.46)

we multiply on the left by e−ipx then integrate with respect to x [5]

∫
d3x e−ipxΨ(x) =

∫
d3x

∑
s′=±

∫
d3p′L

[
bs′(p′)us′(p′)eip

′x

+ d†s′(p
′)vs′(p′)e−ip

′x
]
e−ipx∫

d3x e−ipxΨ(x) =
∑
s′=±

∫
d3p′L d

3x
[
bs′(p′)us′(p′)ei(p

′−p)x

+ d†s′(p
′)vs′(p′)e−i(p

′+p)x
]

∫
d3x e−ipxΨ(x) =

∑
s′=±

∫
d3p′

1

2ω′

[
bs′(p′)us′(p′)ei(ω

′−ω)tδ3(p′ − p)

+ d†s′(p
′)vs′(p′)ei(ω

′+ω)tδ3(p′ + p)
]

∫
d3x e−ipxΨ(x) =

∑
s′=±

1

2ω

[
bs′(p)us′(p) + d†s′(−p)vs′(−p)e2iωt

]
.

Applying the same operations except with eipx yields

∫
d3x eipxΨ(x) =

∑
s′=±

1

2ω

[
bs′(−p)us′(−p)e−2iωt + d†s′(p)vs′(p)

]
,

thus we have the following equations,

∫
d3x e−ipxΨ(x) =

∑
s′=±

1

2ω

[
bs′(p)us′(p) + d†s′(−p)vs′(−p)e2iωt

]
, (4.2.47)∫

d3x eipxΨ(x) =
∑
s′=±

1

2ω

[
bs′(−p)us′(−p)e−2iωt + d†s′(p)vs′(p)

]
. (4.2.48)
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We multiply on the left ūs(p)γ0 and v̄s(p)γ0 on equations (4.2.47) and (4.2.48),

respectively, to get

∫
d3x e−ipx ūs(p)γ0Ψ(x) =

∑
s′=±

1

2ω

[
bs′(p)ūs(p)γ0us′(p)

+ d†s′(−p)ūs(p)γ0vs′(−p)e2iωt
]
,∫

d3x eipx v̄s(p)γ0Ψ(x) =
∑
s′=±

1

2ω

[
bs′(−p)v̄s(p)γ0us′(−p)e−2iωt

+ d†s′(p)v̄s(p)γ
0vs′(p)

]
.

We use the following identities,

ūs′(p)γ0us(p) = 2ωδs′s,

v̄s′(p)γ0vs(p) = 2ωδs′s,

ūs′(p)γ0vs(−p) = 0,

v̄s′(p)γ0us(−p) = 0, (4.2.49)

which reduces the above equations to finally yield [5]

bs(p) =
∫
d3x e−ipxūs(p)γ0Ψ(x), (4.2.50)

d†s(p) =
∫
d3x eipxv̄s(p)γ0Ψ(x). (4.2.51)

Hermitian conjugating the above coefficients gives us the last two coefficients,

namely b†s(p) and ds(p), thus we finally have the desired coefficients in terms of Ψ
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and Ψ,

bs(p) =
∫
d3x e−ipxūs(p)γ0Ψ(x), (4.2.52)

b†s(p) =
∫
d3x eipxΨ(x)γ0us(p), (4.2.53)

ds(p) =
∫
d3x e−ipxΨ(x)γ0vs(p), (4.2.54)

d†s(p) =
∫
d3x eipxv̄s(p)γ0Ψ(x), (4.2.55)

where we remind ourselves that s = ± [5]. At last, we are finally in a position

to express the Hamiltonian of the Dirac (Majorana) field in terms of the Fourier

coefficients. First, we identify the conjugate momentum of the Dirac field

Π(x) =
∂L

∂(∂0Ψ)
= −iΨ(x)γ0, (4.2.56)

then the Hamiltonian of the Dirac field is

HD =

∫
d3x

(
Π(∂0Ψ)− L

)
=

∫
d3x

(
− iΨγ0(∂0Ψ) + iΨγ0(∂0Ψ)− iΨγi(∂iΨ) +mΨΨ

)
=

∫
d3xΨ(−iγi∂i +m)Ψ. (4.2.57)

To ease further computations and preserve clarity in our derivations, we will proceed

with simplifying the Dirac Hamiltonian one part at a time. Now note that

(−iγi∂i +m)Ψ =
∑
s=±

∫
d3pL

[
bs(p)(−iγi∂i +m)us(p)eipx

+ d†s(p)(−iγi∂i +m)vs(p)e−ipx
]

=
∑
s=±

∫
d3pL

[
bs(p)(γipi +m)us(p)eipx

+ d†s(p)(−γipi +m)vs(p)e−ipx
]

=
∑
s=±

∫
d3pL

[
bs(p)(γ0ω)us(p)eipx + d†s(p)(−γ0ω)vs(p)e−ipx

]
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where in the third line, we used [5]

(γ0ω)us(p) = (γipi +m)us(p),

(−γ0ω)vs(p) = (−γipi +m)vs(p).

Then the Dirac Hamiltonian becomes

HD =

∫
d3xΨ(−iγi∂i +m)Ψ

=
∑
s′,s=±

∫
d3pL d

3p′L d
3x
[
b†s′(p

′)ūs′(p′)e−ip
′x + ds′(p′)v̄s′(p′)eip

′x
]

×
[
bs(p)(γ0ω)us(p)eipx + d†s(p)(−γ0ω)vs(p)e−ipx

]
=
∑
s′,s=±

∫
d3pL d

3p′L d
3x
[
b†s′(p

′)bs(p)ūs′(p′)(γ0ω)us(p)ei(p−p
′)x

+ b†s′(p
′)d†s(p)ūs′(p′)(−γ0ω)vs(p)e−i(p+p

′)x

+ ds′(p′)bs(p)v̄s′(p′)(γ0ω)us(p)ei(p+p
′)x

+ ds′(p′)d†s(p)v̄s′(p′)(−γ0ω)vs(p)e−i(p
′−p)x

]
=
∑
s′,s=±

∫
d3pL d

3p′
1

2ω′

[
b†s′(p

′)bs(p)ūs′(p′)(γ0ω)us(p)δ3(p′ − p)

+ b†s′(p
′)d†s(p)ūs′(p′)(−γ0ω)vs(p)δ3(p′ + p)

+ ds′(p′)bs(p)v̄s′(p′)(γ0ω)us(p)δ3(p′ + p)

+ ds′(p′)d†s(p)v̄s′(p′)(−γ0ω)vs(p)δ3(p′ − p)
]

=
∑
s′,s=±

∫
d3pL

1

2ω

[
b†s′(p)bs(p)ūs′(p)(γ

0ω)us(p)

+ b†s′(−p)d†s(p)ūs′(−p)(−γ0ω)vs(p)

+ ds′(−p)bs(p)v̄s′(−p)(γ0ω)us(p)

+ ds′(p)d†s(p)v̄s′(p)(−γ0ω)vs(p)
]

=
∑
s′,s=±

∫
d3pL ω

[
b†s′(p)bs(p)− ds′(p)d

†
s(p)

]
δs′s

=
∑
s=±

∫
d3pL ω

[
b†s(p)bs(p)− ds(p)d†s(p)

]
,
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hence

HD =
∑
s=±

∫
d3pL ω

[
b†s(p)bs(p)− ds(p)d†s(p)

]
, (4.2.58)

where we have carefully preserved the order of each term in anticipation for quan-

tization [5]. Imposing the Majorana condition χ = Cχ̄T implies that ds(p) = bs(p)

so the Majorana Hamiltonian is

HM =
1

2

∑
s=±

∫
d3pL ω

[
b†s(p)bs(p)− bs(p)b†s(p)

]
. (4.2.59)

Now the conjugate momentum πa(x) for the Weyl field is

πa(x) =
∂L

∂(∂0ψa)

= iψ†
a(x)σ̄

0aȧ,

so the Hamiltonian for the Weyl field is

HW =

∫
d3xH

=

∫
d3x

[
− iψ†σ̄i∂iψ +

1

2
m(ψψ + ψ†ψ†)

]
.

Finally, we now have our fermion Hamiltonians

HD =
∑
s=±

∫
d3pL ω

[
b†s(p)bs(p)− ds(p)d†s(p)

]
, (4.2.60)

HM =
1

2

∑
s=±

∫
d3pL ω

[
b†s(p)bs(p)− bs(p)b†s(p)

]
, (4.2.61)

HW =

∫
d3x

[
− iψ†σ̄i∂iψ +

1

2
m(ψψ + ψ†ψ†)

]
, (4.2.62)

where HD, HM , and HW are the Hamiltonians for the Dirac, Majorana, and Weyl

fields, respectively [5]. With this, we conclude our derivation and analysis of

classical spinor fields and we proceed onward to quantize our classical theory into

a quantum theory.
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Quantizing the Classical Fermion Fields

It is rather obvious at this point that the Weyl, Dirac, and Majorana fields possess

spin-1/2. The astute reader familiar with nonrelativistic quantum mechanics

will know that quantizing half-integer fields and particles requires that we use

anticommutators rather than commutators since spin-1/2 fields and particles are

fermions. However for reasons of pedagogy and insight into the underlying physics

of fermions, we will present the quantization of the spin-1/2 fields in the incorrect

fashion by using commutators to show why this approach leads to incorrect results.

Since the Dirac and Majorana fields are built using Weyl fields, we promote the

left-handed Weyl field ψa(x) and its conjugate momentum πa(x) to operators ψ̂a(x)

and π̂a(x), respectively, then (naively) impose the canonical commutation relations

on the operators,

[ψ̂a(x, t), ψ̂c(y, t)] = 0, (4.2.63)

[ψ̂a(x, t), π̂c(y, t)] = iδ c
a δ

3(x− y). (4.2.64)

Relation (4.2.64) can be further reduced by inserting the definition of π̂c(y, t) which

yields

[ψ̂a(x, t), π̂c(y, t)] = iδ c
a δ

3(x− y)

[ψ̂a(x, t), iψ̂†
ċ(y, t)σ̄0ċc] = iδ c

a δ
3(x− y)

[ψ̂a(x, t), ψ̂†
ċ(y, t)]σ̄0ċc = δ c

a δ
3(x− y).

We multiply on the right by σ̄0
ċc and we get

[ψ̂a(x, t), ψ̂†
ċ(y, t)] = σ̄0

aċδ
3(x− y), (4.2.65)

[ψ̂a(x, t), ψ̂†ċ(y, t)] = σ̄0ċaδ3(x− y), (4.2.66)
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where the second relation comes from lowering and switching the order of the

indices. The Weyl field commutation relations implies that for the Dirac field

[Ψ̂α(x, t), Ψ̂β(y, t)] = 0, (4.2.67)

[Ψ̂α(x, t), Ψ̂β(y, t)] = (γ0)αβ δ
3(x− y). (4.2.68)

where α and β are four-component spinor indices.

Proof. Let Ψ̂ and Ψ̂ be defined as

Ψ̂ =

χ̂c
ξ̂†ċ

 ,

Ψ̂ = (ξ̂a, χ̂†
ȧ).

The relation (4.2.67) immediately follows from relation (4.2.63). For (4.2.68),

[Ψ̂α(x, t), Ψ̂β(y, t)] =

 [χ̂c, ξ̂
a] [χ̂c, χ̂

†
ȧ]

[ξ̂†ċ, ξ̂a] [ξ̂†ċ, χ̂†
ȧ]


=

 0 σ0
cȧ

σ̄0
cȧ 0

 δ3(x− y)

= γ0δ3(x− y),

where we used relations (4.2.65) and (4.2.66) in the second line and the definition

of the gamma matrix γ0 in the last line.

Since the Dirac field is now an operator, we see that the Fourier coefficients

turn into operators with the following commutation relations following immediately
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from the Dirac commutation relations,

[b̂s(p), b̂s′(p′)] = 0,

[d̂s(p), d̂s′(p′)] = 0,

[b̂s(p), d̂†s′(p
′)] = 0. (4.2.69)

Hermitian conjugating the above trivially yields

[b̂†s(p), b̂
†
s′(p

′)] = 0,

[d̂†s(p), d̂
†
s′(p

′)] = 0,

[b̂†s(p), d̂s′(p′)] = 0. (4.2.70)

Observe that,

[b̂s(p), b̂†s′(p
′)] =

∫
d3x d3y ye−i(px−p

′y)ūs(p)γ0[Ψ̂(x), Ψ̂(y)]γ0us′(p′)

=

∫
d3x d3y e−i(px−p

′y)ūs(p)γ0γ0δ3(x− y)γ0us′(p′)

=

∫
d3x e−i(p−p

′)xūs(p)γ0us′(p′)

= (2ω)(2π)3δss′δ
3(p− p′),

[d̂†s(p), d̂s′(p′)] =

∫
d3x d3y yei(px−p

′y)v̄s(p)γ0[Ψ̂(x), Ψ̂(y)]γ0vs′(p′)

=

∫
d3x d3y ei(px−p

′y)v̄s(p)γ0γ0δ3(x− y)γ0vs′(p′)

=

∫
d3x ei(p−p

′)xv̄s(p)γ0vs′(p′)

= (2ω)(2π)3δss′δ
3(p− p′),

[b̂s(p), d̂†s′(p
′)] =

∫
d3x d3y ye−i(px+p

′y)ūs(p)γ0[Ψ̂(x), Ψ̂(y)]γ0vs′(p′)

=

∫
d3x d3y e−i(px+p

′y)ūs(p)γ0γ0δ3(x− y)γ0vs′(p′)

=

∫
d3x e−i(p+p

′)xūs(p)γ0vs′(p′)

= 0,
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where we have used the identities

(γ0)2 = 1, (4.2.71)

ūs(p)γ0us′(p′) = (2ω)δss′ , (4.2.72)

v̄s(p)γ0vs′(p′) = (2ω)δss′ , (4.2.73)

ūs(p)γ0vs′(p′) = 0. (4.2.74)

Hence we have

[b̂s(p), b̂†s′(p
′)] = (2ω)(2π)3δss′δ

3(p− p′), (4.2.75)

[d̂†s(p), d̂s′(p′)] = (2ω)(2π)3δss′δ
3(p− p′), (4.2.76)

[b̂s(p), d̂†s′(p
′)] = 0. (4.2.77)

Along this, we also see that

[Ĥ, b̂†s(p)] = ωb̂†s(p), [Ĥ, b̂s(p)] = −ωb̂s(p), (4.2.78)

[Ĥ, d̂†s(p)] = ωd̂†s(p), [Ĥ, d̂s(p)] = −ωd̂s(p). (4.2.79)

With these commutation relations, we see that the operators b̂ and d̂ each satisfy

separate harmonic oscillator algebras and they are decoupled which follows from

(4.2.77). Thus, we can identify b̂†s(p) and d̂†s(p) as creation operators and b̂s(p)

and d̂s(p) as destruction operators. Using these relations, the Dirac Hamiltonian

can be rewritten as

Ĥ =
∑
s=±

∫
d3pL ω

[
b̂†s(p)b̂s(p)− d̂s(p)d̂†s(p)

]
=
∑
s=±

∫
d3pL ω

[
b̂†s(p)b̂s(p)− d̂†s(p)d̂s(p) + (2ω)(2π)3δ3(0)

]
. (4.2.80)

We have reached several serious issues. First, we have violated one of the most

important axioms of quantum physics, namely, unitarity. To see this, we first note
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that the coommutation relation (4.2.76) can alternatively be written as

[d̂s(p), d̂†s′(p
′)] = −(2ω)(2π)3δss′δ3(p− p′), (4.2.81)

where we have multiplied (4.2.76) by −1. Now like the real scalar field, we then

define a vacuum state |0〉 to be the state with no particles with the normalization

〈0|0〉= 1. Using the commutation (4.2.81) with s = s′ and p = p′, we observe that

||d̂†s(p)|0〉||2 = 〈0|d̂s(p)d̂†s(p)|0〉

= 〈0|d̂s(p)d̂†s(p)− 0|0〉

= 〈0|d̂s(p)d̂†s(p)− d̂†s(p)d̂s(p)|0〉

= 〈0|[d̂s(p), d̂†s(p)]|0〉

= −(2ω)(2π)3δ3(0)

< 0.

Another issue is that the Dirac Hamiltonian in its current form is unbounded

from below. To see this, the second term in (4.2.80), d̂†s(p)d̂s(p), is the Hermitian

number operator which can have values nd = 0, 1, 2, ... depending on the state

|nd〉. Thus for arbitrarily higher excited states, the energy spectrum of the Dirac

Hamiltonian is negative and can continue to lower indefinitely. Physically, this

would mean that since there is no ground state, a system can continue to create

an infinite amount of d-type particles to lower its energy, which is highly absurd.

Similar results also occur for the Majorana Hamiltonian as well. By now, it is

rather clear that the flaws of the Dirac Hamiltonian come from the troublesome

commutation relation,

[d̂s(p), d̂†s′(p
′)] = −(2ω)(2π)3δss′δ3(p− p′),

which was the result when we naively chose to quantize the spin-1/2 fields using

commutators. Thus, our quantization procedure using commutators must be
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abandoned for spin-1/2 fields since they lead to absurd physical results.

To fix this issue, we must look into the nature of the field that we are trying,

and failing, to quantize. Recall that when we quantized the Klein-Gordon field,

we found that the quantum Klein-Gordon field and its excitations were spin zero

thus they obeyed Bose-Einstein statistics hence the Klein-Gordon field is a bosonic

field with excitations called bosons. Our mistake was that we treated the spinor

field and its excitations as bosons whose quantum state is symmetric under the

interchange of any two particles. As mentioned in the beginning of this section, the

spin-1/2 fields and particles are fermions hence they obey Fermi-Dirac statistics,

namely, their quantum state state is antisymmetric under the exchange of any two

particles. Quantizing fermions requires that we use anticommutators which are

defined as {A,B} = AB + BA. Thus the spinor fields, must be quantized using

anti-commutators. So we proceed with quantizing the Weyl field by imposing the

canonical anticommutation relations,

{ψ̂a(x, t), ψ̂c(y, t)} = 0, (4.2.82)

{ψ̂a(x, t), π̂c(y, t)} = iδ c
a δ

3(x− y). (4.2.83)

With this, all the other commutation relations that we derived earlier follow since

all the relation came from the Weyl field relations so all we have to do is simply

replace all the commutators with anti-commutators. Thus we have the canonical

anti-commutation relations for the Dirac field,

{Ψ̂α(x, t), Ψ̂β(y, t)} = 0, (4.2.84)

{Ψ̂α(x, t), Ψ̂β(y, t)} = (γ0)αβ δ
3(x− y). (4.2.85)
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and the anticommutation relations for the Majorana field,

{χ̂α(x, t), χ̂β(y, t)} = (Cγ0)αβδ3(x− y), (4.2.86)

{χ̂α(x, t), χ̂β(y, t)} = (γ0)αβ δ
3(x− y). (4.2.87)

Similarly, the anticommutation relations of the Fourier coefficients of the Dirac

and Majorana field are

{b̂s(p), b̂s′(p′)} = 0, {b̂†s(p), b̂
†
s′(p

′)} = 0,

{d̂s(p), d̂s′(p′)} = 0, {d̂†s(p), d̂
†
s′(p

′)} = 0,

{b̂s(p), d̂†s′(p
′)} = 0, {b̂†s(p), d̂s′(p′)} = 0, (4.2.88)

along with

{b̂s(p), b̂†s′(p
′)} = (2ω)(2π)3δss′δ

3(p− p′),

{d̂†s(p), d̂s′(p′)} = (2ω)(2π)3δss′δ
3(p− p′),

{b̂s(p), d̂†s′(p
′)} = 0. (4.2.89)

Then the Dirac Hamiltonian becomes [5]

Ĥ =
∑
s=±

∫
d3pL ω

[
b̂†s(p)b̂s(p)− d̂s(p)d̂†s(p)

]
. (4.2.90)

Even though we are using anticommutation relations, we find that the Fourier

coefficient operators still obey the following commutation relations with the Dirac

Hamiltonian,

[Ĥ, b̂†s(p)] = ωb̂†s(p), [Ĥ, b̂s(p)] = −ωb̂s(p), (4.2.91)

[Ĥ, d̂†s(p)] = ωd̂†s(p), [Ĥ, d̂s(p)] = −ωd̂s(p). (4.2.92)

Proof. Since the d-type operators follow the same anti-commutation and commu-
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tation relations as the b-type operators, we prove, without loss of generality, the

commutation relations (4.2.91). Observe that

[Ĥ, b̂s(p)] =
∑
s′=±

∫
d3p′L ω

′
(
[b̂†s′(p

′)b̂s′(p′), b̂s(p)]− [d̂s′(p′)d̂†s′(p
′), b̂s(p)]

)
=
∑
s′=±

∫
d3p′L ω

′
((
b̂†s′(p

′){b̂s(p), b̂s′(p′)} − {b̂s(p), b̂†s′(p
′)}b̂s′(p′)

)
−
(
d̂s′(p′){b̂s(p), d̂′s′(p′)} − {b̂s(p), d̂s′(p′)}d̂†s′(p

′)
))

=
∑
s′=±

∫
d3p′L ω

′
(
− (2ω)(2π)3δss′δ

3(p− p′)b̂s′(p′)
)

= −ωb̂s(p),

where in the second line we have used the commutator identity

[AB,C] = A{C,B} − {C,A}B. (4.2.93)

Complex conjugating the above yields the final relation, [Ĥ, b̂†s(p)] = ωb̂†s(p).

The commutation relations (4.2.91) and (4.2.92) once again allow us to associate

b̂†s(p) and d̂†s(p) as creation operators and b̂s(p) and d̂s(p) as annihilation operators.

We can use our anticommutation relations to rewrite the Hamiltonian as

ĤD =
∑
s=±

∫
d3pL ω

[
b̂†s(p)b̂s(p) + d̂†s(p)d̂s(p)− (2ω)(2π)3δ3(0)

]
=
∑
s=±

∫
d3pL ω

[
b̂†s(p)b̂s(p) + d̂†s(p)d̂s(p)

]
− 4E0. (4.2.94)

The infinite zero-point energy value

E0 =
1

2

∫
d3p ω δ3(0),

appears once again in the Dirac Hamiltonian. Unlike the Klein-Gordon field, the

energy is negative and is larger than the Klein-Gordon zero-point energy by four

times. This is because we have four particles that arise from the quantized Dirac
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field [5]. We can omit this infinity from our calculations by including the term

Ω = −4E0 in the Dirac Lagrangian to cancel out this value in the same manner

as the Klein-Gordon field. In the real world, we measure energy differences thus

the infinite energy value does not concern us [8]. Now the quantized Majorana

Hamiltonian can be written as

ĤM =
1

2

∑
s=±

∫
d3pL ω

[
b̂†s(p)b̂s(p)− b̂s(p)b̂†s(p)

]
=

1

2

∑
s=±

∫
d3pL ω

[
b̂†s(p)b̂s(p)

]
− 2E0,

hence we have the quantized Dirac and Majorana Hamiltonians [5]

ĤD =
∑
s=±

∫
d3pL ω

[
b̂†s(p)b̂s(p) + d̂†s(p)d̂s(p)

]
, (4.2.95)

ĤM =
1

2

∑
s=±

∫
d3pL ω

[
b̂†s(p)b̂s(p)

]
, (4.2.96)

where we have removed the infinite zero point energies. To definitively prove that

the spinor fields and its excitations have spin-1/2, we promote the spinor field-

theoretic total angular momentum from the symmetries chapter into a self-adjoint

operator which yields

Ĵ = L̂ + Ŝ. (4.2.97)

Since we only desire to find the spin value, we move to the rest frame thus we can

neglect the orbital angular momentum operator component of the total angular

momentum operator. Then we have

Ĵ = Ŝ

= −
∫
d3x iΠ̂SµνΨ̂

=
1

2

∫
d3x iΨ̂†ΣΨ̂, (4.2.98)
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where

Σ =

σ 0

0 σ

 . (4.2.99)

Operating with the z-direction angular momentum Ĵz on the states created by

b̂†s=1(0) and b̂†s=2(0) yields jz = +1/2 and jz = −1/2, respectively [15]. Operating

on the states created by d̂†s=1(0) and d̂†s=2(0) yields jz = −1/2 and jz = +1/2,

respectively. A boost in the z-direction leaves the spin values invariant so both the

b- and d-type particles possess spin-1/2 as expected [15]. Like in nonrelativistic

quantum mechanics, Ĵ commutes with both the Dirac and Majorana Hamiltonians

thus we can use the spin degree of freedom s to label our states and operators [7].

Using anticommutators has proven to be our salvation in that our Hamiltonian

(4.2.95) is bounded from below and unitarity is preserved. Thus, we conclude

that anticommutators must be used for quantizing spin-1/2 fields. In fact, all

fields (and their excitations) with half-integer spin, namely, a spin value that is a

multiple of 1/2 are to be quantized using anticommutators. This is a consequence

of the spin-statistics theorem which states that integer spin particles obey

Bose-Einstein statistics and half-integer spin particles obey Fermi-Dirac statistics.

Like the quantum Klein-Gordon field, the quantum Dirac and Majorana fields

are, in an abstract sense, an ensemble of harmonic oscillators whose modes are

identified as excitations, or particles, of the fields. Namely, the excitations of the

Dirac, Majorana, and Weyl fields are spin-1/2 particles known as Dirac fermions,

Majorana fermions, and Weyl fermions, respectively. Because of the antisymmetry

of the operators, we have for a two particle state

b̂†si b̂
†
sj
|0〉= −b̂†sj b̂

†
si
|0〉 (4.2.100)

|pi, si, ai; pj, sj, aj〉= −|pj, sj, aj; pi, si, ai〉, (4.2.101)

where ai,j are any other conserved quantum numbers that may be used to label
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the state. If i = j then we have

b̂†si b̂
†
si
|0〉= |pi, si, ai; pi, si, ai〉= 0, (4.2.102)

which is the famous Pauli Exclusion Principle which states that no two or more

fermions can have the same quantum numbers in a quantum system.

The quantum Dirac field is very interesting in the fact that we have two different

creation (annihilation) operators, namely, b̂†s(p) (b̂s(p)) and d̂†s(p) (d̂s(p)). This

means that b̂†s(p) creates b-type particles and d̂†s(p) creates d-type particles while

their respective annihilation operators annihilates them [5]. This physical and

mathematical outcome results from the U(1) symmetry of the Dirac Lagrangian.

By Noether’s theorem, the Noether charge corresponding to the U(1) symmetry is,

Q̂ =

∫
d3x j0

=

∫
d3x Ψ̂γ0Ψ̂

=
∑
s=±

∫
d3pL

[
b̂†s(p)b̂s(p)− d̂†s(p)d̂s(p)

]
, (4.2.103)

where we identify b̂†s(p)b̂s(p) and d̂†s(p)d̂s(p) as the Hermitian number operators for

the b-type particles and d-type particles, respectively, and the Noether charge has

now become a Hermitian operator. By using the commutation relations (4.2.92),

it is trivial to see that [Ĥ, Q̂] = 0 thus the charge operator is a conserved value of

the system and we can use the eigenvalues q of Q̂ to label the states of the Dirac

fermions. The Noether charge operator Q̂ then states that the total number of

b-type particles minus the total number of d-type particles is conserved. To find

the eigenvalues of Q̂, let us first construct the Fock space by defining |0〉 to be the

vacuum state with the usual normalization 〈0|0〉= 1 where

b̂s(p)|0〉= d̂s(p)|0〉= 0. (4.2.104)
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Then we define the one particle states for both types of creation operators acting

on the vacuum as

b̂†s(p)|0〉= (2ω)1/2b̂†s(p)|0〉= |p, s, q〉, d̂†s(p)|0〉= (2ω)1/2b̂†s(p)|0〉= |p, s, q〉,

(4.2.105)

with the normalization

〈p, s, q|p′, s′, q′〉= (2π)3(2ω)δ3(p− p′)δss′δqq′ , (4.2.106)

where ω = (p2 +m2)1/2, p is the four-momentum, s = 1, 2 is the spin degree of

freedom, and q is the eigenvalue of the U(1) charge. Then the multiparticle state is

|p1, s1, q1; . . . ; pn, sn, qn〉=
n∏
k=1

(2ωpk)
1/2 b̂†s1(p1) . . . b̂

†
sn(pn)|0〉. (4.2.107)

If we use the anticommutation rules of the creation and annihilation operators for

both types of particles along with the commutator identity

[A,BC] = [A,B]±C ∓B[A,C]±,

we get the following commutation relations

[Q̂, b̂†s(p)] = +b̂†s(p), [Q̂, b̂s(p)] = −b̂s(p), (4.2.108)

[Q̂, d̂†s(p)] = −d̂†s(p), [Q̂, d̂s(p)] = +d̂s(p). (4.2.109)

Then we see that

Q̂b̂†s(p)|0〉= +b̂†s(p)|0〉= |p, s,+1〉, (4.2.110)

Q̂d̂†s(p)|0〉= −d̂†s(p)|0〉= |p, s,−1〉, (4.2.111)

thus the b- and d-type particles create particles with +1 and −1, respectively. So

we see that the b- and d-type particles are distinguished from each other by their
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charge. Since charge conjugation is also a symmetry of the Dirac Lagrangian and

implies that both particles have the same mass, we call b-type particles fermions

and d-type particles antifermions [5]. Thus we stumble upon the existence of

antimatter in quantum field theory. It is rather remarkable that our derivation of

the quantum Dirac field naturally led to the concept of antimatter when compared

to the case of nonrelativistic quantum mechanics where Paul Dirac had to postulate

the existence of antimatter in order to explain the negative energy states of the

wave function that satisfied the Dirac equation [1]. The fact that the concept of

antimatter is effectively built into quantum field theory serves to showcase one of

the many triumphs of quantum field theory over nonrelativistic quantum mechanics

and implicitly shows the fundamental importance of the field over the particle.

The excitations of the quantum Majorana field does not admit a separate

antifermion as can be seen by the appearance of only one type of creation and

annihilation operator in its quantum Hamiltonian, due to the Majorana condition

χ̂ = χ̂C. This is because the Majorana Lagrangian does not possess a U(1)

symmetry so there is only one type of particle, namely, the Majorana fermion.

Since the Majorana condition states that the Majorana field is its own charge

conjugate, the Majorana fermion is its own antifermion thus the Majorana fermion

possesses neutral charge [5]. Recall that the real scalar bosons did not possess

charge conjugation as well so the spin-0 real scalar bosons are their own charge

conjugates as well thus they have neutral charge. Current experimental data shows

that most, perhaps all, of the fermions of the Standard Model are Dirac fermions

[1]. The one possible exception to this could be the neutrino. In recent decades,

theoretical and experimental studies on the neutrino have revealed a plethora of

deep insights into the limitations of the Standard Model and the possibility of

discovering new physics beyond the Standard Model. One of these insights is

that the neutrino actually possesses a very small mass which was not predicted

theoretically [11]. This dispelled the possibility that the neutrino was potentially a

Weyl fermion and further studies are being conducted on whether the neutrino is
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definitively a Majorana fermion or a Dirac fermion.

4.3 Electromagnetic Field

Classical Electromagnetic Theory

In this section, we will briefly review classical electrodynamics and present the

procedure for quantizing the classical electromagnetic field. It is assumed that the

reader may have little to no experience with classical electromagnetic theory so we

will briefly reintroduce SI units (inserting ~ and c whenever it is needed) to aid in

comprehension. We will resort back to using natural units once we have covered

the necessary materials from classical electrodynamics.

From classical electromagnetic theory, Maxwell’s equations are contained in an

elegant, compact format known as the field tensor (or Faraday tensor)

F µυ =



0 Ex/c Ey/c Ez/c

−Ex/c 0 Bz −By

−Ey/c −Bz 0 Bx

−Ez/c By −Bx 0


, (4.3.1)

where E and B are the electric and magnetic fields, respectively [2]. Now in

potential theory, the electric and magnetic fields can be written as

E = −∇φ− Ȧ, (4.3.2)

B = ∇×A, (4.3.3)

where φ and A are the scalar and vector potentials, respectively [2]. Then we

define the four-vector potential, or gauge field, as

Aµ = (φ/c,A), (4.3.4)
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which then allows the field tensor to be written as

F µυ = ∂µAυ − ∂υAµ, (4.3.5)

which in this form is called the field strength. Next, we construct the charge density

four-vector

Jµ = (cρ,J), (4.3.6)

where ρ and J are the charge density and the current density, respectively [2].

With these definitions, we start to see how Maxwell’s equations are encoded in the

field tensor F µυ. First, we take the four-divergence of Jµ to get

∂µJ
µ = ρ̇+∇ · J = 0, (4.3.7)

which is the continuity equation for the electromagnetic current which basically

states that the electromagnetic current must be conserved [2]. Now from the

components of F µυ in equation (4.3.1), we get

F 0i = Ei, (4.3.8)

F ij = εijkBk, (4.3.9)

and furthermore,

∂υF
µυ = µ0J

υ. (4.3.10)

Then,

∂υF
0υ = ∇ · E = µ0J

0 = µ0cρ =
1

ε0
ρ,

which is Gauss’s law [2]

∇ · E =
1

ε0
ρ, (4.3.11)
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and analogously by combining µ = 1, 2, 3, we get

∂υF
µυ = −µ0ε0Ė +∇×B = µ0J,

which is Maxwell’s correction of Ampère’s law

∇×B = µ0J + µ0ε0Ė. (4.3.12)

The other two Maxwell’s equations can be written as

εµνρσ∂
ρF µν = 0, (4.3.13)

which gives

∇× E + Ḃ = 0, (4.3.14)

∇ ·B = 0, (4.3.15)

which are Faraday’s law and Gauss’ law for magnetism, respectively [5].

The field tensor F µν is also invariant under gauge transformations.

Proof. Consider the gauge transformation

Aµ ′ = Aµ − ∂µΓ,

where Γ(x) is an arbitrary function of spacetime. Then the field tensor transforms

as

F µν → F µν ′

= ∂µ(Aν − ∂νΓ)− ∂ν(Aµ − ∂µΓ)

= (∂µAν − ∂νAµ)− (∂µ∂ν − ∂ν∂µ)Γ)

= F µν .
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Since the choice of Γ(x) was an arbitrary, the field tensor is gauge invariant.

The Lagrangian density is then written as

L = −1

4
F µυFµυ + JµAµ (4.3.16)

where the current Jµ is treated as the external source [2]. Since the field tensor is

gauge invariant, it is trivial to see that F µυFµυ is gauge invariant as well. It is also

trivial to see that the field tensor invariant product F µυFµυ is Lorentz invariant.

The Lagrangian density (4.3.16) exhibits the desired gauge, Lorentz, parity,

and time reversal invariance required for a classical field to be compatible with

relativity and quantum mechanics once we quantize it [5]. In order to see that our

Lagrangian density produces Maxwell’s equations as its equations of motion, we

vary the action S with proper boundary conditions which yields the equations of

motion

(gµυ∂2 − ∂µ∂υ)Aυ + Jµ = 0, (4.3.17)

which are Maxwell’s equations in tensor format [5]. Thus we have our desired

Lagrangian density.

Classical Electromagnetic Field

We now follow the same procedure of the previous sections of deriving the classical

Hamiltonian and other necessary components of the electromagnetic field. Before

we start our derivation, we must choose a gauge to work with so that we may

eliminate the gauge freedom. We will choose to work in the Coulomb gauge

∇ ·A(x) = 0. (4.3.18)

We will impose the stated conditions one by one for a smooth transition in

calculations.

Consider the source free Lagrangian with finite boundary conditions at spatial
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and temporal infinity [7]

L = −1

4
F µνFµν

=
1

2

[(
∂A
∂t

)2

− |∇ ×A|2
]

=
1

2

[
Ȧ2 − |∇ ×A|2

]
. (4.3.19)

Then the conjugate momentum is

Π(x, t) = ∂L
∂Ȧ

= Ȧ. (4.3.20)

Recall that Maxwell’s equations are stated as

∇ · E = ρ, (4.3.21)

∇ ·B = 0, (4.3.22)

∇× E = −Ḃ, (4.3.23)

∇×B = J + Ė. (4.3.24)

From equation (4.3.22), we see that by Helmholtz’s theorem, there exists a vector

potential A(x, t) such that B = ∇ ×A and inserting this vector potential into

equation (4.3.23) gives us [2]

∇× E +
∂

∂t

[
∇×A

]
= 0

∇×
[
E + Ȧ

]
= 0,

which implies that there exists scalar potential φ(x, t) such that

E + Ȧ = −∇φ

E = −Ȧ−∇φ. (4.3.25)
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Then equation (4.3.24) becomes

∇×∇×A− ∂

∂t

[
− Ȧ−∇φ

]
= J

∇(∇ ·A)−∇2A +
∂

∂t

[
Ȧ +∇φ

]
= J

(
Ä−∇2A

)
+∇

(
∇ ·A + φ̇

)
= J.

Finally, inserting equation (4.3.25) into (4.3.21) yields

∇ ·
(
− Ȧ−∇φ

)
= ρ

−∇2φ− ∂

∂t

(
∇ ·A

)
= ρ, (4.3.26)

which gives the potential formulation of classical electrodynamics

(
Ä−∇2A

)
+∇

(
∇ ·A + φ̇

)
= J, (4.3.27)

−∇2φ− ∂

∂t

(
∇ ·A

)
= ρ. (4.3.28)

Now we impose the Coulomb gauge ∇ ·A = 0 and equation (4.3.28) becomes

−∇2φ = ρ

φ(x, t) =
∫
d3x′

ρ(x′, t)

4π |x− x′|
. (4.3.29)

We now impose the free field condition J = ρ = 0 which implies that φ = 0 and

using equations (4.3.21) and (4.3.25), we get that [7]

∇ · Ȧ = ∇ ·Π = 0. (4.3.30)
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Then we are left with

Ä−∇2A = 0, (4.3.31)

∇ ·A = 0, (4.3.32)

∇ · Ȧ = 0. (4.3.33)

In analogy with the Klein-Gordon equation, equation (4.3.31) admits plane wave

solutions [7]

A(x, t) =
∫
d3kL

[
a(k)eik·x−iωt + b(k)eik·x+iωt

]
.

Complex conjugating the equation yields

A∗(x, t) =
∫
d3kL

[
a∗(k)e−ik·x+iωt + b∗(k)e−ik·x−iωt

]
=

∫
d3kL

[
a∗(k)e−ik·x+iωt + b∗(−k)eik·x−iωt

]
.

Since the vector potential A is real, we impose the condition A = A∗ then

comparing both sides of the equations yields the relation a(k) = b∗(−k). Now we

are left with

A(x, t) =
∫
d3kL

[
a(k)eik·x−iωt + a∗(−k)eik·x+iωt

]
=

∫
d3kL

[
a(k)eik·x−iωt + a∗(k)e−ik·x+iωt

]
=

∫
d3kL

[
a(k)eikx + a∗(k)e−ikx

]

where k0 = ω = |k| [5]. Taking the differential with respect to time on A gives us

the conjugate momentum hence we arrive at

A(x) =

∫
d3kL

[
a(k)eikx + a∗(k)e−ikx

]
, (4.3.34)

Π(x) =

∫
d3kL (−iω)

[
a(k)eikx − a∗(k)e−ikx

]
, (4.3.35)

where it is implicit that both functions are functions of spacetime, namely,
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A(x) = A(x, t) and Π(x) = Π(x, t) [5]. The Coulomb gauge ∇ · A = 0 im-

plies that

∇ ·Π = 0, (4.3.36)

so imposing the Coulomb gauge and condition (4.3.36) on the equations (4.3.34)

and (4.3.35), respectively, yields the following relations

k ·
[
a(k) + a∗(−k)

]
= 0,

k ·
[
a(k)− a∗(−k)

]
= 0,

which implies that [7]

k · a(k) = 0. (4.3.37)

Condition (4.3.37) says that A(x) is perpendicular to the propagation direction

k hence it is a transverse wave (this is why the Coulomb gauge is often referred

to as the ”transverse gauge”) [7]. Since a(k) and a∗(k) are vectors with three

components, we can expand them at each point k using some set of basis vectors.

Due to the transverse condition of our wave in question, we strategically choose

our basis vectors to be the circular polarization vectors

ε+(k) =
1√
2
(1,−i, 0), (4.3.38)

ε−(k) =
1√
2
(1,+i, 0), (4.3.39)

with which we get the following relations

ελ(k) · ε∗λ′(k) = δλλ′ , (4.3.40)

k · ελ(k) = 0, (4.3.41)∑
λ=±

ε∗iλ(k)εjλ(k) = δij −
kikj

k2 , (4.3.42)
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where it is evident that our chosen basis is perpendicular to the propagation vector

k [15]. Then we expand equations (4.3.34) and (4.3.35) in terms of the bases to get

A(x) =
∑
λ=±

∫
d3kL

[
ε∗λ(k)aλ(k)eikx + ελ(k)a∗λ(k)e−ikx

]
, (4.3.43)

Π(x) =
∑
λ=±

∫
d3kL (−iω)

[
ε∗λ(k)aλ(k)eikx − ελ(k)a∗λ(k)e−ikx

]
. (4.3.44)

Now other than the fact that we have vector coefficients, it is clear that equations

(4.3.34) and (4.3.35) have the same form as the Klein-Gordon field ϕ(x) and its

conjugate momentum Π(x) so we apply the same operations used on the Klein-

Gordon field to get the coefficients a(k) and a∗(k) in terms of A,

a(k) = i

∫
d3x e−ikx

←→
∂0 A(x)∑

λ=±

ε∗λaλ(k) = i

∫
d3x e−ikx

←→
∂0 A(x)(∑

λ=±

ε∗λaλ(k) = i

∫
d3x e−ikx

←→
∂0 A(x)

)
ελ′(k)

aλ(k) = iελ′(k)
∫
d3x e−ikx

←→
∂0 A(x).

Complex conjugating aλ(k) then gives us the other coefficient and we are left with

[5]

aλ(k) = iελ′(k)
∫
d3x e−ikx

←→
∂0 A(x), (4.3.45)

a∗λ(k) = −iε∗λ′(k)
∫
d3x eikx

←→
∂0 A(x). (4.3.46)

Now we can write the Hamiltonian in terms of the Fourier coefficients aλ(k) and
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a∗λ(k) to get

H =

∫
d3xH

=
1

2

∫
d3x

[
Π2 − |∇ ×A|

]
=

1

2

∫
d3x

[
Π2 −A · ∇2A

]
=

1

2

∑
λ=±

∫
d3kL ω

[
a∗λ(k)aλ(k) + aλ(k)a∗λ(k)

]
, (4.3.47)

where we have carefully arranged our coefficients in a noncommutative manner so

as to preserve the structure of the equation in anticipation for the quantization

procedure that is to follow [5].

Quantizing the Classical Electromagnetic Field

Instead of promoting A(x, t) and Π(x, t) to operators Â(x, t) and Π̂(x, t), re-

spectively, and imposing the canonical commutation relations, we will instead

promote the Fourier coefficients to operators and impose the harmonic oscillator

commutation relations first then find the commutation relations of Â(x, t) and

Π̂(x, t) [15]. Thus we have

[âλ(k), âλ′(k′)] = 0,

[â†λ(k), â
†
λ′(k

′)] = 0,

[âλ(k), â†λ′(k
′)] = (2π)3(2ω)δλλ′δ

3(k− k′). (4.3.48)
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Then we use equations (4.3.43) and (4.3.44) along with equation (4.3.42) to get

the correct commutation relations for the field operators

[Âi(x, t), Âj(x′, t)] = 0,

[Π̂i(x, t), Π̂j(x′, t)] = 0,

[Âi(x, t), Π̂j(x′, t)] = i
(
δij −

∇i∇j

∇2
δ3(x− x′)

)
= i

∫
d3k

(2π)3
eik·(x−x′)

(
δij −

kikj

k2

)
. (4.3.49)

To show why these commutation relations are correct, we impose the Coulomb

gauge on the third line

[∂iÂi(x, t), Π̂j(x′, t)] = i

∫
d3k

(2π)3
eik·(x−x′)iki

(
δij −

kikj

k2

)
= 0, (4.3.50)

which satisfies the Coulomb gauge. Had we first imposed the standard commutation

relations on the field operators in the usual manner

[Âi(x, t), Π̂j(x′, t)] = iδijδ
3(x− x′), (4.3.51)

then we would have

[∇ · Âi(x, t),∇ · Π̂j(x′, t)] = i∇2δ3(x− x′)

6= 0, (4.3.52)

which is not consistent with our choice of gauge.

Since we imposed the harmonic oscillator algebra on the Fourier coefficients, we

appropriately designate â†λ(k) and âλ(k) as the creation and annihilation operators,

respectively. Indeed, our quantum Hamiltonian mathematically resembles the

continuous, field analogue of the quantum harmonic oscillator which can be seen
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in the following:

Ĥ =
1

2

∑
λ=±

∫
d3kL ω

[
â†λ(k)âλ(k) + âλ(k)â†λ(k)

]
=

1

2

∑
λ=±

∫
d3kL ω

[
â†λ(k)âλ(k) + âλ(k)â†λ(k)

]
(4.3.53)

=
1

2

∑
λ=±

∫
d3kL ω

[
2â†λ(k)âλ(k) + (2π)3(2ω)δ3(0)

]
(4.3.54)

=
∑
λ=±

∫
d3kL ω

[
â†λ(k)âλ(k) + E0

]
, (4.3.55)

where the infinite term

E0 =
1

2

∫
d3k ωδ3(0), (4.3.56)

is energy of the vacuum, namely, the sum of the zero point energies of all the

oscillators. Like the Klein-Gordon field, the vacuum energy cannot be measured

and while the electromagnetic vacuum energy does in fact have some physical

consequences, such as the Casimir effect, we will ignore the vacuum energy for our

calculations unless it is explicitly needed [1, 11].

From the form of the Hamiltonian along with the fact that we have used

commutators, it is clear that the wave function is a three component vector

describing a symmetric state thus it can be easily deduced that the excitation, or

particle, of the electromagnetic field is a spin-1 particle thus this particle obeys

Bose-Einstein statistics [7]. Due to the transverse condition (4.3.37), these particles

can only have spin values of ±~ parallel to its momentum vector [7]. Thus we

say that a particle has helicity ±1 which is the spin component parallel to its

momentum vector [5]. In the formalism of quantum field theory, the creation

and annihilation operators â†λ(k) and âλ(k) create excitations, or particles, of the

quantum electromagnetic field of definite helicity +1 (right-circularly polarized)

and helicity −1 (left-circularly polarized), respectively. To identify what these

particles are, let us first define the ground, or vacuum, state state |0〉 as the state

with no particles with the usual normalization 〈0|0〉= 1. Similarly, we define the
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state |k, λ〉 as the state with one particle with energy ω and helicity λ with the

normalization [5]

〈k, λ|k′, λ′〉= (2π)3(2ω)δλ,λ′δ
3(k− k′). (4.3.57)

Now from classical electrodynamics, the momentum of the electromagnetic field is

P(x, t) =
∫
d3xS =

∫
d3x

(
E + B

)
,

where S is the Poynting vector [2]. Using the potential formulation in the Coulomb

gauge, the momentum can be written as

P(x, t) =
∫
d3x

(
E + B

)
=

∫
d3x (−Ȧ)× (∇×A)

=

∫
d3x (−Π)× (∇×A)

=

∫
d3x

(
Π · ∇)A−Π · ∇A,

which when quantized yields

P̂ =
∑
λ=±

∫
d3k

(2π)3
ω â†λ(k)âλ(k), (4.3.58)

where k0 = ω = |k| [7]. Operator (4.3.58) is the total spatial momentum operator

and by applying the operator on some state |k, λ〉, we get [7]

P̂|k, λ〉= ω|k, λ〉= k|k, λ〉.

By reintroducing ~ and c into the correct places, we have that the energy of a single

particle is E = ~ω, which is the Planck relation, and the total momentum is p = ~k,

which is one of the De Broglie relations [7]. From the total momentum, it is clear

that an equivalent energy formula of the same particle in question is E = pc = ~kc.

Then by rearranging the relativistic energy formula E2 = (pc)2 + (mc2)2, we get
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the following result

(mc2)2 = E2 − (pc)2

(mc2)2 = (~ω)2 − (k~c)2

(mc2)2 = 0

m = 0,

hence the particle created by the quantized electromagnetic field is massless.

According to relativity, a massless particle does not have a rest frame which means

that it must always travel at the speed of light c (in a vacuum) [4]. By now, it

is very obvious from our thorough analysis that the excitation, or particle, of the

electromagnetic field is the photon which satisfies all of the results we have derived

above.

From the mathematical form of the quantum electromagnetic field, the electro-

magnetic field can be viewed as an infinite set of decoupled harmonic oscillators at

every point in space. In fact, the notion of a “vacuum” loses its meaning in the

traditional sense when we make the transition to quantum physics. Classically, a

vacuum is typically idealized as the state of a system with no matter or energy

thus there should be no dynamics or processes occurring. But in quantum physics,

the ground state of the electromagnetic field, which has no photons, has energy

therefore the “vacuum” is not “empty” [7].
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Chapter 5

Path Integrals of the Quantum

Fields

For this section we will apply the path integral formulation introduced in the

background chapter to the quantum fields we have constructed. As mentioned

before, the real scalar field will serve as a pedagogical tool and as the prototype

for which the other path integrals of other fields will be modeled on.

5.1 Real Scalar Field

Using the path integral formulation of the quantum harmonic oscillator, the path

integral of the free field theory of the real scalar field is constructed as

Z0(J) ≡ 〈0|0〉J =

∫
Dϕ eiS

=

∫
Dϕ ei

∫
d4x [L0+Jϕ], (5.1.1)

where J(x) is the source term, Dϕ ∝
∏

x dϕ(x) is the functional measure, and

L0 = −
1

2
∂µϕ∂µϕ−

1

2
m2ϕ2, (5.1.2)
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is the free field real scalar Lagrangian [5]. Note that we have implicitly multiplied

the Hamiltonian density by (1− iε) so the mass term m2 is actually m2− iε but we

will suppress this in our derivations. Also note that equations of motion, namely,

the Klein-Gordon equation now becomes (∂2+m2− iε)ϕ̂(x) = 0 [5]. In accordance

with the path integral formulation and the field formalism, the path integral now

represents the path in the space of field configurations. Recall that when we applied

the path integral formulation to the simple harmonic oscillator, we were able to

derive the Green’s function for the oscillator which led to the path integral to be

simplified as

〈0|0〉f = exp
[ i
2

∫ +∞

−∞
dt dt′ f(t)G(t− t′)f(t′)

]
, (5.1.3)

where G(t− t′) = i〈0|TX̂(t)X̂(t′)|0〉was the propagator for the harmonic oscillator.

This form of the path integral allowed us to easily compute the vacuum expectation

values using functional derivatives so we seek to derive a similar expression for

the real scalar field path integral. We first start by expanding the action S in the

exponential of equation (5.1.1),

S =

∫
d4x [L0 + Jϕ(x)]

=

∫
d4x

[
− 1

2
∂µϕ∂µϕ−

1

2
(m2 − iε)ϕ2 + Jϕ

]
=

∫
d4x

[
− 1

2
ϕ(∂2 +m2 − iε)ϕ+ Jϕ

]
,

where we integrated by parts twice and imposed the boundary condition ϕ→ 0 at

infinity to get to the third line [5]. Then we treat the field ϕ as the integration

variable and shift the field ϕ′ = ϕ + Γ where the field Γ is arbitrary. Since we

are essentially shifting by a constant, the functional measure remains the same,

namely, Dϕ′ = Dϕ thus

Z0(J) =

∫
Dϕ′ exp

[
i

∫
d4x

(
− 1

2
ϕ′(∂2 +m2 − iε)ϕ′ + Jϕ′

)]
=

∫
Dϕ exp

[
i

∫
d4x

(
− 1

2
(ϕ+ Γ)(∂2 +m2 − iε)(ϕ+ Γ) + J(ϕ+ Γ)

)]
.
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Before we continue, note that

∫
d4xϕ∂2 Γ =

∫
d4xΓ ∂2 ϕ, (5.1.4)

which is obtained by integrating by parts twice the left expression and imposing

the boundary condition for the field ϕ. With this in mind, we continue to simplify

the above path integral,

Z0(J) =

∫
Dϕ exp

[
i

∫
d4x

(
− 1

2
(ϕ+ Γ)(∂2 +m2 − iε)(ϕ+ Γ) + J(ϕ+ Γ)

)]
=

∫
Dϕ exp

[
i

∫
d4x

1

2

(
− ϕ(−∂2 +m2 − iε)ϕ− Γ(−∂2 +m2 − iε)Γ

)
− ϕ(−∂2 +m2 − iε)Γ + J(ϕ+ Γ)

]
. (5.1.5)

To get equation (5.1.5) into the same mathematical form as equation (5.1.3), recall

that the field Γ was arbitrarily chosen so we impose the condition that

(−∂2 +m2 − iε)Γ(x) = J(x). (5.1.6)

Then we introduce the Feynman propagator which satisfies the condition

(−∂2 +m2 − iε)∆F (x− x′) = δ4(x− x′), (5.1.7)

thus the Feynman propagator is the Green’s function of the (modified) Klein-

Gordon equation. With these two equations, we solve for Γ(x) explicitly,

(
(−∂2 +m2 − iε)Γ(x) = J(x)

)
∆F (x− x′)∫

d4x
(
(−∂2 +m2 − iε)Γ(x)∆F (x− x′) = J(x)∆F (x− x′)

)
Γ(x) =

∫
d4x′∆F (x− x′)J(x′), (5.1.8)
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where we have switched the variables x ↔ x′ to get the last line. Now the path

integral becomes

Z0(J) =

∫
Dϕ exp

[
i

∫
d4x

1

2

(
− ϕ(−∂2 +m2 − iε)ϕ− Γ(−∂2 +m2 − iε)Γ

)
− ϕ(−∂2 +m2 − iε)Γ + J(ϕ+ Γ)

]
=

∫
Dϕ exp

[ i
2

∫
d4x

(
− ϕ(−∂2 +m2 − iε)ϕ+ JΓ

)]
=

∫
Dϕ exp

[ i
2

∫
d4x

(
− ϕ(−∂2 +m2 − iε)ϕ

+

∫
d4x′ J(x)∆F (x− x′)J(x′)

)]
= exp

[ i
2

∫
d4x d4x′ J(x)∆F (x− x′)J(x′)

]
×
∫
Dϕ exp

[
− i

2

∫
d4xϕ(−∂2 +m2 − iε)ϕ

]
.

Now recall that we must have Z0(0) = 〈0|0〉J=0 = 1 so the second term must equal

1 thus we finally get our desired path integral for the free Klein-Gordon field,

Z0(J) = exp
[ i
2

∫
d4x d4x′ J(x)∆F (x− x′)J(x′)

]
. (5.1.9)

To get an expression for the Feynman propagator ∆F (x− x′), we cleverly use the

Fourier transform of the Feynman propagator [5]

∆F (x) =

∫
d4p

(2π)4
eipx ∆̃F (p), ∆̃F (p) =

∫
d4x e−ipx∆F (x), (5.1.10)

then apply the operator (−∂2 +m2 − iε) to get

(−∂2 +m2 − iε)
(
∆F (x) =

∫
d4x

(2π)4
eipx ∆̃F (p)

)
δ4(x) =

∫
d4p

(2π)4
(p2 +m2 − iε)∆̃F (p) e

ipx∫
d4p

(2π)4
(p2 +m2 − iε)∆̃F (p) e

ipx =

∫
d4p

(2π)4
eipx,
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which implies that

(p2 +m2 − iε)∆̃F (p) = 1

∆̃F (p) =
1

(p2 +m2 − iε)
. (5.1.11)

Thus the Feynman propagator for the Klein-Gordon field is

∆F (x− x′) =
∫

d4p

(2π)4
eip(x−x

′)

p2 +m2 − iε
. (5.1.12)

Applying the Klein-Gordon equation (−∂2x + m2) on the Feynman propagator

(5.1.12) and taking the limit ε→ 0 yields the the four-dimensional delta function

which confirms that equation (5.1.12) is indeed the Green’s function of the Klein-

Gordon equation. We can also evaluate the Feynman propagator by contour

integration by integrating in the complex p0 plane to get the explicit form of the

propagator [5]. To do this, we can expand equation (5.1.12)

∆F (x− x′) =
∫

d4p

(2π)4
eip(x−x

′)

p2 +m2 − iε

=

∫
d3p

(2π)3
eip·(x−x′)

∫
dp0

2π

e−iω(t−t
′)

p2 +m2 − iε

=

∫
d3p

(2π)3
eip·(x−x′)

∫
dp0

2π
f(p0),

where,

f(p0) =
−e−ip0τ

(p0 −
√

p2 +m2 − iε)(p0 +
√

p2 +m2 − iε)
, (5.1.13)

where τ = (t−t′) and we have used the relation from special relativity p2 = −(p0)2+p2.

For the case when τ > 0, we integrate in the lower half plane where the closed

contour encircles the pole at p0 =
√

p2 +m2 − iε in a clockwise direction. Then
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by the residue theorem,

∫
dp0

2π
f(p0) =

1

2π
(−2πi)

∑
k

Res(f, ak)

=
ie−i

√
p2+m2−iετ

2
√

p2 +m2 − iε

−→
ε→0

ie−iωτ

2ω
,

where we multiplied by −2πi since we integrating in the clockwise direction. If

τ < 0, we integrate in the upper half plane where the closed contour encircles the

pole at p0 = −
√

p2 +m2 − iε. Then by the residue theorem,

∫
dp0

2π
f(p0) =

1

2π
(2πi)

∑
k

Res(f, ak)

=
iei

√
p2+m2−iετ

2
√

p2 +m2 − iε

−→
ε→0

ieiωτ

2ω
.

Combining our results yields

∫
dp0

2π
f(p0) =

ie−iω|τ |

2ω

=
ie−iω|t−t

′|

2ω
. (5.1.14)

Thus the Feynman propagator is

∆F (x− x′) = i

∫
d3pL e

ip·(x−x′)−iω|t−t′|

= iθ(t− t′)∆(x− x′) + iθ(t′ − t)∆(x′ − x)

= i〈0|Tϕ̂(x)ϕ̂(x′)|0〉, (5.1.15)

where ∆(x− x′) = 〈0|ϕ̂(x)ϕ̂(x′)|0〉=
∫
d3pL e

ip(x−x′) is the amplitude for a particle

to propagate from position x′ to position x [5]. Recall that we first introduced

Wick’s Theorem when we applied the path integral formalism to the quantum
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harmonic oscillator. Before we prove the theorem for fields, we will first introduce

some concepts that will aid us. For any free field ϕ̂(x), we can decompose the field

into its positive and negative frequency parts [8]:

ϕ̂(x) = ϕ̂+(x) + ϕ̂−(x), (5.1.16)

where

ϕ̂+(x) =

∫
d3pLâpe

−ix·p,

ϕ̂−(x) =

∫
d3pLâ

†
pe
ix·p,

then we have

ϕ̂+(x)|0〉= 0,

〈0|ϕ̂−(x) = 0.

We define a product of creation and annihilation operators written with all the

creation operators to left and all the annihilation operators to the right, such as

â†p1 â
†
p2
âp3 âp4 , as to be in normal order and will have a vanishing vacuum expectation

value [8]. We also define the normal ordering operation N() that places operators

in normal order

N(âp1 â
†
p2
âp3) = â†p2 âp1 âp3 . (5.1.17)

The order of the annihilation operators does not matter since they commute. We

define a contraction to be

ϕ̂(x)ϕ̂(x) = ∆F (x− y), (5.1.18)

which is the Feynman propagator. Then for two fields

T{ϕ̂(x)ϕ̂(y)} = N{ϕ̂(x)ϕ̂(y) + ϕ̂(x)ϕ̂(x)}.
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When two non-adjacent operators are contracted, we will still assign the propagator

N{ϕ̂1ϕ̂2ϕ̂3ϕ̂4} ≡ ∆F (x1 − x3) ·N{ϕ̂2ϕ̂4}.

Theorem 5.1.1 (Wick’s Theorem). Let ϕ̂(x) be a field operator with the prop-

agator ∆F (x− y). Then

T{ϕ̂1 . . . ϕ̂n} = N{ϕ̂1 . . . ϕ̂n + all possible contractions},

or equivalently,

〈0|Tϕ̂(x1)ϕ̂(x2) . . . ϕ̂(x2n)|0〉=
1

i

δ

δJ(x1)

1

i

δ

δJ(x2)
. . .

1

i

δ

δJ(x2n)
Z0(J)

∣∣∣
J=0

=
1

in

∑
pairings

∆F (xi1 − xi2) . . .∆F (xi2n−1 − xi2n).

(5.1.19)

Proof. We follow the proof according to Peskin and Schroeder [8]. We proceed by

induction. The base case n = 2 was proved earlier so suppose the theorem is true

for n− 1 fields. Without loss of generality, we consider the case x01 ≥ x02 ≥ . . . x0n.

We use Wick’s theorem on the fields ϕ̂2 . . . ϕ̂n to get

T{ϕ̂1 . . . ϕ̂n} = ϕ̂1 . . . ϕ̂n

= ϕ̂1N
{
ϕ̂2 . . . ϕ̂n +

(
all contractions not involving ϕ̂1

)}
= (ϕ̂+

1 + ϕ̂−
1 )N

{
ϕ̂2 . . . ϕ̂n +

(
all contractions not involving ϕ̂1

)}
.

(5.1.20)
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We can move ϕ̂−
1 inside N{} since it is in normal order. For ϕ̂+

1 , observe that

ϕ̂+
1 N(ϕ̂2 . . . ϕ̂n) = N(ϕ̂2 . . . ϕ̂n)ϕ̂

+
1 + [ϕ̂+

1 ], N(ϕ̂2 . . . ϕ̂n)]

= N(ϕ̂+
1 ϕ̂2 . . . ϕ̂n) +N([ϕ̂+

1 , ϕ̂
−
2 ]ϕ̂3 . . . ϕ̂n

+ ϕ̂2[ϕ̂
+
1 , ϕ̂

−
3 ]ϕ̂4 . . . ϕ̂n + . . . )

= N(ϕ̂+
1 ϕ̂2 . . . ϕ̂n + ϕ̂1ϕ̂2ϕ̂3 . . . ϕ̂n + ϕ̂1ϕ̂2ϕ̂3 · · ·+ . . . ). (5.1.21)

The first term in the last line of (5.1.21) combines with the ϕ̂−
1 term in equation

(5.1.20) to form N{ϕ̂1ϕ̂2 . . . ϕ̂n} and other terms involving the contraction of ϕ̂1

with another field. We also see that a contraction with one term in equation

(5.1.20) will yield all possible terms involving both that particular contraction and

a contraction of ϕ̂1 with one of the other fields. Continuing this process gives

all possible contractions of all the fields including ϕ̂1 thus the induction step is

established therefore Wick’s theorem holds.

Wick’s theorem will be used frequently when we construct Feynman diagrams

and for computing vacuum expectation values.

5.2 Spinor and Gamma Matrix Technology

Before we move onto the construction of the path integral of the free fermion field

and the derivation of its Feynman propagator, we will finally present and prove the

various identities and computational shortcuts for spinors that was first introduced

in the fields chapter. These identities and shortcuts will be used ubiquitously when

doing calculations involving spinors.

Spinor Technology

We begin with computations involving spinors specifically Dirac spinors since the

Majorana spinor is a specific case of the Dirac spinor. Recall that the general
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solution to the Dirac equation for the Dirac field was

Ψ̂(x) =
∑
s=±

∫
d3pL

[
b̂s(p)us(p)eipx + d̂†s(p)vs(p)e−ipx

]
, (5.2.1)

where the spinors us(p) and vs(p) obey

(/p+m)us(p) = 0,

(−/p+m)vs(p) = 0. (5.2.2)

and similarly,

ūs(p)(/p+m) = 0,

v̄s(p)(−/p+m) = 0. (5.2.3)

Note that each of the spinor equations have two solutions based on their spin

values. To find the explicit solutions for the spinors, recall from special relativity

that a particle with m 6= 0 possesses a rest frame where p = 0 [4]. Let us move to

the rest frame where /p = pµγ
µ then becomes /p = p0γ

0 = −mγ0 [5]. Then equation

(5.2.2) becomes

(−mγ0 +m)us(0) = 0,

(mγ0 +m)vs(0) = 0, (5.2.4)

which yields

u+(0) =
√
m

+|↑〉

+|↑〉

 , u−(0) =
√
m

+|↓〉

+|↓〉

 ,

v+(0) =
√
m

+|↓〉

−|↓〉

 , v−(0) =
√
m

−|↑〉
+|↑〉

 , (5.2.5)
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and similarly we also get

ū+(0) =
√
m (+〈↑|,+〈↑|),

ū−(0) =
√
m (+〈↓|,+〈↓|),

v̄+(0) =
√
m (−〈↓|,+〈↓|),

v̄−(0) =
√
m (+〈↑|,−〈↑|), (5.2.6)

where

|↑〉=

1

0

 , (5.2.7)

|↓〉=

0

1

 , (5.2.8)

are the spin-up and spin-down eigenkets of the Pauli matrices, respectively [11].

With (5.2.5), it is a simple matter of finding the spinors with an arbitrary three-

momentum p. To do this, we follow the rules of quantum mechanics and construct

the necessary one-parameter unitary operator Û(Λ), whose generator is the boost

matrix K, parametrized by the rapidity η = sinh−1(|p| /m) in the direction of the

unit vector p̂ which is [5]

Û(Λ) = exp(iη p̂ ·K). (5.2.9)

Then we apply the operator Û(Λ) to equations (5.2.5) and (5.2.6) to get

us(p) = exp(iη p̂ ·K)us(0),

vs(p) = exp(iη p̂ ·K)vs(0). (5.2.10)
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Now we define the operation [5]

A ≡ βA†β, (5.2.11)

and it is trivial to see that

γµ = γµ,

Sµν = Sµν ,

iγ5 = iγ5,

γµγ5 = γµγ5,

γ5Sµν = γ5S
µν . (5.2.12)

Recall that the boost matrix components are formed by

Kj =
i

4
[γj, γ0] =

i

2
γjγ0, (5.2.13)

so it is trivial to see that Kj = Kj thus we get [8]

ūs(p) = ūs(0)exp(−iη p̂ ·K),

v̄s(p) = v̄s(0)exp(−iη p̂ ·K). (5.2.14)

Now it is trivial to derive

ūs′(p)us(p) = +2mδs′s,

v̄s′(p)vs(p) = −2mδs′s,

ūs′(p)vs(p) = 0,

v̄s′(p)us(p) = 0, (5.2.15)

from equations (5.2.10) and (5.2.14) and the orthonormality of the spin kets and

bras. From here, we are in a position to derive the Gordon identities that we used
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in the fields chapter (we used the case µ = 0) [5]

2mūs′(p′)γµus(p) = ūs′(p′)
[
(p′ + p)µ − 2iSµν(p′ − p)ν

]
us(p),

2mv̄s′(p′)γµvs(p) = v̄s′(p′)
[
(p′ + p)µ − 2iSµν(p′ − p)ν

]
vs(p). (5.2.16)

Proof. Consider the following identities

γµ/p =
1

2
{γµ, /p}+

1

2
[γµ, /p] = −pµ − 2iSµνpν , (5.2.17)

/p
′γµ =

1

2
{γµ, /p′}+

1

2
[γµ, /p

′] = −p′µ + 2iSµνp′ν . (5.2.18)

We add the above identities to get

γµ/p+ /p
′γµ = −

[
(p′ + p)µ − 2iSµν(p′ − p)ν

]
. (5.2.19)

To get the first Gordon identity, we multiply the above expression by ūs′(p′) and

us(p) on the left and right, respectively, then use equations (5.2.2) and (5.2.3).

Following the same procedure except with v̄s′(p′) and vs(p) yields the second

Gordon identity.

A similar identity that can be derived is

2mūs′(p′)γµvs(p) = ūs′(p′)
[
(p′ − p)µ − 2iSµν(p′ + p)ν

]
vs(p),

−2mv̄s′(p′)γµus(p) = v̄s′(p′)
[
(p′ − p)µ − 2iSµν(p′ + p)ν

]
us(p). (5.2.20)

Proof. The proof is similar to the Gordon identity. Subtract (5.2.18) from (5.2.17)

to get

γµ/p− /p′γµ =
[
(p′ − p)µ − 2iSµν(p′ + p)ν

]
. (5.2.21)

Then multiply the above by ūs′(p′) and vs(p) on the left and right, respectively,

and use equations (5.2.2) and (5.2.3). Using the same procedure with v̄s′(p′) and

us(p) yields the second identity.
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When p′ = p, the Gordon identities reduce to

ūs′(p)γµus(p) = 2pµδs′s,

v̄s′(p)γµvs(p) = 2pµδs′s. (5.2.22)

Similarly, when p′ = −p and µ = 0 in (5.2.20), we get

ūs′(p)γ0vs(−p) = 0,

v̄s′(p)γµus(−p) = 0. (5.2.23)

An incredibly useful identity that we will use for calculations in scattering cross

sections for fermions are the spin-sum identities

∑
s=±

us(p)ūs(p) = −/p+m,

∑
s=±

vs(p)v̄s(p) = −/p−m, (5.2.24)

which is derived from the fact that in the rest frame

∑
s=±

us(0)ūs(0) = mγ0 +m,

∑
s=±

vs(0)v̄s(0) = mγ0 −m.

Summing over the eigenstates of Sz allows one to rewrite the result in terms of the

four-momentum and gamma matrices with contracted vector indices so generalizing

the rest frame spin-sum to a frame with p 6= 0 yields the spin-sum identities above

[5].

Gamma Matrix Technology

There many kinds of identities that can be derived using the gamma matrices along

with the Feynman slash notation for variables. Some identities will, of course,
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prove to be more useful than others so we will derive the most commonly used

gamma matrix identities. To begin our derivations, we start with the following

relations of the gamma matrices as our “axioms”

{γµ, γν} = −2gµν , (5.2.25)

γ25 = 1, (5.2.26)

{γµ, γ5} = 0, (5.2.27)

Tr 1 = 4, (5.2.28)

where γ5 = iγ0γ1γ2γ3 [5]. We claim that

Tr [product of odd number of γµ] = 0, (5.2.29)

Tr [γ5(product of odd number of γµ)] = 0. (5.2.30)

Proof. Using the cyclic property of the trace and the above axioms, observe that

[5]

Tr [γµ1 . . . γµn ] = Tr [γ25γµ1γ25 . . . γ25γµn ]

= Tr [(−γ25γµ1) . . . (−γ25γµn)]

= (−1)nTr [γµ1 . . . γµn ],

and similarly,

Tr [γ5(γµ1 . . . γµn)] = Tr [γ5(γ25γµ1γ25 . . . γ25γµn)]

= Tr [γ5((−γ25γµ1) . . . (−γ25γµn))]

= (−1)nTr [γ5(γµ1 . . . γµn)],
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hence,

Tr [γµ1 . . . γµn ] = (−1)nTr [γµ1 . . . γµn ],

Tr [γ5(γµ1 . . . γµn)] = (−1)nTr [γ5(γµ1 . . . γµn)]. (5.2.31)

If n is odd then (5.2.31) equals its negative value which means that Tr [γµ1 . . . γµn ] = 0

and Tr [γ5(γµ1 . . . γµn)] = 0.

Now

Tr [γµγν ] = −4gµν . (5.2.32)

Proof. Observe that

Tr [γµγν ] = Tr [γνγµ]

= Tr [−γµγν − 2gµν ]

= −Tr [γµγν ]− 2gµνTr 1

= −Tr [γµγν ]− 8gµν ,

then rearranging the terms gives us our desired result

2Tr [γµγν ] = −8gµν

Tr [γµγν ] = −4gµν .

It is trivial to see that

Tr [γ5] = 0, (5.2.33)

since,

γ5 =

−I 0

0 I

 . (5.2.34)
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With this, we claim that

Tr [γ5γµγν ] = 0, (5.2.35)

and more generally,

Tr [γ5γµγνγργσ] = −4iεµνρσ (5.2.36)

Proof. Observe that

Tr [γ5γµγν ] = Tr [γ5(−γνγµ − 2gµν)]

= −Tr [γ5γνγµ]− 2gµνTr [γ5]

= −Tr [γ5γµγν ],

which implies that Tr [γ5γµγν ] = 0.

Now consider

Tr [γ5γµγνγργσ].

If any of the indices have the same value, then the expression will always be zero.

Suppose all the indices are distinct. Because of {γµ, γ5} = 0, we see that switching

any two of the indices will change the sign of the trace and since we showed that

the trace equaled zero if any of the indices were the same, the trace must therefore

by proportional to εµνρσ. The proportionality constant is found by considering the

case ε0123 = ε3210 = +1 which is

Tr [(γ5)γ0γ1γ2γ3] = −iTr [(γ5)(−iγ5)]

= −iTr [1]

= −4i.

Therefore

Tr [γ5γµγνγργσ] = −4iεµνρσ = −4iεµνρσ.
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Now the definition of the Feynman slash notation was given as

/a = aµγ
µ. (5.2.37)

The generalization of this notation to two or more quantities is [5]

/a1/a2 . . . /an = aµ1aµ2 . . . aµnγ
µ1γµ2 . . . γµn . (5.2.38)

It will prove fruitful for future derivations to evaluate the anticommutator of two

Feynman slashed variables which is

{/a, /b} = {aµγµ, bνγν}

= aµbν{γµ, γν}

= −2aµbνgµν

= −2(ab), (5.2.39)

where (ab) = aµbµ. This implies that [5]

/a/b = −/b/a− 2(ab). (5.2.40)

With equations (5.2.40) and (5.2.32), we are able to write

Tr [/a/b] = −4(ab). (5.2.41)

Now we claim that

Tr [/a/b/c/d] = 4
[
(ab)(bc)− (ac)(bd) + (ab)(cd)

]
. (5.2.42)
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Proof. Observe that

Tr [/a/b/c/d] = Tr [(−/b/a− 2(ab))/c/d]

= −Tr [/b/a/c/d]− 2(ab)Tr [/c/d]

= −Tr [/b(−/c/a− 2(ac))/d]− 2(ab)Tr [/c/d]

= Tr [/b/c/a/d] + 2(ac)Tr [/b/d]− 2(ab)Tr [/c/d]

= Tr [/b/c(−/d/a− 2(ad))] + 2(ac)Tr [/b/d]− 2(ab)Tr [/c/d]

= −Tr [/b/c/d/a]− 2(ad)Tr [/b/c] + 2(ac)Tr [/b/d]− 2(ab)Tr [/c/d]

= −Tr [/a/b/c/d]− 2(ad)Tr [/b/c] + 2(ac)Tr [/b/d]− 2(ab)Tr [/c/d],

where we have used the cyclic property of trace and equation (5.2.40) [5]. This

implies that

2Tr [/a/b/c/d] = −2(ad)Tr [/b/c] + 2(ac)Tr [/b/d]− 2(ab)Tr [/c/d]

Tr [/a/b/c/d] = −(ad)Tr [/b/c] + (ac)Tr [/b/d]− (ab)Tr [/c/d]

Tr [/a/b/c/d] = 4
[
(ab)(bc)− (ac)(bd) + (ab)(cd)

]
,

where we have applied (5.2.41) [5].

Throughout the course of this paper, we have considered four spacetime dimen-

sions for the metric gµν . Suppose we generalized our metric to d-dimensions. Then

the inner product of two gamma matrices is [5]

γµγµ = gµνγ
µγν

= gµν(−γνγµ − 2gµν)

= −γµγµ − 2gµνg
µν ,

which after rearranging yields

γµγµ = −gµνgµν = −d. (5.2.43)
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Then we have

γµ/aγµ = (d− 2)/a, (5.2.44)

γµ/a/bγµ = 4(ab)− (d− 4)/a/b, (5.2.45)

γµ/a/b/cγµ = 2/c/b/a+ (d− 4)/a/b/c. (5.2.46)

Proof. We note that

{/a, γµ} = −2aµ, (5.2.47)

then [5]

γµ/aγµ = γµ(−γµ/a− 2aµ)

= −γµγµ/a− 2γµaµ

= (d− 2)/a.

Now observe

γµ/a/bγµ = γµ/a(−γµ/b − 2bµ

= −γµ/aγµ/b − 2γµ/abµ

= −(d− 2)/a/b − 2(−/aγµ − 2aµ)bµ

= −(d− 2)/a/b + 2/a/b + 4(ab)

= 4(ab)− (d− 4)/a/b.
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Lastly,

γµ/a/b/cγµ = γµ/a/b(−γµ/c − 2cµ)

= −γµ/a/bγµ/c − 2γµ/a/bcµ

= −(4(ab)− (d− 4)/a/b)/c − 2γµ(−/b/a− 2(ab))cµ

= (d− 4)/a/b/c − 4(ab)/c + 2γµ/b/acµ + 4γµ(ab)cµ

= (d− 4)/a/b/c − 4(ab)/c + 2/c/b/a+ 4(ab)/c

= 2/c/b/a+ (d− 4)/a/b/c.

5.3 Fermion Fields

To construct the path integrals of the free fermion fields, we must account for

the antisymmetric nature of the fields along with the fact that the fields are

complex valued. We anticipate that the Dirac field, with its U(1) symmetry, will

need two complex valued, anticommuting source terms in its path integral [5].

We introduce the anticommuting source field η(x) and its Hermitian conjugate

equivalent η̄(x) = η†(x)β thus the path integral for the free Dirac field is [5]

Z0(η, η̄) =

∫
DΨDΨ exp

[
i

∫
d4x (L0 + η̄Ψ+Ψη)

]
=

∫
DΨDΨ exp

[
i

∫
d4x (−Ψ(−i/∂ +m)Ψ+ η̄Ψ+Ψη)

]
. (5.3.1)

By using the equivalent methods in the derivation of the real scalar free field path

integral (5.1.9), the path integral for the free Dirac field is

Z0(η, η̄) = exp
[
i

∫
d4x d4y η̄(x)SF (x− y)η(y)

]
, (5.3.2)

where SF (x − y) is the Feynman propagator for the free fermion field [5]. The

Majorana Lagrangian does not possess U(1) symmetry so we expect its path
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integral to be analogous to the real scalar path integral. We must also incorporate

the Majorana condition χ̂ = χ̂TC in its path integral as well. With this, the path

integral of the free Majorana field is [5]

Z0(η) =

∫
Dχ exp

[
i

∫
d4x (L0 + ηTχ)

]
= exp

[
− i

2

∫
d4x d4y ηT(x)SF (x− y)C−1η(y)

]
. (5.3.3)

Much like the Feynman propagator for the real scalar field, the free fermion

propagator is defined as

SF (x− y)αβ ≡ i〈0|TΨ̂α(x)Ψ̂β(y)|0〉

= iθ(x0 − y0)〈0|Ψ̂α(x)Ψ̂β(y)|0〉− iθ(y0 − x0)〈0|Ψ̂β(y)Ψ̂α(x)|0〉,

(5.3.4)

where T is the time ordered product and α and β are four component spinor indices

[5]. Note that unlike the Feynman propagator for the real scalar field, we have a

negative sign in equation (5.3.4) since the fields must anticommute at spacelike

separations [5]. Along with this, it is important to note that the free fermion

propagator SF (x− y)αβ is a 4× 4 matrix and is also the Green’s function for the

Dirac equation [5]

(−i/∂ +m)αβSF (x− y)αγ = δ4(x− y)δαγ. (5.3.5)

It will prove fruitful in future calculations to find the more compact, Fourier

representation of the Feynman propagator of the free fermion field. To find the

free fermion propagator’s Fourier representation, we can compute the amplitudes

in equation (5.3.4) by using the plane wave solution (4.2.44) of the Dirac field and

combine the results to form the Fourier representation. This is a valid approach

albeit a very algebraically tedious method. Let us instead avoid this approach and

analyze how we were able to derive the general plane wave solution of the Dirac



155

field. Recall that multiplying the complex conjugate Dirac operator (i/∂ +m) to

the Dirac equation yielded

(i/∂ +m)
(
(−i/∂ +m)Ψ̂ = 0

)
(/∂ /∂ +m2)Ψ̂ = 0

(−∂2 +m2)Ψ̂ = 0,

namely that the Dirac field satisfied the Klein-Gordon equation [5]. Now the

Feynman propagator ∆F (x− y) for the real scalar field is the Green’s function for

the Klein-Gordon field thus it obeys the condition

(−∂2 +m2)∆F (x− y) = δ4(x− y). (5.3.6)

Now observe that,

(−∂2 +m2)∆F (x− y) = δ4(x− y)

(−i/∂ +m)(i/∂ +m)∆F (x− y) = δ4(x− y)

(−i/∂ +m)
(
(i/∂ +m)∆F (x− y)

)
︸ ︷︷ ︸

SF (x−y)

= δ4(x− y),

thus the Feynman propagator for the free fermion field is

SF (x− y) = (i/∂ +m)∆F (x− y)

= (i/∂ +m)

∫
d4p

(2π)4
eip(x−y)

p2 +m2 − iε

=

∫
d4p

(2π)4
(−/p+m)

p2 +m2 − iε
eip(x−y), (5.3.7)

or in component form, [5]

SF (x− y)αβ =

∫
d4p

(2π)4
(−/p+m)αβ

p2 +m2 − iε
eip(x−y). (5.3.8)
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Notice that we have been referring to equation (5.3.8) as the free fermion propagator

rather than the free Dirac propagator. As the reader may have deduced by now

from our derivation, equation (5.3.8) is indeed also the Feynman propagator for

the free Majorana field since the Majorana field, whose equation of motion is the

Dirac equation as well, also satisfies the Klein-Gordon equation so

i〈0|Tχ̂α(x)χ̂β(y)|0〉= SF (x− y)αβ (5.3.9)

=

∫
d4p

(2π)4
(−/p+m)αβ

p2 +m2 − iε
eip(x−y). (5.3.10)

When computing the time-ordered amplitude of other field operators, there are

some subtle differences between the Dirac and Majorana fields. For example, we

have that for the Dirac field,

〈0|TΨ̂α(x)Ψ̂β(y)|0〉= 0, (5.3.11)

〈0|TΨ̂α(x)Ψ̂β(y)|0〉= 0, (5.3.12)

which can be easily proved by using the plane wave solution of the Dirac field into

equation (5.3.4) and noting that the ordering of the Fourier coefficient operators

cancel with respect to the vacuum kets and bras [5]. For the Majorana field, the

above equations are not correct. To see this, recall that the Majorana field obeys

the Majorana condition χ̂ = χ̂TC. This condition can be rewritten as χ̂T = χ̂C−1

or χ̂T
= C−1χ̂ where we have used the property C−1 = CT [5]. Thus, equations

(5.3.11) and (5.3.12) become [5]

〈0|Tχ̂α(x)χ̂β(y)|0〉= 〈0|Tχ̂α(x)χ̂γ(y)|0〉(C−1)γβ

=
1

i
[SF (x− y)C−1]αβ, (5.3.13)

〈0|Tχ̂α(x)χ̂β(y)|0〉= (C−1)αγ〈0|Tχ̂γ(x)χ̂β(y)|0〉

=
1

i
[C−1SF (x− y)]αβ. (5.3.14)
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Now we must impose more rules on the functional differentiation of anticom-

muting variables before we move on. To analyze this further, it is clear that the

algebraic structure of anticommuting numbers (and variables) will have different

properties. To elaborate further, given any arbitrary anticommuting numbers ψi

that obey the condition

{ψi, ψj} = 0, (5.3.15)

it is clear that

ψiψj = −ψjψi, (5.3.16)

namely, switching the order of the numbers imparts a change in sign [5]. Even

more interestingly, if we let ψj = ψi, then we have that ψ2 = 0. Although we have

only just scratched the surface in the metaphorical sense, numbers that obey the

condition (5.3.15) clearly have very different properties than the usual commuting

numbers that most people are familiar with. Indeed, numbers that obey the

condition (5.3.15) are mathematical objects known as Grassmann variables [8].

With this notion in mind, we hypothesize that functionally differentiating the

anticommuting terms in the fermion path integrals will yield a negative sign. To

test this hypothesize, observe that

δ

δη(x)

∫
d4y

[
η̄Ψ(y) +Ψ(y)η(y)

]
=

∫
d4y

δ

δη(x)

[
Ψ(y)η(y)

]
=

∫
d4y

δ

δη(x)

[
− η(y)Ψ(y)

]
=

∫
d4y − δ4(x− y)Ψ(y)

= −Ψ(x),

and similarly,

δ

δη̄(x)

∫
d4y

[
η̄Ψ(y) +Ψ(y)η(y)

]
= +Ψ(x).

We see that our hypothesis is true thus whenever we functionally differentiate
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Grassmann variables, we must apply the appropriate sign changes [5].

5.4 Electromagnetic Field

In this section, we derive the path integral of the electromagnetic field as well as the

photon propagator. The path integral formalism shows its strength here because

deriving the photon propagator using the interaction picture is quite difficult in

practice but the path integral formulation allows us to derive the propagator rather

easily.

Following what we have done in previous sections, the path integral for the

electromagnetic field is

Z0(J) ≡ 〈0|0〉J =

∫
DAeiS0

=

∫
DA exp

[
i

∫
d4x

(
− 1

4
F µνFµν + JµAµ

)]
, (5.4.1)

where the functional measure DA ≡ DA0DA1DA2DA3 [5]. Integrating by parts

and imposing vanishing boundary conditions to eliminate the total divergence

simplifies the path integral to [5]

Z0(J) =

∫
DA exp

[
i

∫
d4x

(
− 1

2
Aµ(g

µν∂2 − ∂µ∂ν)Aν + JµAµ

)]
. (5.4.2)

Let us focus on the action integral S0 and expand it in momentum-space

S0 =
1

2

∫
d4k

(2π)4

[
− Ãµ(k)

(
k2gµν − kµkν

)
Ãν(−k)

+ J̃µ(k)Ãµ(−k) + J̃µ(−k)Ãµ(k)
]
. (5.4.3)

Ideally we would like to follow the same procedure for the derivation of the real

scalar path integral and shift the field Ã to complete the square and solve for the

propagator as well. However, this is not possible because this requires that we
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invert the matrix
(
k2gµν − kµkν

)
which is singular [5]. To see this, let

P µν(k) = gµν − kµkν

k2
, (5.4.4)

then note that

P µνkν =
(
gµν − kµkν

k2
)
kν

= kµ − kµ

= 0.

This means that one of the eigenvalues of the matrix P µν(k) is zero and this implies

that det(P )=0 [5]. Actually, the matrix P µν(k) is a projection matrix which we

will prove.

Proof. Let P µν(k) be defined as in equation (5.4.4). Then observe that [5]

P µν(k)P λ
ν (k) =

(
gµν − kµkν

k2

)(
g λ
ν −

kνk
λ

k2

)
= gµλ − gµν − gµν kνk

λ

k2
− kµkν

k2
g λ
ν +

kµkν

k2
kνk

λ

k2

= gµλ − kµkλ

k2

= P µλ(k).

Thus P µν(k) is a projection matrix.

From elementary linear algebra, projection matrices have eigenvalues 0 and 1

and we can see this by taking the trace of (5.4.4),

gµνP
µν = gµνg

µν − gµν
kµkν

k2

= 4− 1

= 3,

so the other three eigenvalues of P µν(k) are 1 [5]. Since the matrix
(
k2gµν − kµkν

)
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is singular, the photon propagator Dνρ
F (x − y) has no solution because we must

invert the operator

(
k2gµν − kµkν

)
D̃νρ
F (k) = δ ρ

µ , (5.4.5)

which is not possible thus it cannot be solved [5].

The root of these problems ultimately comes from gauge invariance. To fix

this problem, we will utilize a clever trick. We follow the derivation according to

Peskin and Schroeder [8]. We introduce a gauge-fixing function G(Aα) defined as

G(Aα) = ∂µAαµ(x)− ωα(x), (5.4.6)

where ωα(x) is an arbitrary scalar function and Aaµ(x) is the gauge transformed

gauge field defined as

Aaµ(x) = Aµ(x)− ∂µα(x). (5.4.7)

Before we continue, recall the property of the delta function,

1 =

∫
dy δ(y). (5.4.8)

This result does not change if we shift the argument of the delta function so let us

shift the argument by y → y− f(x) [8]. Along with this, let g(x, y) be an arbitrary

function then we use the delta function identity

δ(G(x, y)) =
δ(y − f(x))
|∂g/∂y|

, (5.4.9)

to turn equation (5.4.8) into

1 =

∫
dy

∂g

∂y
δ(g(x, y)), (5.4.10)

where we have assumed that ∂g/∂y is positive when y = f(x). The generalization
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of equation (5.4.10) for n-dimensions is then

1 =

∫
dny det

(∂gi
∂yj

)∏
i

δ(gi). (5.4.11)

With this rather complicated form of the identity property of the delta function,

we generalize it to the functional form for G(Aα), [8]

1 =

∫
Dα det

(δG(Aα)
δα

)
δ(G(Aα)). (5.4.12)

We insert this functional identity into the path integral for the photon

Z0(J) =

∫
DAeiS0

=

∫
Dα

∫
DA det

(δG(Aα)
δα

)
δ(G(Aα)) eiS0

= det
(δG(Aα)

δα

)(∫
Dα
) ∫

DAδ(G(Aα)) eiS0 ,

where the functional determinant is pulled out since it is a constant [5]. Note that

the term
∫
Dα is a constant as well. Let us treat Aµ as the integration variable

and change variables Aµ → Aαµ which leads to DA → DAα and S0[A] → S0[Aα].

Recall that Aα is a gauge transformed field so in terms in functional calculus, we

have merely shifted the original field Aµ by a constant thus the functional measure

is invariant under this change of integration variables, namely, DAα = DA. Along

with this, we constructed the electromagnetic Lagrangian density S0 to be gauge

invariant so S0[Aα] = S0[A]. Since Aα is arbitrary, we relabel it as A then the path

integral is [8]

Z0(J) = det
(δG(Aα)

δα

)(∫
Dα
) ∫

DAδ(G(A)) eiS0

= det
(δG(Aα)

δα

)(∫
Dα
) ∫

DAδ(∂µAµ − ω(x)) eiS0 .

The above equality holds for any arbitrary scalar function ω(x) and since the path
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integral is independent of ω(x), we multiply the path integral by

N(ξ) exp
[
− i
∫
d4x

ω2

2ξ

]
, (5.4.13)

which is the functional generalization of the Gaussian function centered at ω = 0

and N(ξ) is the normalization constant [8]. Then we integrate over the functional

measure Dω,

Z0(J) =

∫
DωN(ξ) exp

[
− i
∫
d4x

ω2

2ξ

]
× det

(δG(Aα)
δα

)(∫
Dα
) ∫

DAδ(∂µAµ − ω(x)) eiS0

∝
∫
DA exp

[
− i
∫
d4x

(∂µAµ)
2

2ξ

]
eiS0

∝
∫
DAeiS0+iSgf ,

where

Sgf =
∫
d4xLgf , (5.4.14)

Lgf = −
1

2ξ

(
∂µAµ

)2
, (5.4.15)

are the gauge-fixed action and gauge-fixed Lagrangian, respectively [5]. Note that

the proportionality factor is due to multiplying the Gaussian function to Z0 and

integrating it which simply multiplies a constant to the original path integral Z0(J).

This constant is removed when we normalize Z0(J). After properly normalizing

the path integral, we get

Z0(J) =

∫
DAeiS0+iSgf

=

∫
DA exp

[
i

∫
d4x

(
− 1

4
F µνFµν + JµAµ −

1

2ξ

(
∂µAµ

)2)]
, (5.4.16)
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and in momentum-space the action term is [8]

S =

∫
d4x − 1

4
F µνFµν −

1

2ξ

(
∂µAµ

)2
=

1

2

∫
d4k

(2π)4

[
− Ãµ(k)

(
k2gµν −

(
1− 1

ξ

)kµkν
k2

)
Ãµ(−k)

+ J̃µ(k)Ãµ(−k) + J̃µ(−k)Ãµ(k)
]
. (5.4.17)

Finally the matrix
(
k2gµν −

(
1− 1

ξ

)kµkν
k2

)
is nonsingular thus we can solve for the

propagator

(
k2gµν −

(
1− 1

ξ

)kµkν
k2

)
D̃νρ
F,ξ(k) = δ ρ

µ ,

which yields [8]

D̃µν
F,ξ(k) =

1

k2 − iε

(
gµν −

(
1− ξ

)kµkν
k2

)
. (5.4.18)

The free photon propagator D̃µν
F,ξ(k) is said to be in the generalized Feynman gauge

or Rξ gauge [5]. Choosing ξ = 0 leads to the Lorenz gauge (or Landau gauge) and

choosing ξ = 1 leads to the Feynman gauge [8]. With the photon propagator, we

can now shift the field by a constant and follow the same procedure as the real

scalar field then the path integral for the photon is [5]

Z0(J) = exp
[ i
2

∫
d4x d4y Jµ(x)D

µν
F,ξ(x− y)Jν(y)

]
, (5.4.19)

where

Dµν
F,ξ(x− y) =

∫
d4k

(2π)4
eik(x−y)

gµν −
(
1− ξ

)
kµkν

k2

k2 − iε
. (5.4.20)

The choice of gauge will depend on the problem and we will see later on which

gauge to choose. Notice that this form of the propagator is rather useful due to its

generality since we did not have to quantize the electromagnetic field again in the

Lorenz gauge to determine the Lorenz gauge propagator.
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Chapter 6

Scattering

6.1 LSZ Reduction Formula

Let us use the real scalar field to calculate the probability for a scattering event

to occur. We follow the derivation according to Srednicki [5]. In the Schrödinger

picture, let |i〉 ≡ |i, in〉= |p1p2 . . .pn; ti〉 be the initial state ket of the incoming

particles with and let |f〉 ≡ |f, out〉= |p1′p2′ . . .pn′ ; tf〉 be the final state ket of

the outgoing particles where pi 6= pj when i 6= j. If we consider the distant, or

asymptotic, past t→ −∞, the interacting theory is expected to reduce to the free

theory which makes sense physically because the incoming particles will be far

apart from each other so that they cannot interact [11]. We expect the incoming

particles in the distant past to then behave as free particles that are localized

near p and the origin in momentum- and position-space, respectively [5]. So the

creation operator â†(p) is expected to be time-independent in the distant past and

is expected to create a particle with a wave packet wavefunction. Now recall from

the fields chapter that the creation and annihilation operators can be written as

â†(p) = −i
∫
d3x eipx

←→
∂0 ϕ̂(x), (6.1.1)

â(p) = i

∫
d3x e−ipx

←→
∂0 ϕ̂(x), (6.1.2)
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respectively. Let us move to the Heisenberg picture and make our operators

time-dependent and localized in momentum-space

â†i (t) =

∫
d3p fi(p)â†(p), (6.1.3)

fi(pi) ∝ exp
[−(p− pi)2

4σ2

]
, (6.1.4)

where fi(pi) is the Gaussian wave packet with its width σ in momentum-space [5].

Now in the distant, or asymptotic, past t→ −∞, the initial state can be described

as a wave packet with a well defined momentum

|i〉= lim
t→−∞

â†1(t)â
†
2(t) . . . â

′
n(t)|0〉, (6.1.5)

and similarly in the far, or asymptotic, future t→ +∞, the final state is

|f〉= lim
t→+∞

â†1(t)â
†
2(t) . . . â

′
n(t)|0〉. (6.1.6)

Using the postulates of quantum mechanics and the fact that we can build multi-

particle states from the vacuum state |0〉by acting on the vacuum state with the

appropriate creation operators âi(pi), the scattering amplitude for the scattering

event is

〈f |i〉≡ 〈p1′p2′ . . .pn′ |p1p2 . . .pn〉, (6.1.7)

where pi and p′i represent the initial and final momenta of the n particle states.

The probability for the scattering process to occur is

|〈f |i〉|2 = |〈p1′p2′ . . . pn′ |p1p2 . . . pn〉|2 . (6.1.8)

This makes physical sense because in a real scattering experiment, the atoms are

prepared in the momentum eigenstate which is clearly measured beforehand. Then

the particles are sped up and eventually they collide with one another and the

detector measures the cross section and the final momenta of the particles which
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means that the final state of the particles is once again a momentum eigenstate

[8]. The particles in the initial and final states essentially behave as free particles

localized in momentum-space since at these two asymptotic times, the particles

are not interacting with each other or with any potential that might influence each

particle’s wavefunction. We know that between these two asymptotic times, the

particles will interact with each other, namely, scatter off each other which results

in their wavepackets overlapping [5]. Now observe that for an arbitrary creation

operator â†i (t)

(
lim
t→+∞

− lim
t→−∞

)
â†i (t) =

∫ +∞

−∞
dt ∂0 â

†
i (t)

=

∫ +∞

−∞
dt fi(pi)

∫
d3p ∂0

(
â†(p)

)
= −i

∫
d3p fi(pi)

∫
d4x ∂0

(
eipx
←→
∂0 ϕ̂(x)

)
= −i

∫
d3p fi(pi)

∫
d4x eipx(∂20 + ω2)ϕ̂(x)

= −i
∫
d3p fi(pi)

∫
d4x eipx(∂20 + p2 +m2)ϕ̂(x)

= −i
∫
d3p fi(pi)

∫
d4x eipx(∂20 +

←−
∇2 +m2)ϕ̂(x)

= −i
∫
d3p fi(pi)

∫
d4x eipx(∂20 +

−→
∇2 +m2)ϕ̂(x)

= −i
∫
d3p fi(pi)

∫
d4x eipx(−∂2 +m2)ϕ̂(x), (6.1.9)

where we used the expansion of the Fourier coefficient operator in terms of the field

operator which was derived in the fields chapter and integrated by parts to shift

the Laplacian to act on the right [5]. In a free theory, the last term above equals

zero since the equation of motion is the Klein-Gordon equation but we want an

interacting theory so the Klein-Gordon equation will equal some interaction term

from the interaction part of the Lagrangian which makes the above expression
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nonzero. Then we have

lim
t→−∞

â†i (t) = lim
t→+∞

â†i (t) + i

∫
d3k fi(pi)

∫
d4x eikx(−∂2 +m2)ϕ̂(x), (6.1.10)

lim
t→+∞

â†i (t) = lim
t→−∞

â†i (t) + i

∫
d3k fi(pi)

∫
d4x e−ikx, (−∂2 +m2)ϕ̂(x). (6.1.11)

and the scattering amplitude becomes

〈f |i〉= lim
ti→−∞
tf→+∞

〈0|Tâ1′(tf ) . . . ân′(tf )â
′
1(ti) . . . â

′
n(ti)|0〉. (6.1.12)

When the n particles come within vicinity of each other so that their wavefunctions

can interact, the wavepackets lose their significance since the state of each particle

changes so we let σ →∞ which then results in the Gaussian wavepacket to become

delta function normalized fi(p) = δ3(p− pi) [5]. Thus we finally get

〈f |i〉= in+n
′
∫
d4x1 e

ip1x1(−∂21 +m2) . . .

d4x′1e
−ip′1x1(−∂21′ +m2) . . .

× 〈0|Tϕ̂(x1) . . . ϕ̂(x′1) . . . |0〉, (6.1.13)

which is called the Lehmann-Symanzik-Zimmermann reduction formula, or LSZ

formula [5]. Although we derived the LSZ formula under the assumption the free

field operators would work in a noninteracting theory, the LSZ formula that we

derived is valid for the interacting theory as well provided that the field operator

obeys the following normalization conditions

〈0|ϕ̂(x)|0〉= 0, (6.1.14)

〈p|ϕ̂(x)|0〉= e−ipx, (6.1.15)

since these conditions ensure that the field operator creates mostly one particle

states and the contributions from multiparticle states can be made as small as we

like by waiting long enough for the multiparticle wave packet to go to zero [5].
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We can use the exact same arguments to derive the LSZ reduction formula for

the fermion and electromagnetic fields as well. For fermion fields, both the Dirac

field and Majorana field share the same LSZ reduction formula which is given by

[5]

〈f |i〉= in+n
′
∫
d4x1 d

4x2 . . . d
4x1′ d

4x2′ . . .

× e−ip′1x′1 [ūs1′ (p1′)(−i/∂1′ +m)]α1′

× e−ip′2x′2 [ūs2′ (p2′)(−i/∂2′ +m)]α2′
. . .

× 〈0|TΨ̂α2′
(x2′)Ψ̂α1′

(x1′) . . . Ψ̂α1(x1)Ψ̂α2(x2) . . . |0〉

× [(i
←−
∂ 1 +m)us1(p1)]α1e

ip1x1

× [(i
←−
∂ 2 +m)us2(p2)]α2e

ip2x2 . . . . (6.1.16)

The LSZ reduction formula will hold for a Dirac field given that we impose the

following conditions

〈0|Ψ̂(x)|0〉= 0,

〈p, s,+|Ψ̂(x)|0〉= 0,

〈p, s,−|Ψ̂(x)|0〉= vs(p)e−ipx,

〈p, s,+|Ψ̂(x)|0〉= ūs(p)e−ipx,

〈p, s,−|Ψ̂(x)|0〉= 0, (6.1.17)

while for a Majorana field,

〈0|χ̂(x)|0〉= 0,

〈p, s|χ̂(x)|0〉= vs(p)e
−ipx,

〈p, s|̂χ(x)|0〉= ūs(p)e
−ipx, (6.1.18)

and as usual the single particle states obey their Lorentz invariant normalization

stated in the fields chapter and 〈0|0〉= 1 [5].
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For the electromagnetic field, to work directly with four-vectors instead of the

three-vectors we derived for the creation and annihilation operators, we can rewrite

the incoming photon creation operator and outgoing photon annihilation operator

as

â†λ(k)in = iεµ∗λ (k)
∫
d4x eikx(−∂2)Âµ(x), (6.1.19)

âλ(k)out = iεµλ(k)
∫
d4x e−ikx(−∂2)Âµ(x), (6.1.20)

where ε0λ(k) = 0 [5]. Then the LSZ reduction formula for photons is [5]

〈f |i〉= in+n
′
εµ1∗λ (k)εµ2∗λ (k) . . . εµ

′
1
λ (k)εµ

′
2
λ (k) . . .∫

d4x1 d
4x2 . . . d

4x1′ d
4x2′ . . .

× e−ik′1x′1(−∂21′)e−ik
′
2x

′
2(−∂22′) . . .

× e−ik1x1(−∂21)e−ik2x2(−∂22) . . .

× 〈0|TÂµ′1(x
′
1)Âµ′2(x

′
2) . . . Âµ2(x2)Âµ2(x2) . . . |0〉. (6.1.21)

The LSZ reduction formula is valid provided that we impose the following conditions

〈0|Âi(x)|0〉= 0,

〈k, λ|Âi(x)|0〉= εiλ(k)e−ikx, (6.1.22)

along with the Lorentz invariant single photon state normalization [5].

Now from nonrelativistic quantum mechanics, we know that the scattering

amplitude will give us a general term of the form

〈f |i〉= (2π)3δ3(pin − pout)iT , (6.1.23)

where the three-dimensional delta function represents momentum conservation and

T is the scattering matrix [11]. We expect this to be the case for quantum field
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theory as well and indeed later on, we will see that this is the case. One could

also note that up to now, we have the necessary tools and knowledge needed to

compute the vacuum expectation values and in doing so will yield a result similar

in appearance to equation (6.1.23). Since we are working in Minkowski space, we

anticipate that the scattering amplitude in quantum field theory will be of the

form

〈f |i〉= (2π)4δ4(pin − pout)iT , (6.1.24)

where the four-dimensional delta function represents the conservation of four-

momentum. We now wish to relate the scattering matrix T to the differential cross

section so that we are able to derive results that pertain to real life results.

6.2 Differential Cross Section

We now turn to more concrete ideas and seek to apply everything we have developed

up to now to real life applications. In particle physics experiments, particle

accelerators are used to speed up atoms to ultrarelativsitc speeds and make them

collide with each other which results in the atoms exploding into their elementary

components for a fraction of a second [1]. The quantities that are measured in

these experiments are the cross sections σ and decay rates Γ. Let us derive the

differential cross section formula [8].

We follow the derivation according to Srednicki [8]. In scattering experiments,

the two most commonly used frames are the center-of-mass frame, or CM frame,

and the fixed target frame (lab frame) or FT frame [8]. Let us consider the case

of two incoming particles and two outgoing particles. In the CM frame, the total

momentum of the incoming particles is zero p1 + p2 = 0 with p1 chosen in the

z-direction. Then we have that the total energy of the incoming particles in the CM

frame is just E1 +E2 = −(p1 + p2)
2. For notational brevity, we let s = −(p1 + p2)

2

which is a Lorentz scalar that is equivalent to s = (E1 + E2)
2 in the CM frame [5].

By the conservation of momentum and energy, the total momentum and energy of
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the outgoing particles are p′
1 + p′

2 = 0 and (E ′
1 + E ′

2)
2 = s. To specify the angle θ

between p1 and p′
1, let us define the Lorentz scalar t = −(p1 − p′1)2 which is equal

to the frame independent [5]

t = m2
1 +m2

1′ − 2E1E
′
1 + 2 |p1| |p′

1| cos θ. (6.2.1)

The Lorentz scalars

s = −(p1 + p2)
2 = −(p′1 + p′2)

2, (6.2.2)

t = −(p1 − p′1)2 = −(p2 − p′2)2, (6.2.3)

u = −(p1 − p′2)2 = −(p2 − p′1)2, (6.2.4)

are the Mandelstam variables that are related by the relation [5]

s+ t+ u = m2
1 +m2

2 +m2
1′ +m2

2′ . (6.2.5)

In the CM frame, we see that

|p1| =
1

2
√
s

√
s2 − 2(m2

1 +m2
2)s+ (m2

1 −m2
2)

2, (6.2.6)

|p′
1| =

1

2
√
s

√
s2 − 2(m2

1′ +m2
2′)s+ (m2

1′ −m2
2′)

2. (6.2.7)

In the FT frame, a particle, say particle 2, is set at rest which means that p2 = 0

then we see that

|p1| =
1

2m2

√
s2 − 2(m2

1 +m2
2)s+ (m2

1 −m2
2)

2 (6.2.8)

and [5]

m2 |p1|FT =
√
s |p1|CM . (6.2.9)

The Mandelstam variables and these identities will prove to be extremely helpful

in reducing cross section formulas and transitioning between frames as we will see
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in the subsequent sections and chapters.

From the previous section, we found that the scattering amplitude was given

as, in its most general form,

〈f |i〉= (2π)4δ4(pin − pout)iT . (6.2.10)

Using the postulates of quantum mechanics, the probability for the initial state |i〉

to transition to the final state |f〉 is

P (i→ f) =
|〈f |i〉|2

〈f |f〉〈i|i〉
. (6.2.11)

Much like scattering theory in nonrelativistic quantum mechanics, we wish to

compute the probability rate Ṗ [11]. We will assume that the experiment takes

place in a big box of volume V for a large time T [5]. Then the volume of the box

is

(2π)3δ3(0) = V,

and we see that

(2π)4δ4(0) = V T.

Then the norm of the single particle states implies that the inner product of the

initial and final states are

〈i|i〉= 4E1E2V
2, (6.2.12)

〈f |f〉=
n′∏
j=1

2p′ 0j V, (6.2.13)
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where n′ is the number of outgoing particles [5]. Then

〈f |i〉= [(2π)4δ4(pin − pout)]
2 |T |2

= (2π)4δ4(pin − pout)(2π)
4δ4(0)

= (2π)4δ4(pin − pout)V T. (6.2.14)

Then the probability rate is

Ṗ =
P

T
=

(2π)4δ4(pin − pout)V |T |2

4E1E2V 2
∏n′

j=1 2p
′ 0
j V

. (6.2.15)

We sum this expression over all possible discrete momenta of the final particles

and in the limit of large V , we get

∑
n′
j

→ V

(2π)3

∫
d3p′j, (6.2.16)

thus

Ṗ =
(2π)4δ4(pin − pout) |T |2

4E1E2V

n′∏
j=1

d3p′L j. (6.2.17)

We divide Ṗ by the incident flux to get the differential cross section dσ which in

the FT frame is |p1| /E1V [5]. In the FT frame, we also have that E2 = m2 and

dividing by the incident flux will yield the term |p1|m2 in the denominator which

we can convert to
√
s |p1|CM so we get

dσ =
Ṗ

|p1| /E1V

=
(2π)4δ4(pin − pout) |T |2

4E2 |p1|

n′∏
j=1

d3p′L j

=
(2π)4δ4(pin − pout) |T |2

4 |p1|CM
√
s

n′∏
j=1

d3p′L j

=
1

4 |p1|CM
√
s
|T |2 dLIPSn′(p1 + p2), (6.2.18)
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where dLIPSn′(p1 + p2) is the n′-body Lorentz invariant phase space measure

dLIPSn′(p) = (2π)4δ4
(
p−

n′∑
i=1

p′i

) n′∏
j=1

d3p′L j, (6.2.19)

where p =
∑n

i=1 pi [5]. Let us consider two outgoing particles so we must evaluate

dLIPS2(p) = (2π)4δ4(p− p′1 − p′2) d3p′L 1 d
3p′L 2, (6.2.20)

where p = p1 + p2. In the CM frame, p = p1 + p2 = 0 and p0 =
√
s thus

dLIPS2(p) = (2π)4δ4(p− p′1 − p′2) d3p′L 1 d
3p′L 2

=
1

16π2E ′
1E

′
2

δ3(p′
1 + p′

2)δ(E
′
1 + E ′

2 −
√
s) d3p′1 d

3p′2

=
1

16π2E ′
1E

′
2

δ(E ′
1 + E ′

2 −
√
s) d3p′1, (6.2.21)

where we have integrated over the spatial delta function which yields E ′
1 =

√
p2
1 +m2

1′

and E ′
2 =

√
p2
1 +m2

2′ [5]. We now write d3p′1 = |p′
1|

2 d |p′
1| dΩCM where

dΩCM = sin θdθdφ,

is the differential solid angle with the angle θ being between p′
1 and p1 [5]. We use

the delta function identity

∫
dx δ(f(x)) =

∑
i

|f ′(xi)|−1
, (6.2.22)

where xi obeys f(xi) = 0 to integrate equation (6.2.21) over the last differential to

finally get

dLIPS2(k) =
|k′

1|
16π2
√
sdΩCM

, (6.2.23)

which yields the differential cross section in the CM frame

dσ

dΩCM
=

1

64π2
√
s

|p′
1|
|p1|
|T |2 . (6.2.24)
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If we take the differential of the Mandelstam variable t at fixed s, we get

dt = 2 |p1| |p′
1| d cos θ

= 2 |p1| |p′
1|
dΩCM

2π
, (6.2.25)

then we get a frame-independent differential cross section [5]

dσ

dt
=

1

64πs |p1|
2 |T |

2 . (6.2.26)

To get the differential decay rate dΓ for n′ outgoing particles, we repeat the same

derivations for the differential cross section except with 〈i|i〉= 2E1V which yields

dΓ =
1

2E1

|T |2 dLIPSn′(p1), (6.2.27)

where s = −p21 = m2
1 [5]. To compute the total cross section and total decay rate,

we compute

σ =
1

S

∫
dσ, (6.2.28)

Γ =
1

S

∫
dΓ, (6.2.29)

where for n′
i outgoing identical particles of type i

S =
∏
i

n′
i!, (6.2.30)

which is the symmetry factor [5]. This concept will become clear when we introduce

the Feynman diagrams and we will see why we must divide by the symmetry factor.



176

Chapter 7

Quantum Symmetries

Recall from the symmetries chapter that we presented Noether’s theorem along

with its main results which were the Noether current and Noether charge. Despite

the fact that these concepts are rooted in classical physics, we liberally applied

its results to our quantum fields. It is natural to consider a quantum equivalent

version of Noether’s theorem so that we may have the theoretical justification to

apply these results to quantum field theory. Thus we seek to generalize Noether’s

theorem to quantum physics. Based on the derivation of Noether’s theorem in

classical field theory, the natural place to start for our quantum Noether’s theorem

will be the path integral [8].

7.1 Schwinger-Dyson Equations

To begin our discussion on the symmetries of a quantum field theory, let us see how

the quantum equations of motion can be derived from the path integral. Consider

a general set of fields ϕa(x) with the path integral

Z(J) =

∫
Dϕ ei[S+

∫
d4y Jaϕa]. (7.1.1)

In analogy with classical mechanics, let us consider a infinitesimal variation of the

fields ϕa(x)→ ϕ′
a(x) = ϕa(x) + δϕa(x) [8]. This is merely a shift by a constant so
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the functional measure remains invariant Dϕ′ = Dϕ under this change. Then we

have

δZ = 0

i

∫
Dϕ ei[S+

∫
d4y Jbϕb]

∫
d4x

( δS
δϕa(x)

+ Ja(x)
)
δϕa(x) = 0. (7.1.2)

If we take n functional derivatives with respect to Jak(xk) and set J = 0, we get

the following [8]

∫
Dϕ eiS

∫
d4x

[
i

δS
δϕa(x)

ϕ̂a1(x1) . . . ϕ̂an(xn)

+
n∑
k=1

ϕ̂a1(x1) . . . δaakδ
4(x− xk) . . . ϕ̂an(xn)

]
δϕa(x) = 0. (7.1.3)

The variation δϕa(x) was arbitrary thus the term in the brackets must equal zero

but since the functional derivatives compute the vacuum expectation value when

used on the partition function, we get

i〈0|T δS
δϕa(x)

ϕ̂a1(x1) . . . ϕ̂an(xn)|0〉

+
n∑
k=1

〈0|Tϕ̂a1(x1) . . . δaakδ4(x− xk) . . . ϕ̂an(xn)|0〉= 0, (7.1.4)

which are called the Schwinger-Dyson equations [5]. To understand the meaning of

these equations, consider the free field theory of a single real scalar field. From our

derivation of the real scalar field in the fields chapter, we have

δS
δϕ(x)

= (∂2x −m2)ϕ̂(x),

so for n = 1, the Schwinger-Dyson equations reduce to [5]

(−∂2x +m2)i〈0|Tϕ̂(x)ϕ̂(x1)|0〉= 0. (7.1.5)
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Recall that i〈0|Tϕ̂(x)ϕ̂(x1)|0〉= ∆F (x− x1) which is the Feynman propagator of

the Klein-Gordon equation thus we have

(−∂2x +m2)∆F (x− x1) = 0. (7.1.6)

Then for n real scalar fields, we get the more general form [5]

(−∂2 +m2)〈0|T δS
δϕa(x)

ϕ̂a1(x1) . . . ϕ̂an(xn)|0〉= 0 forx 6= x1,...n. (7.1.7)

Thus we see that the classical equations of motion for classical real scalar field are

also obeyed by the quantum real scalar field inside a correlation function as long as

the spacetime arguments of the fields are different from each other [5]. Otherwise,

we get contact terms. In general, as long as the functional measure is invariant

under an infinitesimal change of variables, this process can be repeated for any of

the fields we have considered and will yield the appropriate equations of motion

for the propagators of the corresponding quantum field theory [8]. In this respect,

the Schwinger-Dyson equations are the quantum analogue of the Euler-Lagrange

equations.

7.2 Ward-Takahashi Identity

Now consider a theory that possesses a continuous symmetry with a corresponding

Noether current. We repeat the derivation of the Schwinger-Dyson equations

except with an infinitesimal variation in ϕa(x) that results in δL(x) = 0 [5]. Then

we sum over the index a and use

∂µj
µ(x) = δL(x)− δS

δϕa(x)
δϕa(x),
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to get

∂µ〈0|Tjµ(x)ϕ̂a1(x1) . . . ϕ̂an(xn)|0〉

+ i

n∑
k=1

〈0|Tϕ̂a1(x1) . . . δϕ̂ak(x)δ4(x− xk) . . . ϕ̂an(xn)|0〉= 0, (7.2.1)

which is the Ward-Takahashi identity [5]. Thus we see that Noether’s theorem and

consequently the conservation of the Noether currents hold in quantum physics

as well up to contact terms that depend on the form of the infinitesimal variation

that leaves the Lagrangian invariant [5]. We see that the Ward-Takahashi identity

is the quantum analogue of Noether’s theorem for continuous symmetries.

Ward Identity

We will apply our results to derive a crucial identity that will aid us in computing

scattering amplitudes for quantum electrodynamics. We will state and introduce

results from the next chapter to facilitate our discussion.

The scattering amplitude for quantum electrodynamics is given as

T = εµMµ, (7.2.2)

where εµ is the external polarization vector andMµ is a matrix [5]. We expect that

the scattering amplitude should be gauge invariant under gauge transformations of

the external polarization vectors of the form

εµ → εµ + ckµ, (7.2.3)

where kµ is the four-momentum of the photon and c is an arbitrary constant [5].

Thus if we replace εµ with kµ, we expect to have

kµMµ = 0, (7.2.4)
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which is called the Ward identity. We now prove the Ward identity.

Proof. Recall that the general form of the scattering amplitude was

〈f |i〉= (2π)4δ4
(∑

i

ki
)
f(k2i , ki · kj),

where f(k2i , ki · kj) is a function of the Lorentz scalar k2i and ki · kj. If f is of the

form

f(k2i , ki · kj) ∝
iT

(k21 +m2) . . . (k2n +m2)
,

then f has contributions to the scattering amplitude T . Otherwise, f will not

contribute to T [5].

The Schwinger-Dyson equations were derived as

i〈0|T δS
δϕa(x)

ϕ̂a1(x1) . . . ϕ̂an(xn)|0〉

+
n∑
k=1

〈0|Tϕ̂a1(x1) . . . δaakδ4(x− xk) . . . ϕ̂an(xn)|0〉= 0.

If we Fourier transform one of the contact terms, we get

∫
d4x d4xk e

i(kx+kkxk) δ4(x− xk)f(x, xk)

=

∫
d4x ei(kx+kk)x f(x, x = xk)

= f̃(k + kk),

so f̃(k+ kk) is a function of k+ kk hence it is independent of k− kk thus it cannot

contribute to the scattering amplitude. Therefore, contact terms do not contribute

to the scattering amplitude T [5].

Recall that the LSZ reduction formula for outgoing photons in the Lorenz gauge

〈f |i〉= iεµ
∫
d4x eikx(−∂2) . . . 〈0|TÂµ . . . |0〉,
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which yields the equations of motion (from the renormalized QED Lagrangian)

− Z3∂
2Aµ = Z1j

µ, (7.2.5)

where Z1 and Z3 are the renormalization factors and jµ is the electromagnetic

current [5]. Then we use the Schwinger-Dyson equations along the fact that the

contact terms do not contribute to the scattering amplitude to get

〈f |i〉= iεµ
∫
d4x e−ikx(−∂2) . . . 〈0|TÂµ . . . |0〉

= i
Z1

Z3

εµ
∫
d4x e−ikx . . . 〈0|Tjµ(x) . . . |0〉

= εµMµ.

Then

kµMµ =
Z1

Z3

∫
d4x ikµ e−ikx . . . 〈0|Tjµ(x) . . . |0〉

=
Z1

Z3

∫
d4x (−∂µ)e−ikx . . . 〈0|Tjµ(x) . . . |0〉

= −Z1

Z3

∫
d4x e−ikx . . . 〈0|T∂µjµ(x) . . . |0〉

= 0,

where we integrated by parts to get the four-gradient inside the correlation function

in the third equality and used the conservation of the Noether current ∂µjµ = 0 to

get the last equality. Thus the Ward identity holds.

With the gauge invariance of the scattering amplitude firmly established, we

can now compute the useful identity that will aid us in the next chapter which is

the summation of the polarization four-vectors

∑
λ=±

εµ∗λ (k)ενλ(k). (7.2.6)
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Recall the identity from fields chapter for the electromagnetic field

∑
λ=±

εi∗λ (k)ε
j
λ(k) = δij −

kikj

k2 . (7.2.7)

To generalize this to the four-vector case, let us introduce the unit four-vector in

the time direction [5]

t̂µ = (1,0). (7.2.8)

Then we see that t̂µkµ = −k0 and

kµ + (t̂ · kµ)t̂µ = (0,k), (7.2.9)

which leads to

k2 = k2 + (t̂µkµ)
2. (7.2.10)

Now we define a new unit vector in the k direction [5]

ẑµ =
kµ + (t̂ · k)t̂µ

[k2 + (t̂ · k)2]1/2
. (7.2.11)

Then we can extend the summation to the four-vector case which leads to

∑
λ=±

εµ∗λ (k)ενλ(k) = gµν + t̂µt̂ν − (kµ + (t · k)t̂µ)(kρ + (t · k)t̂ρ)
k2 + (t̂ · k)2

= gµν + t̂µt̂ν − ẑµẑν . (7.2.12)

Now since the scattering amplitude is gauge invariant due to the Ward identity,

when we sum over the photon polarizations to calculate the scattering amplitude

we can drop the kµ and kρ terms since the photons will couple to a conserved

current [5]. Thus

∑
λ=±

εµ∗λ (k)ενλ(k) = gµν + t̂µt̂ν − (t · k)2

k2 + (t̂ · k)2
t̂µt̂ρ. (7.2.13)
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We will see later that for external photons, we have k2 = 0 which makes sense

since photons are massless so we reach another simplification [5]

∑
λ=±

εµ∗λ (k)ενλ(k) = gµν . (7.2.14)

This result will be extremely useful for calculating scattering amplitudes in quantum

electrodynamics.
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Chapter 8

Interactions and Feynman

Diagrams

8.1 Constructing Interaction Lagrangians

We explained earlier in the chapter of symmetries on how to build appropriate

Lagrangians for quantum field theory. The criteria was that all Lagrangians must

be Lorentz invariant and possess CPT symmetry. When constructing Lagrangians

that model interactions, we must impose more conditions so that the interaction

Lagrangian is consistent with the framework of quantum field theory and does

not produce absurd results. We typically add to the free field Lagrangian L0 an

interaction term Lint which, of course, must obey Lorentz and CPT symmetry so

we are able to eliminate a fair amount of the number of possible terms we could add.

However, even with these conditions there are still many ways to construct the

interaction Lagrangian and clearly all of them cannot be physically correct. One

more condition must be imposed and it is that the theory must be renormalizable

[8]. Renormalization is the generic term for systemically cancelling out divergent

integrals that frequently appear in higher order perturbations in a mathematically

well defined way [1]. Not all theories are renormalizable thus there are certain

criteria that must be met for a theory to be renormalizable. We will present only
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the simplest criteria since we will not delve into renormalization techniques in this

thesis.

Recall from the section on natural units that the action S must be dimensionless

and [L] = d in d spacetime dimensions. Now the interaction term will have a

coupling constant g and assuming that free field Lagrangian has the required

Lorentz and CPT symmetry along with [L0] = 0, the dimension of the coupling

term determines whether a theory is renormalizable [8]. The scattering amplitude

that involves the coupling g must be parameterized as a ratio of the particle mass

m in the low energy regime or the Mandelstam variable s in the high energy

regime [5]. The parameter is gs−[g]/2 [5]. If the dimension of the coupling is

positive or dimensionless, the perturbation expansion does not break down at

high energies and the theory is renormalizable [8]. Generally, we desire that the

coupling be dimensionless. If the dimension is negative, the perturbation expansion

blows up at high energies and the theory is nonrenormalizable. Thus when we

construct interaction terms, we seek dimensionless couplings so that our theory is

normalizable, although an exception will be given for the ϕ3 theory for pedagogical

reasons.

8.2 ϕ3 and ϕ4 Theory

We present ϕ3 and ϕ4 theory of the real scalar field. These theories are almost

always presented for pedagogical purposes yet ϕ4 actually has physical relevance

in the fact that the self-interaction of the Higgs boson, a spin-0 particle, can be

described using the ϕ4 theory. We will begin with the ϕ4 theory and then present

the ϕ3 theory.

The Lagrangian for the ϕ4 theory is

L = −1

2
∂µϕ∂µϕ−

1

2
m2ϕ2 +

λ

4!
ϕ4, (8.2.1)

where λ is the coupling constant [8]. Using dimensional analysis, we see that
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[ϕ] = 1 and it is trivial to prove that terms of the form ϕn are always Lorentz

scalars [5] but are not allowed for n > 4 since it would result in [λ] = 4 − n [8].

Using dimensional analysis reveals that [λ] = 0, namely, the coupling constant λ is

dimensionless thus the ϕ4 theory is renormalizable. Now the path integral for this

theory is given as

Z(J) ≡ 〈0|0〉J =

∫
Dϕ ei

∫
d4x [L0+Lint+Jϕ], (8.2.2)

where L0 is the free field real scalar Lagrangian and Lint = (λ/4!)ϕ4 is the

interaction term. Once again, we assume the following normalizations

〈0|ϕ̂(x)|0〉= 0,

〈p|ϕ̂(x)|0〉= e−ipx,

〈p′|p〉= (2π3)(2ω)δ3(p′ − p), (8.2.3)

for our interacting theory. Recall that the expression for the four-point vacuum

expectation value for the real scalar fields was given by Wick’s theorem,

〈0|Tϕ̂(x1)ϕ̂(x2)ϕ̂(x3)ϕ̂(x4)|0〉=
1

i2

[
∆F (x1 − x2)∆F (x3 − x4)

+ ∆F (x1 − x3)∆F (x2 − x4)

+ ∆F (x1 − x4)∆F (x2 − x3)
]
. (8.2.4)

We can represent this expression diagrammatically by drawing a line with ver-

tices labeled with the propagator’s spacetime positions to represent an individual

propagator in the following manner:

1

i
∆F (x− y) = x y (8.2.5)
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Then the four point vacuum expectation value can be drawn as [8]

〈0|Tϕ̂(x1)ϕ̂(x2)ϕ̂(x3)ϕ̂(x4)|0〉=

x1 x2

x3 x4

+

x1 x2

x3 x4

+

x1 x2

x3 x4

(8.2.6)

Thus we see that the four point vacuum expectation value is the sum of these

three diagrams which are called Feynman diagrams. The diagrams provide a rather

interesting interpretation of the underlying physics involved. For each term in

(8.2.6), two particles are created at the spacetime points x1 and x2 and each particle

propagates to the their corresponding spacetime points x3 and x4 where they are

annihilated [8]. Each term in the expansion above represents the different ways in

which the particles can do this process. Along with this, each term in the expansion

represents the amplitude for the process to occur in the particular fashion specified

by the Feynman diagram [8]. The sum of all three of these diagrams ultimately

represents the total amplitude for this process. The Feynman diagrams we have

drawn for the four-point correlation function can easily be generalized for any

n-point correlation function as long as the number of fields ϕ̂ is even since the

vacuum expectation value vanishes for an odd number of fields ϕ̂ [5]. Although it

seems as though the Feynman diagrams seem applicable only to the propagators,

we have just scratched the surface in terms of the utility and applications of the

diagrams. We will now derive the Feynman rules for the ϕ4 theory and how it will

aid us greatly in calculations and interpreting the underlying physics.

Following the procedure for the path integral of the harmonic oscillator, we can

write the path integral as

Z(J) = ei
∫
d4xLint

(
1
i

δ
δJ(x)

)4 ∫
Dϕei

∫
d4x [L0+Jϕ]

∝ ei
∫
d4xLint

(
1
i

δ
δJ(x)

)4
Z0(J), (8.2.7)
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where Z0(J) is the path integral for the free real scalar field [8]. The second line

is proportional to some normalization constant that is fixed by the normalization

of the path integral Z(0) = 1 which we impose by hand [5]. Assuming that the

coupling constant λ is small, we make a dual Taylor expansion in powers of λ and

J [5]

Z(J) ∝
∞∑
V=0

1

V !

[iλ
4!

∫
d4x

(1
i

δ

δJ(x)

)4]V
×

∞∑
P=0

1

P !

[ i
2

∫
d4y d4z J(y)∆F (y − z)J(z)

]P
. (8.2.8)

To keep things simple and less cluttered, let us focus on the first few terms of the

expansion for V = P = 1,

iλ

4!

(1
i

)4[
i2∆F (x1 − x2)∆F (x3 − x4)

+ i∆F (x1 − x2)
( i
2

(∫
d4z∆F (x3 − z)J(z) +

∫
d4y J(y)∆F (y − x3)

))
×
( i
2

(∫
d4z∆F (x4 − z)J(z) +

∫
d4y J(y)∆F (y − x4)

))
+ . . .

]
Z0.

To organize these terms, we will draw a blob with a line to represent the term

i
∫
d4x J(x), a vertex joining four line segments to represent iλ

∫
d4x, and of course

a line with two endpoints to represent the propagator 1
i
∆F (x− y) [8]:

1. Propagators : x y =
1

i
∆F (x− y);

2. External lines : = i

∫
d4x J(x);

3. Vertices : x = iλ

∫
d4x.

To explain our specific choice of labels, E stands for external lines (for now it will

refer to source terms, namely, blobs), P stands for propagators, and V stands

for vertices. Hence, the labels E, V , and P count the number of external lines

(sources), vertices, and propagators, respectively and their relationship is given by
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the graph equation

E = 2P − 4V, (8.2.9)

which also gives the number of nonvanishing sources. The graph equation provides

an easy way to draw and check if a diagram has all the necessary components given

some restrictions and/or parameters on the values of E, V , and P . The overall

phase factor is

iV (1/i)4V iP = iV+E−P , (8.2.10)

where the exponential term of the overall phase factor is the famous Euler char-

acteristic. Now the 4V functional derivatives can act on the 2P propagators in

(2P !)/(2P − 4V )! different ways but it is clear that we will have many identical

terms in the expansion [5]. This means that if we were to draw every single diagram

for each term in the dual Taylor expansion, there would actually be a small number

of truly different configured diagrams that would yield different answers. However,

each of these diagrams would have a large multiplicity, namely, different ways

of rearranging parts of the diagram without changing the answer. Thus we see

that we only have to draw a few diagrams to count these identical terms and

each of these distinct diagrams will be multiplied by some constant [5]. Finding

these constants is essentially a combinatorics problem of finding all the possible

ways we can rearrange the vertices, propagators, and sources. The vertices can be

interchanged in V ! ways and the propagators can be rearranged in P ! ways. Along

with this, the functional derivatives for each vertex can be rearranged in 4! ways

without changing the diagram. The two sources at the ends of a propagator can

be interchanged in 2! ways [5]. Thus, each vertex and propagator has a counting

factor of 4!V ! and 2!P !, respectively. When added onto the diagrams, the counting

factors cancel the numbers from the Taylor expanded path integral (8.2.8) [5].

If the reader was curious about the inclusion of the 4! factor in the interaction

term, it is now clear that the inclusion of the 4! cancels the counting factor of

the functional derivatives that come from contracting the ϕ4 terms [8]. This is
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essentially the reason why the vertex term is iλ
∫
d4x instead of (iλ/4!)

∫
d4x.

Despite the cancellation of the numbers in the expansion, the overall constant

of each diagram is too large because we have over counted the number of identical

terms. This is due to the fact some rearrangement of the derivatives give the same

configuration of sources as the rearrangement of sources. This occurs when there

is an underlying symmetry associated with a diagram so the factor by which we

have over-counted is called the symmetry factor [5]. Thus another rule that we

must add is that after assigning the appropriate factors to a diagram, we divide by

the symmetry factor of the diagram, provided it has one.

Even with all these rules, there are still quite a bit of diagrams we must draw

and calculate. Along with this, consider the following diagrams [8]

Figure 8.1: Disconnected diagrams

Diagrams such as the ones in fig. 8.1 are disconnected diagrams meaning that

the diagram is not connected to an external point [8]. A connected diagram is a

diagram where a path can be traced from any two points on the diagram. From

equation (8.2.6), we see that some of the terms in the expansion consists of a

product connected diagrams that are disconnected from each other. In fact, the

most general diagram will consist of a product of connected diagrams. Let D be

an arbitrary general diagram then

D =
1

SD

∏
I

(CI)
nI , (8.2.11)

where CI is a connected diagram with its specific symmetry factor included, nI is

an integer that counts the number of CI in D, and SD is the additional symmetry

factor for D not accounted for by the symmetry factors that are already present in
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the connected diagrams [5]. This unaccounted symmetry factor SD will then involve

interchanges of propagators and vertices between different connected diagrams [5].

Exchanges made among different but identical connected diagrams and exchanges

that involve all of the propagators and vertices in a connected diagram leave the

overall diagram D unchanged [5]. Since there are nI factors of CI then there are

nI ! ways for these types of rearrangements. Thus the value of SD is

SD =
∏
I

1

nI !
. (8.2.12)

Since the path integral of the ϕ4 theory is diagrammatically the sum of all general

diagrams D, we have [5]

Z(J) ∝
∑
{nI}

D

∝
∑
{nI}

∏
I

1

nI !
(CI)

nI

∝
∏
I

∑
{nI}

(CI)
nI

nI !

∝
∏
I

exp
[
CI

]
∝ exp

[∑
I

CI

]
. (8.2.13)

With this, we impose the normalization condition Z(0) = 1 which means that the

value of vacuum diagrams in (8.2.13), such as fig. 8.1, are omitted thus we have

the elegant result

Z(J) = exp
[
iW (J)

]
, (8.2.14)

where

iW (J) ≡
∑
I 6={0}

CI , (8.2.15)

and I 6= {0} means to omit vacuum diagrams such that W (0) = 0 [5]. This result

holds for all other theories that we will consider throughout the subsequent sections.
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With this, we see that the propagator becomes

〈0|Tϕ̂(x1)ϕ̂(x2)|0〉= δ1δ2 iW (J)
∣∣∣J=0

=
1

i
∆F (x1 − x2), (8.2.16)

and more generally, Wick’s theorem becomes

〈0Tϕ̂(x1)ϕ̂(x2) . . . ϕ̂(x1)ϕ̂(x2n)|0〉= δ1δ2 . . . δ2n Z(J)
∣∣∣J=0

= δ1δ2 . . . δ2n iW (J)
∣∣∣J=0

=
1

in

∑
pairings

∆F (xi1 − xi2) . . .∆F (xi2n−1 − xi2n).

(8.2.17)

where δk ≡ 1
i

δ
δJ(xk)

[5].

Now we will shift our attention from ϕ4 theory to ϕ3 theory so that we can

derive additional properties of iW (J) and other necessary properties. We will use

the ϕ3 theory to derive the Feynman rules so that we can introduce key ideas that

arise from the ϕ3 theory that will appear frequently in the other theories we will

cover. The Lagrangian for ϕ3 theory is

L = −1

2
Zϕ∂

µϕ∂µϕ−
1

2
Zmm

2ϕ2 +
λ

3!
Zλϕ

3 + Y ϕ, (8.2.18)

where it is expected that Y → 0 and Zλ,ϕ,m → 1 as λ→ 0 [5]. The reason for the

inclusion of Y and Zλ,ϕ,m will be clear shortly. Now the path integral is

Z(J) ∝ e
i
∫
d4xL1

(
1
i

δ
δJ(x)

)
Z0(J), (8.2.19)
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where

L1 =
λ

3!
Zλϕ

3 + Lct, (8.2.20)

Lct = −
1

2
(Zϕ − 1)∂µϕ∂µϕ−

1

2
(Zm − 1)m2ϕ2 + Y ϕ. (8.2.21)

The second term above Lct is called the counterterm Lagrangian and it will play an

important role in keeping our normalization consistent. If we were to momentarily

ignore the counterterm Lagrangian, the diagrammatic rules for ϕ3 theory would

remain the same as ϕ4 theory except that the graph equation would be

E = 2P − 3V, (8.2.22)

and the vertex would join three line segments for a vertex factor of iZλλ
∫
d4x [5].

Repeating the derivations from the previous analysis will lead to the same result

Z(J) = exp
[
iW (J)

]
. Now consider the following expression

〈0|ϕ̂(x)|0〉= 1

i

δ

δJ(x)
Z(J)

∣∣∣J=0

=
δ

δJ(x)
W (J)

∣∣∣J=0,

which is the vacuum expectation value of the field ϕ̂(x). Diagrammatically, this

expression is sum of diagrams such as

Figure 8.2: Tadpole diagrams

with the source removed [5]. In ϕ4 theory, the vacuum expectation of a single

field would be zero since from the graph equation E = 2P − 4V , there is no

way to draw a diagram with a single source which agrees with our normalization

condition 〈0|ϕ̂(x)|0〉= 0. Let us see what happens for the ϕ3 theory. Ignoring the
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counterterm Lagrangian, we get

〈0|ϕ̂(x)|0〉= 1

2
iλ

∫
d4x

1

i
∆F (x− y)

1

i
∆F (y − y) +O(λ3),

where the 1/2 comes from the symmetry factor and we have set Zλ = 1 since at first

order Zλ = 1 +O(λ2) [5]. This is a problem because we must have 〈0|ϕ̂(x)|0〉= 0.

So, we add back the counterterm Lagrangian which introduces a new vertex term

iY
∫
d4x where a single line segment ends. The Feynman diagrams for this are

shown in fig. 8.3.

Figure 8.3: Tadpole diagrams with one source removed

Up to order O(λ), the first diagram above yields the vacuum expectation value

of a single field

〈0|ϕ̂(x)|0〉=
(
iY +

1

2
(iλ)

1

i
∆F (0)

)∫
d4x

1

i
∆F (x− y) +O(λ3).

We now take advantage of the coefficients to correct and fix our normalization. It

is clear that we should choose

Y =
1

2
iλ∆F (0) +O(λ3), (8.2.23)

for first order O(λ). For higher orders, we employ the exact same scheme and

simply choose the proper value of Y that corrects the vacuum expectation value.

It is obvious by now that ∆F (0) is divergent for large p hence Y is infinite but

parameters like these will cancel out when calculating cross sections [5]. Along

with this, infinite parameters such as Y are not directly measurable hence they

have no physical relevance. Since we are constantly fixing our Y value so that

〈0|ϕ̂(x)|0〉= 0 for every order, we see that the sum of of all connected diagrams

with a single source equals zero. Like the vacuum diagrams, we can ignore any
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diagrams where when a single line segment is cut into two pieces, one of the two

pieces has no sources. These types of diagrams like in fig. 8.3 are called tadpole

diagrams, or tadpoles for short [5]. Thus iW (J) is the sum of connected diagrams

with no sources.

We see that from equations (8.2.16) and (8.2.17), a functional derivative δk

strips off a source and labels it with the spacetime position coordinate xk which

brings us back to the original diagrammatic four-point correlation function (8.2.6)

we introduced earlier. We see that we must modify our rule for external lines.

Recall that the rule for external lines for the ϕ3 and ϕ4 theories was to draw a line

segment with a blob at one end which was then assigned a factor of i
∫
d4x J(x).

The functional derivatives δk strip off the blobs and relabel them with a spacetime

coordinate xk. Mathematically, we see then that the source factor becomes

1

i

δ

δJ(xk)
i

∫
d4y J(y) =

∫
d4y δ4(xk − y)

= 1. (8.2.24)

Thus the new rule for external lines for the ϕ3 and ϕ4 theories is to draw a line

segment with one end labeled with a spacetime coordinate xi [5]. The rules that

we have outlined up to now for the ϕ3 and ϕ4 theories are called the position-space

Feynman rules which are given as [8]:

1. Propagators : x y =
1

i
∆F (x− y);

2. External lines : xi = 1;

3. Vertices : x x = iλ

∫
d4x;

4. Divide by symmetry factor.

In practice however, the momentum-space Feynman rules are used to calculate the

Feynman diagrams because of computational ease and since in real life scattering
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experiments, it is the momenta of the particles that are measured rather than

the positions [8]. To derive the momentum-space Feynman rules, we could simply

replace the position-space values with their Fourier transformed counterparts in

momentum-space. However, since we will ultimately be computing cross sections

from scattering theory, we should consider any additional rules that would arise

from the context of scattering so that we can create a full set of Feynman rules, in

momentum-space, that gives us all the necessary information to draw and compute

scattering diagrams.

Let us start with the simplest case of scattering which is the scattering of two

(real) scalar particles written as ϕϕ→ ϕϕ. As we outlined in the previous chapter,

we wish to compute the LSZ formula for scalar fields

〈f |i〉= i4
∫
d4x1 d

4x2 d
4x′1 d

4x′2 e
i(p1x1+p2x2−p′1x′1−p′2x′2)(−∂21 +m2)

× (−∂22 +m2)(−∂21′ +m2)(−∂22′ +m2)〈0|Tϕ̂(x1)ϕ̂(x2)ϕ̂(x′1)ϕ̂(x′2)|0〉,

(8.2.25)

where ϕ̂(x1) and ϕ̂(x2) represent incoming particles and ϕ̂(x′1) and ϕ̂(x′2) represent

outgoing particles [5]. By Wick’s theorem, the vacuum expectation value is

diagrammatically [5]

〈0|Tϕ̂(x1)ϕ̂(x2)ϕ̂(x′1)ϕ̂(x′2)|0〉= δ1δ2δ1′δ2′ Z(J)
∣∣∣J=0

= δ1δ2δ1′δ2′ iW (J)
∣∣∣J=0

=
[
(δ1δ2δ1′δ2′ iW )

+ (δ1δ2iW )(δ1′δ2′iW )

+ (δ1δ1′iW )(δ2δ2′iW )

+ (δ1δ2′iW )(δ2δ1′iW )
∣∣∣J=0. (8.2.26)

In practice, one would first draw the necessary Feynman diagrams but there is a

key subtlety that we have not considered with our current rules. To avoid clutter,
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let us insert the second line of the last equality of equation (8.2.26) into the LSZ

formula and use 〈0|Tϕ̂(x)ϕ̂(y)|0〉= 1
i
∆F (x− y) to get

〈f |i〉= i4
∫
d4x1 d

4x2 d
4x′1 d

4x′2 e
i(p1x1+p2x2−p′1x′1−p′2x′2)(−∂21 +m2)

× (−∂22 +m2)(−∂21′ +m2)(−∂22′ +m2)
(1
i

)2
∆F (x1 − x2)∆F (x

′
1 − x′2)

=

∫
d4x1 d

4x2 d
4x′1 d

4x′2 e
i(p1x1+p2x2−p′1x′1−p′2x′2) F (x11′)F (x22′)

= (2π)4δ4(p1 − p′1)(2π)4δ4(p2 − p′2)F̃ (p̄11′)F̃ (p̄22′), (8.2.27)

where F (xij) = (−∂2i + m2)(−∂2j + m2)∆F (xij), F̃ (p) is its Fourier conjugate,

xij′ = xi − x′j, and p̄ij′ = (pi + p′j)/2 [5]. Of course, this result along with the

other terms could also have been deduced by drawing the position-space Feynman

diagrams for the three terms

x1 x2

x′1 x′2

x1 x2

x′1 x′2

x1 x2

x′1 x′2

(8.2.28)

corresponding to (δ1δ2iW )(δ1′δ2′iW ), (δ1δ1′iW )(δ2δ2′iW ), and (δ1δ2′iW )(δ2δ1′iW ),

respectively. The first diagram represents two particles created at spacetime

positions x1 and x′1, propagating to spacetime positions x2 and x′2, then annihilating.

The second diagram shows two particles created at spacetime positions x1 and

x2, propagating to spacetime positions x′1 and x′2, then annihilating. The third

diagram shows two particles created at spacetime positions x1 and x2, propagating

to spacetime positions x′2 and x′1, then annihilating. In summary, the particles

do not interact at all which is not what we want to calculate. So, we omit these

diagrams from our calculations [5].

The only term in equation (8.2.26) left to consider is (δ1δ2δ1′δ2′ iW ) which

represents a diagram that is fully connected meaning that a path can be traced

on the diagram from any endpoint to another endpoint on the diagram [5]. Since
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we are only considering one term of (8.2.26), we define a new vacuum expectation

value called the connected vacuum expectation value which is

〈0|Tϕ̂(x1)ϕ̂(x2)ϕ̂(x′1)ϕ̂(x′2)|0〉C = δ1δ2δ1′δ2′ iW
∣∣∣J=0. (8.2.29)

From the graph formula E = 2P − 3V , diagrams with one vertex V = 1 which

is a first order O(λ) approximation, would result in tadpole diagrams which we

concluded earlier would be omitted from our calculations. Thus the lowest order

approximation is the second order O(λ2) approximation which are diagrams with

two vertices so V = 2. Now from equation (8.2.29), the four functional derivatives

indicate that we will need a diagram with four sources which will be stripped off

and relabeled with the position labels so E = 4. This leaves us with P = 5 thus

the lowest order diagram will need five propagators. The corresponding diagram

that matches these parameters is given in fig. 8.4.

S = 8

Figure 8.4: Graph with E=4, P=5, and V=2

Now when the functional derivatives strip off the sources and label them

with the position coordinates, we have 24 position-space Feynman diagrams since

the four functional derivatives can act on the four sources in 4! ways [5]. As

mentioned previously, we luckily do not have to draw and compute all 24 diagrams

because many of the diagrams are identical to each other. The 24 diagrams can be

categorized evenly into three distinct groups of diagrams which are [5]
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x1

x2

x′1

x′2

x1 x2

x′1 x′2

x1

x2 x′2

x′1

Figure 8.5: Position-space graphs of fig. (8.4)

Each of the three diagrams are assigned a factor of eight thus the symmetry

factor of each diagram is neatly cancelled. Diagrams such as these are called tree

diagrams and they do not contain any closed loops and have a symmetry factor of

one [5]. Many of the Feynman diagrams that are actually computed in quantum

field theory are tree diagrams and they often serve as the basis for which further

corrections are considered. Reading the above position-space diagrams from left to

right and using the position space Feynman rules, we get [5]

〈0|Tϕ̂(x1)ϕ̂(x2)ϕ̂(x′1)ϕ̂(x′2)|0〉C = (ig)2
(1
i

)5 ∫
d4y d4z∆F (y − z)

×
[
∆F (x1 − y)∆F (x2 − y)∆F (x

′
1 − z)∆F (x

′
2 − z)

+ ∆F (x1 − y)∆F (x
′
1 − y)∆F (x2 − z)∆F (x

′
2 − z)

+ ∆F (x1 − y)∆F (x
′
2 − y)∆F (x2 − z)∆F (x

′
1 − z)

]
+O(λ4). (8.2.30)
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Then the LSZ formula with the connected four-point correlation function is

〈f |i〉= i4
∫
d4x1 d

4x2 d
4x′1 d

4x′2 e
i(p1x1+p2x2−p′1x′1−p′2x′2)(−∂21 +m2)

× (−∂22 +m2)(−∂21′ +m2)(−∂22′ +m2)〈0|Tϕ̂(x1)ϕ̂(x2)ϕ̂(x′1)ϕ̂(x′2)|0〉C

= iλ2
∫
d4y d4z d4x1 d

4x2 d
4x′1 d

4x′2∆F (y − z)ei(p1x1+p2x2−p
′
1x

′
1−p′2x′2)

× (−∂21 +m2)(−∂22 +m2)(−∂21′ +m2)(−∂22′ +m2)

×
[
∆F (x1 − y)∆F (x2 − y)∆F (x

′
1 − z)∆F (x

′
2 − z)

+ ∆F (x1 − y)∆F (x
′
1 − y)∆F (x2 − z)∆F (x

′
2 − z)

+ ∆F (x1 − y)∆F (x
′
2 − y)∆F (x2 − z)∆F (x

′
1 − z)

]
+O(λ4)

= iλ2
∫
d4y d4z∆F (y − z)

[
ei(p1y+p2y−p

′
1z−p′2z) + ei(p1y+p2z−p

′
1y−p′2z)

+ ei(p1y+p2z−p
′
1z−p′2y)

]
+O(λ4), (8.2.31)

where we used the property of the Feynman propagator

(−∂2i +m2)∆F (xi − y) = δ4(xi − y),

to get the last equality [5]. To derive an expression for the LSZ formula in

momentum-space, we use the Fourier conjugate of the propagator

∆F (y − z) =
∫

d4p

(2π)4
eip(y−z)

p2 +m2 − iε
.

When we integrate over the last two spacetime variables y and z, we get

〈f |i〉= iλ2(2π)8
∫

d4p

(2π)4
1

p2 +m2 − iε

[
δ4(p1 + p2 + p)δ4(p′1 + p′2 + p)

+ δ4(p1 − p′1 + p)δ4(p′2 + p2 + p) + δ4(p1 − p′2 + p)δ4(p′1 + p2 + p)
]
+O(λ4)

= (2π)4δ4(p1 + p2 − p′1 − p′2)iT +O(λ4), (8.2.32)



201

where

T = λ2
[ 1

(p1 + p2)2 +m2
+

1

(p1 − p′1)2 +m2
+

1

(p1 − p′2)2 +m2

]
, (8.2.33)

where we have suppressed −iε into m2 [5]. The delta function δ4(p1 + p2− p′1− p′2)

says that the four-momentum is conserved during the scattering process which

is in full agreement with the conservation of the stress energy tensor from the

spacetime translational symmetry of the Lagrangian. Since the unprimed and

primed four-momenta represent the momenta of the incoming and outgoing particles,

respectively, we can abstract equation (8.2.32) to

〈f |i〉= (2π)4δ4(pin − pout)iT , (8.2.34)

where pin and pout represent the total four-momenta of the incoming and outgoing

particles, respectively [5].

Let us analyze what we have done thus far so that we can extract patterns that

will lead to the momentum-space Feynman rules. In deriving equations (8.2.32)

and (8.2.33), the coupling constant appears as (iλ)2 which makes sense given that

all the diagrams in fig. 8.5 have two vertices. Since we have been using Zλ = 1,

we will return back to using Zλ thus each vertex will be assigned a factor of iZλλ.

Along with this, we see that the momentum-space Feynman propagator appears

in equation (8.2.33) except that the momentum component is replaced with the

combined momenta of the particles in a way so that momenta is conserved. To

explain this further, let us focus on the physics of just the first term of equation

(8.2.33) which corresponds to the first diagram in fig. 8.5. The four-momentum

components p1 and p2 correspond to the incoming particles at the spacetime

positions x1 and x2, respectively. Since we already labeled unprimed and primed

variables as incoming and outgoing particles, respectively, we will read the diagram

from left to right. If we imagine two incoming scalar particles with four-momentum

components p1 and p2 that collide at the first vertex and travel as one composite
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scalar particle, this composite scalar particle will have four-momentum p1 + p2,

which appears in the propagator of the first term. The composite particle would

break up and separate into two outgoing scalar particles with four-momentum

components p′1 and p′2 at the second vertex. Diagrammatically, we can draw this

as

p1

p2

p1 + p2

p′1

p′2

Figure 8.6: Tree-level s-channel diagram

If we were to imagine the momenta as rivers, we see that the incoming momenta

rivers “flow” into the first vertex, combining their channel strength, then separating

the channel at the second vertex as two outgoing momenta rivers. From our

reasoning, we see that we should label all incoming particles as solid lines with

arrows pointing towards the vertex with unprimed momentum labels pi and all

outgoing particles as solid lines with arrows pointing away from the vertex with

primed momentum labels p′i. These lines will be the momentum-space external

lines and will be assigned a factor of 1 for each line. By following the arrows,

the four-momenta will be conserved at each vertex and the internal lines will be

labeled with the combined four-momentum that corresponds to the contribution of

the four-momenta at the first vertex. The internal line will be assigned a factor

of −i/(p2 +m2 − iε) where of course the four-momentum p will be replaced with

combined four-momentum labeling of the internal line. Now the momentum-space

diagram for the second term in equation (8.2.33) is given in fig. 8.7.

p1 p′1
p1 − p′1
p2 p′2

Figure 8.7: Tree-level t-channel diagram
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Here the combined four-momentum on the internal line is p1 − p′1 which is just

the conservation of momentum. The four-momentum labeling on the internal line

matches the four-momentum of the propagator of the second term as well thus

our rules are consistent. We should point out that when drawing the necessary

Feynman diagrams, one should fix the ordering of the labels of the four-momenta

on the external lines for all of the contributing diagrams. This will standardize

the process of labeling the four-momentum of the internal line because there will

be no ambiguity in deciding which vertex will contribute to the four-momentum

of the internal line. We will use the labeling scheme that we have been using for

every diagram thus far. Depending on the configuration of the diagram, the first

vertex will refer to the very first vertex when reading the diagram either from left

to right or from top to bottom. We now present the momentum-space Feynman

rules for the ϕ3 and ϕ4 theories according to Srednicki [5].

Feynman Rules for ϕ3 Theory (Real)

1. The external lines for incoming scalar particles are solid lines with an arrow

pointing towards the vertex and are labeled with its four-momentum pi. The

assigned factor is 1.

pi
≡ 1

2. The external lines for outgoing scalar particles are solid lines with an arrow

pointing away from the vertex and are labeled with its four-momentum p′i.

The assigned factor is 1.

p′i ≡ 1

3. For internal lines, draw a solid line with an arrow in an arbitrary direction

with an assigned factor of −i/(p2 +m2 − iε).
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≡ 1
i

1
p2+m2−iε

4. Construct each vertex from three solid lines. One of the solid lines must have

an arrow pointing towards the vertex while the other must have an arrow

pointing away from the vertex. The arrow on the third line can point in

any direction. Draw all topologically inequivalent diagrams using the vertex,

external lines, and any extra internal lines when needed. The assigned factor

is iZλλ.

p
≡ iZλλ

5. Arrange every diagram so that the ordering of their four-momenta labels are

the same for each diagram. Depending on the configuration of the diagram,

read the vertices from left to right or from top to bottom.

6. Conserve four-momentum at each vertex by following the arrows of each

external line. This fixes the momenta on all the internal lines for tree

diagrams.

7. A diagram with L closed loops will have L internal momenta not fixed

according to rule (6). These loops will be labeled as `i and will be integrated

with measure d4`i/(2π)4. If a looped diagram has symmetry factors associated

with the exchange of internal propagators and vertices that leave the diagram

unchanged, divide the value of the diagram by this symmetry factor.

8. Include diagrams with counterterm vertices that connects two propagators,

each with four-momentum p. The counterterm vertex will be assigned a

factor of −i(Ap2 + Bm2) where the O(λ2) coefficients are A = Zϕ − 1 and

B = Zm − 1.
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9. Sum all the values from the contributing diagrams to get the value of iT .

Feynman Rules for ϕ4 Theory (Real)

1. The external lines for incoming scalar particles are solid lines with an arrow

pointing towards the vertex and are labeled with its four-momentum pi. The

assigned factor is 1.

pi
≡ 1

2. The external lines for outgoing scalar particles are solid lines with an arrow

pointing away from the vertex and are labeled with its four-momentum p′i.

The assigned factor is 1.

p′i ≡ 1

3. For internal lines, draw a solid line with an arrow in an arbitrary direction

with an assigned factor of −i/(p2 +m2 − iε).

≡ 1
i

1
p2+m2−iε

4. Construct each vertex from four solid lines. Two of the solid lines must have

arrows pointing towards the vertex while the other two must have arrows

pointing away from the vertex. The arrow on the third line can point in

any direction. Draw all topologically inequivalent diagrams using the vertex,

external lines, and any extra internal lines when needed. The assigned factor

is iλ.
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≡ iλ

5. Arrange every diagram so that the ordering of their four-momenta labels are

the same for each diagram. Depending on the configuration of the diagram,

read the vertices from left to right or from top to bottom.

6. Conserve four-momentum at each vertex by following the arrows of each

external line. This fixes the momenta on all the internal lines for tree

diagrams.

7. A diagram with L closed loops will have L internal momenta labeled as

`i. Integrate each loop with measure d4`i/(2π)4. If a looped diagram has

symmetry factors associated with the exchange of internal propagators and

vertices that leave the diagram unchanged, divide the value of the diagram

by this symmetry factor.

8. Sum all the values from the contributing diagrams to get the value of iT .

Now the momentum-space diagrams of fig. 8.5 are

p1

p2

p1 + p2

p′1

p′2

(a) s-channel

p1 p′1
p1 − p′1
p2 p′2

(b) t-channel

p1 p′1

p1 − p′2
p2

p′2

(c) u-channel

From left to right, the three tree diagrams are called the s-, t-, and u-channel
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diagrams which is in reference to the Mandelstam variables [5]

s = −(p1 + p2)
2 = −(p′1 + p′2)

2,

t = −(p1 − p′1)2 = −(p2 − p′2)2,

u = −(p1 − p′2)2 = −(p2 − p′1)2. (8.2.35)

which satisfy the relation

s+ t+ u = m2
1 +m2

2 +m2
1′ +m2

2′ . (8.2.36)

At last we finally have our first set of Feynman rules to draw our first Feynman

diagrams. Note that the rules we have outlined will refer to tree diagrams. The

Feynman rules that we will derive later on will also refer to the tree diagrams of

the corresponding theory as well. However, tree diagrams are the most commonly

calculated diagrams with loop corrections only being needed in cases where extreme

accuracy is paramount. In fact, the results from a tree diagram can provide

extremely accurate results on its own. Indeed, we will see in subsequent sections

how to compute the scattering and decay processes from tree diagrams and the

results will be extremely accurate when compared to experiments.

We will finish this section by computing the differential cross section of the

scattering amplitude [5]

T = λ2
[ 1

(p1 + p2)2 +m2
+

1

(p1 − p′1)2 +m2
+

1

(p1 − p′2)2 +m2

]
= λ2

[ 1

−s+m2
+

1

−t+m2
+

1

−u+m2

]
. (8.2.37)

We then have

|T |2 = λ4
[ 1

(m2 − s)2
+

1

(m2 − t)2
+

1

(m2 − u)2

+
2

(m2 − s)(m2 − t)
+

2

(m2 − s)(m2 − u)
+

2

(m2 − u)(m2 − t)

]
. (8.2.38)
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After integrating over tmin = −(s− 4m2) and tmax = 0 with S = 2, we get the total

cross section [5]

σ =
λ4

32πs(s− 4m2)

[ 2

m2
+

s− 4m2

(s−m2)2
− 2

s− 3m2

=
4m2

(s−m2)(s− 2m2)
ln
(s− 3m2

m2

)]
+O(λ6). (8.2.39)

In the ultrarelativistic limit s� m2, the total cross section becomes

σ =
λ4

16πm2s2

[
1 +

7

2

m2

s
+ . . .

]
+O(λ6), (8.2.40)

while in the nonrelativistic limit s− 4m2 � m2, we get [5]

σ =
25λ4

1152πm6

[
1− 79

60

(s− 4m2

m2

)
+ . . .

]
+O(λ6). (8.2.41)

8.3 Yukawa Theory (Dirac)

In this section we will explore and derive the Feynman rules for Yukawa theory in

four spacetime dimensions which is the interaction theory of a Dirac field and a

real scalar field given by the Lagrangian

L = LKG + LD + Lint

= −1

2
∂µϕ∂µϕ−

1

2
M2ϕ2 +Ψ(i/∂ −m)Ψ+ gϕΨΨ, (8.3.1)

where g is the dimensionless coupling constant and M and m are the masses of the

real scalar particle and Dirac fermion, respectively [5]. To differentiate between

the momenta of the scalar particles from the Dirac fermions, we will use k and p

to denote the momenta of the scalar particle and the Dirac fermion, respectively.

Now the partition function of (8.3.1) is

Z(η̄, η, J) ∝ exp
[
ig

∫
d4x

(1
i

δ

δJ(x)

)(1
i

δ

δηα(x)

)(1
i

δ

δη̄α(x)

)]
Z0(η̄, η, J), (8.3.2)
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where

Z0(η̄, η, J) = exp
[
i

∫
d4x d4y η̄(x)SF (x− y)η(y)

]
× exp

[ i
2

∫
d4x d4y J(x)∆F (x− y)J(y)

]
, (8.3.3)

is normalized by the condition Z0(0, 0, 0) = 1 [5]. Upon inspection, we see that

the interaction Lagrangian Lint is invariant under a U(1) transformation, namely,

Ψ→ e−iαΨ. Thus Lagrangian (8.3.1) possesses U(1) symmetry so by Noether’s

theorem, the Noether current of the Dirac field jµ = ΨγµΨ, and hence the Noether

charge Q, is conserved [5]. Recall that the Noether charge for the Dirac field was

interpreted as the total number of b-type particles (matter) minus the total number

of d-type particles (antimatter). Thus when we construct the Feynman diagrams

of Yukawa theory, we must be mindful in keeping the Noether charge Q conserved

for fermions. Recall that real scalar field does not possess U(1) symmetry thus the

scalar particle possesses a neutral charge (it is its own antiparticle).

Yukawa theory was originally formulated by Hideki Yukawa to describe the nu-

clear force between nucleons mediated by spin-0 particles called pions [1]. However,

Yukawa theory can apply to other types of interactions between fermions and other

spin-0 particles as well so for this section, we will consider the Dirac field Ψ as

electrons. Then the Noether charge Q becomes the conservation of electric charge

thus the b- and d-type particles will be electrons e− and positrons e+, respectively

[5]. Under this interpretation, the scalar particle will be electrically neutral.

To begin our derivation of the position-space Feynman rules for Yukawa theory,

we first note that since we have Dirac fermions and real scalar particles, we

distinguish the two by drawing solid lines for fermions and dashed lines for the real

scalar particles [5]. Following from this, the fermion propagator 1
i
SF (x− y) will be

represented by solid internal lines while the real scalar propagator 1
i
∆F (x− y) will

be represented by dashed internal lines. We must also differentiate between the

Ψ source i
∫
d4x η̄(x) and the Ψ source i

∫
d4x η(x). To do this, an arrow drawn
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on a solid line pointing towards a source is i
∫
d4x η̄(x) while an arrow drawn on a

solid line pointing away from a source is i
∫
d4x η(x). The interaction term Lint

contains one Ψ, one Ψ, and one ϕ so the vertex must be constructed with two

solid lines and one dashed line. We draw one solid line with an arrow pointing

towards the vertex and the other solid line with an arrow pointing away from the

vertex [5]. The vertex will contribute a factor of ig
∫
d4x. It is clear that many of

the Feynman rules for the real scalar field will carry over to Yukawa theory but we

must also derive the rules for interaction of the scalar particle with electrons and

positrons. To do this, we shall consider the scattering processes e−ϕ→ e−ϕ and

e+e− → e+e− so that we can generalize and abstract the position-space Feynman

rules to derive the momentum-space Feynman rules for Yukawa theory.

Let us begin with the scattering process e−ϕ→ e−ϕ which is the scattering of

an electron and a scalar particle. The source diagram to lowest order in g is given

by [5]

Figure 8.9: Source diagram for e−ϕ→ e−ϕ.

The scattering amplitude that we wish to calculate is

〈f |i〉= 〈0|Tâ(p′)b̂s′(p′)b̂†s(p)â†(p)|0〉

= (i)4
∫
d4x d4y d4z1 d

4z2 e
−ik′z2(−∂2 +m2) e−ip

′x[us′(p′)(−i/∂ +m)]α

× eikz1(−∂2 +m2)〈0|TΨ̂α(x)Ψ̂β(y)ϕ̂(z1)ϕ̂(z2)|0〉[(i
←−
/∂ +m)us(p)eipy]β.

(8.3.4)

We use the functional derivatives to strip off the sources and label them with the

spacetime coordinates to produce [5]
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y ω1 ω2
x

z1 z2

+

y ω1 ω2
x

z2 z1

Figure 8.10: Position-space diagram of fig. 8.9

Then we use fig. 8.10 along with our position space rules to calculate

〈0|TΨ̂α(x)Ψ̂β(y)ϕ̂(z1)ϕ̂(z2)|0〉C =
(1
i

)5
(ig)2

∫
d4ω1 d

4ω2 [SF (x− ω2)

× SF (ω2 − ω1)SF (ω2 − y)]αβ
(
∆F (z1 − ω1)∆F (z2 − ω2)

+ ∆F (z2 − ω1)∆F (z1 − ω2)
)
. (8.3.5)

Then we insert equation (8.3.5) into (8.3.4) and follow the same computations that

was done for the scalar fields to get the scattering matrix

iTe−ϕ→e−ϕ =
1

i
(ig)2ūs′(p′)

[−/p− /k +m

−s+m2
+
−/p+ /k

′
+m

−u+m2

]
us(p), (8.3.6)

where s = −(p+ k)2 and u = −(p− k′)2 are the Mandelstam variables [5]. With

our scattering matrix, the spacetime diagram is now relabeled with its momentum

components to form the momentum-space Feynman diagrams for the scattering

process e−ϕ→ e−ϕ [5]

p p+ k p′

k k′
+

p p− k′ p′

k′ k

Figure 8.11: Momentum-space diagrams for e−ϕ→ e−ϕ

Now we consider the scattering of an electron and positron mediated by a scalar

particle e+e− → e+e−. The source diagram to lowest order for this process is
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Figure 8.12: Source diagram for e+e− → e+e−.

The scattering amplitude for this process is [5]

〈f |i〉= 〈0|Tb̂s′(p′)d̂s′(p′)b̂†s(p)d̂†s(p)|0〉

= (i)4
∫
d4x1 d

4x2 d
4y1 d

4y2

× e−ikp′x1 [ūs′(p′)(−/∂ +m)]α1e
−ipx2 [vs(p)(−i/∂ +m)]α2

× 〈0|TΨ̂α1(x1)Ψ̂β1(y1)Ψ̂α2(x2)Ψ̂(y2)|0〉

× [(i
←−
/∂ +m)vs′(p′)]β1e

ip′y1 [(i
←−
/∂ +m)us(p)]β2eipy2 . (8.3.7)

We use functional derivatives to strip off the sources in fig. 8.12 and label them

with spacetime coordinates to get the position-space diagrams [5]

y1 ω1 x1

ω2y2 x2

−

y1 ω1 x2

ω2y2 x1

Figure 8.13: Position space diagram of fig. 8.12

Now we use the position-space diagrams to calculate the vacuum expectation

value

〈0|TΨ̂α1(x1)Ψ̂β1(y1)Ψ̂α2(x2)Ψ̂(y2)|0〉=
(1
i

)5
(ig)2

∫
d4ω1 d

4ω2∆F (ω1 − ω2)

×
(
[SF (x1 − ω1)SF (ω1 − y1)]α1β1 [SF (x2 − ω2)SF (ω2 − y2)]α2β2

− [SF (x2 − ω1)SF (ω1 − y1)]α1β2 [SF (x1 − ω2)SF (ω2 − y2)]α2β1

)
. (8.3.8)

Note the negative sign that appears is due to applying the functional derivative

with respect to η̄ which is a Grassmann variable [5]. Then we insert equation
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(8.3.8) into equation (8.3.7) and after simplification, we get the matrix

iTe+e−→e+e− =
1

i
(ig)2

[(ū′1u1)(v̄2v′2)
−t+M2

− (v̄2u1)(ū
′
1v

′
2)

−s+M2

]
, (8.3.9)

where we have suppressed the momentum argument and s = −(p1 + p2)
2 and

u = −(p1 − p′1)2 [5]. Now we relabel the spacetime diagrams to get the following

momentum diagrams for the scattering process e+e− → e+e−

p1 p′1

−p′2 −p2

p1 − p′1 −

p1 −p2

−p′2 p′1

p1 + p2

Figure 8.14: Momentum-space diagrams of fig. 8.13

From our calculations, we now recognize the patterns that allow us to formulate

the momentum-space Feynman rules for Yukawa theory with Dirac fermions. We

now present these rules according to Srednicki [5].

Feynman Rules for Yukawa Theory (Dirac Fermion)

1. Incoming electrons are solid lines with an arrow pointing towards the vertex

and are labeled with its four-momentum pi. The assigned factor is usi(pi).

pi ≡ usi(pi)

2. Outgoing electrons are solid lines with an arrow pointing away from the

vertex and are labeled with its four-momentum p′i. The assigned factor is

ūs′i(p
′
i).

p′i ≡ ūs′i(p
′
i)

3. Incoming positrons are solid lines with an arrow pointing away from the

vertex and are labeled with its four-momentum −pi. The assigned factor is

v̄si(pi).
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−pi ≡ v̄si(pi)

4. Outgoing positrons are solid lines with an arrow pointing towards the vertex

and are labeled with its four-momentum −p′i. The assigned factor is vs′i(p
′
i).

−p′i ≡ vs′i(p
′
i)

5. Incoming scalars are dashed lines with an arrow pointing towards the vertex

and are labeled with its four-momentum ki. The assigned factor is 1.

ki ≡ 1

6. Outgoing scalars are dashed lines with an arrow pointing away from the

vertex and are labeled with its four-momentum k′i. The assigned factor is 1.

k′i ≡ 1

7. Construct each vertex from two solid lines and one dashed line. One of the

solid lines must have an arrow pointing towards the vertex while the other

must have an arrow pointing away from the vertex. The arrow on the dashed

line can point in any direction. Draw all topologically inequivalent diagrams

using the vertex, external lines, and any extra internal lines when needed.

The assigned factor is ig.

k ≡ ig

8. Conserve four-momentum at each vertex by following the arrows of each

external line.

9. Assign the appropriate propagators to each internal line:
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• Internal scalar:

≡ 1
i

1
p2+m2−iε

• Internal fermion:

≡ 1
i

−/p+m
p2+m2−iε

10. Arrange the diagrams in standard form: all fermion lines are horizontal

with their arrows pointing from left to right and label the left endpoints

of the contributing diagrams with the same, arbitrarily fixed order from

top to bottom. Contract the spinor indices by starting at the fermion line

with the arrow pointing away from the vertex, follow the complete fermion

line backwards, and write down from left to right the assigned factors that

correspond to the vertices and propagators. The first factor should be either

ū or v̄ and the last factor should be either u or v. Repeat for other fermion

lines if necessary.

11. To determine the sign of a tree diagram, draw all the contributing diagrams

in standard form. If the ordering of the right endpoints are an even (odd)

permutation of the fixed ordering then the sign is positive (negative). This

method can be reversed to so that we fix the right endpoints and observe

the left endpoints instead.

12. Sum all the values from the contributing diagrams to get the value of iT .

Let us continue further with the two scattering processes we have constructed. For



216

the e−ϕ→ e−ϕ process, we calculated the matrix

Te−ϕ→e−ϕ = g2ūs′(p′)
[−/p− /k +m

−s+m2
+
−/p+ /k

′
+m

−u+m2

]
us(p). (8.3.10)

We now wish to compute |T |2 so that we can insert it into the differential cross

section formula. It is a bit cumbersome to directly calculate T T ∗ so we will apply

a clever trick. First, observe that we can immediately apply the spinor equation

(/p+m)us(p) to get [5]

Te−ϕ→e−ϕ = g2ūs′(p′)
[−/k + 2m

m2 − s
+
/k
′
+ 2m

m2 − u

]
us(p). (8.3.11)

Now upon close inspection, equation (8.3.11) is essentially, by reading from left to

right, a row vector times a 4× 4 matrix times a column vector. Let us abstract

this idea and let [5]

A = g2
[−/k + 2m

m2 − s
+
/k
′
+ 2m

m2 − u

]
, (8.3.12)

then suppress the spin state and momentum argument to get the matrix form of

equation (8.3.11)

T = ū′Au. (8.3.13)

Now we can easily calculate T ∗ which is

T ∗ = T

= ū′Au

= ūAu′, (8.3.14)
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where in the last equality we have used the identity Ā = A. Then we have

|T |2 = T T

= (ū′Au)(ūAu′)

=
∑
αβγδ

ū′|α〉〈α|A|β〉〈β|uū|γ〉〈γ|A|δ〉〈δ|u′

=
∑
αβγδ

〈δ|u′ū′|α〉〈α|A|β〉〈β|uū|γ〉〈γ|A|δ〉

=
∑
δ

〈δ|u′ū′AuūA|δ〉

= Tr [(u′ū′)A(uū)A]. (8.3.15)

From here, we could use the spinor and gamma matrix identities for the spin

state but usually this is not done because knowing the spin states of the scattered

particles is not the main focus. In fact, it can be extremely difficult to measure

experimentally or to prepare particles in a certain spin state [5]. Since we will

know the momentum of the particles after scattering but not the spin states, we

will sum T 2 over the final two spin states and average over the initial spin states

[8]. Mathematically, we will calculate

〈
∣∣T 2
∣∣〉= 1

2

∑
s,s′

Tr [(u′ū′)A(uū)A]

=
1

2
Tr [(−/p′ +m)A(−/p+m)A]. (8.3.16)

Now observe

Tr [(−/p′ +m)A(−/p+m)A] = g4Tr
[
(−/p′ +m)

(−/k + 2m

m2 − s
+
/k
′
+ 2m

m2 − u

)
(−/p+m)

× (−/p′ +m)
(−/k + 2m

m2 − s
+
/k
′
+ 2m

m2 − u

)]
= g4

[ 〈Φss〉
(m2 − s)2

+
〈Φsu〉+ 〈Φus〉

(m2 − s)(m2 − u)
+

〈Φuu〉
(m2 − u)2

]
,

(8.3.17)
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where [5]

〈Φss〉=
1

2
Tr [(−/p′ +m)(−/k + 2m)(−/p+m)(−/k + 2m)],

〈Φsu〉=
1

2
Tr [(−/p′ +m)(−/k + 2m)(−/p+m)(/k

′
+ 2m)],

〈Φus〉=
1

2
Tr [(−/p′ +m)(/k

′
+ 2m)(−/p+m)(−/k + 2m)],

〈Φuu〉=
1

2
Tr [(−/p′ +m)(/k

′
+ 2m)(−/p+m)(/k

′
+ 2m)]. (8.3.18)

To solve the above equations, we apply our knowledge of spinor and gamma matrix

identities and make liberal use of the Mandelstam variable identities [5]

s = −(p+ k)2 = −(p′ + k′)2,

t = −(p− p′)2 = −(k − k′)2,

u = −(p− k′)2 = −(k − p′)2,

s+ t+ u = 2m2 + 2M2, (8.3.19)

which also imply the following identities

pk = p′k′ = −1

2
(s−m2 −M2),

pp′ =
1

2
(t− 2m2),

kk′ =
1

2
(t− 2M2),

pk′ = p′k = −1

2
(u−m2 −M2). (8.3.20)

Before we hastily attempt to solve all four spin averages, note that if we make the

replacement k → −k′ in 〈Φss〉, we get the transformation 〈Φss〉→ 〈Φuu〉. Similarly,

making the same replacement k → −k′ in 〈Φsu〉 results in the transformation

〈Φsu〉→ 〈Φus〉. It is obvious that we can make this transformation in the reverse

direction as well thus we see that k ↔ −k′ is analogous to s ↔ u [5]. This

significantly relieves our computational burden since we only have to compute

〈Φss〉 (〈Φuu〉) and 〈Φsu〉 (〈Φus〉) then make the appropriate transformation to get
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the other terms. Thus we have

〈Φss〉=
1

2
Tr [(−/p′ +m)(−/k + 2m)(−/p+m)(−/k + 2m)]

=
1

2

[
Tr [/p′/k/p/k] + 4m2Tr [/p′/p] + 4m2Tr [/p′/k] + 2m2Tr [/p/k]

+m2Tr [/k/k] + 2m2Tr [/k/p] + 4m4Tr [1]
]

= −su+m2u+ 9m2s+ 7m4 − 8M2m2 +M4, (8.3.21)

where in the last step, we rewrote the entire expression in terms of s and u using

t = 2m2 + 2M2 − s− u [5]. Similar computations yield

〈Φsu〉= su+ 3m2u+ 3m2s+ 9m4 − 8M2m2 −M4. (8.3.22)

Then applying the Mandelstam variable change s↔ u finally yields [5]

〈Φss〉= −su+m2u+ 9m2s+ 7m4 − 8M2m2 +M4,

〈Φuu〉= −su+m2s+ 9m2u+ 7m4 − 8M2m2 +M4,

〈Φsu〉= su+ 3m2u+ 3m2s+ 9m4 − 8M2m2 −M4,

〈Φus〉= su+ 3m2s+ 3m2u+ 9m4 − 8M2m2 −M4. (8.3.23)

Now let us compute 〈|T |2〉 for the process e+e− → e+e−. Recall that the

Te+e−→e+e− matrix was

Te+e−→e+e− = g2
[(ū′1u1)(v̄2v′2)

M2 − t
− (v̄2u1)(ū

′
1v

′
2)

M2 − s

]
, (8.3.24)

where s = −(p1 + p2)
2 and t = −(p1 − p′1)2. Since the T is not in an abstract

matrix form, we proceed directly with calculating T

T = g2
[(ū′1u1)(v̄2v′2)

M2 − t
− (v̄2u1)(ū′1v

′
2)

M2 − s

]
= g2

[(ū1u′1)(v̄′2v2)
M2 − t

− (ū1v2)(v̄
′
2u

′
1)

M2 − s

]
. (8.3.25)
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Then

|T |2 = g4
[(ū′1u1)(v̄2v′2)(ū1u′1)(v̄′2v2)

(M2 − t)2
− (ū′1u1)(v̄2v

′
2)(ū1v2)(v̄

′
2u

′
1)

(M2 − t)(M2 − s)

− (v̄2u1)(ū
′
1v

′
2)(ū1u

′
1)(v̄

′
2v2)

(M2 − s)(M2 − t)
+

(v̄2u1)(ū
′
1v

′
2)(ū1v2)(v̄

′
2u

′
1)

(M2 − s)2
]
. (8.3.26)

To evaluate the above expression into something more meaningful, observe that

the numerator of the first term can be rewritten as [5]

(ū′1u1)(v̄2v
′
2)(ū1u

′
1)(v̄

′
2v2) =

∑
αβγδ

ū′1|α〉〈α|u1v̄2|β〉〈β|v′2ū1|γ〉〈γ|u′1v̄′2|δ〉〈δ|v2

=
∑
αβγδ

〈α|u1ū1|γ〉〈γ|u′1ū′1|α〉〈β|v′2v̄′2|δ〉〈δ|v2v̄2|β〉

=
∑
αβ

〈α|u1ū1u′1ū′1|α〉〈β|v′2v̄′2v2v̄2|β〉

= Tr [u1ū1u′1ū′1]Tr [v′2v̄′2v2v̄2], (8.3.27)

and similarly the numerator in the fourth term can be written as

(v̄2u1)(ū
′
1v

′
2)(ū1v2)(v̄

′
2u

′
1) = Tr [u1ū1v2v̄2]Tr [v′2v̄′2u′1ū′1]. (8.3.28)

The numerator in the third term is [5]

(v̄2u1)(ū
′
1v

′
2)(ū1u

′
1)(v̄

′
2v2) =

∑
αβγδ

v̄2|α〉〈α|u1ū′1|β〉〈β|v′2ū1|γ〉〈γ|u′1v̄′2|δ〉〈δ|v2

=
∑
αβγδ

〈α|u1ū1|γ〉〈γ|u′1ū′1|β〉〈β|v′2v̄′2|δ〉〈δ|v2v̄2|α〉

=
∑
α

〈α|u1ū1u′1ū′1v′2v̄′2v2v̄2|α〉

= Tr [u1ū1u′1ū′1v′2v̄′2v2v̄2], (8.3.29)

and similarly the numerator in the second term is

(ū′1u1)(v̄2v
′
2)(ū1v2)(v̄

′
2u

′
1) = Tr [u1ū1v2v̄2v′2v̄′2u′1ū′1]. (8.3.30)
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Thus |T |2 becomes

|T |2 = g4
[ Φss

(M2 − s)2
− Φst + Φts

(M2 − s)(M2 − t)
+

Φtt

(M2 − t)2
]
, (8.3.31)

where [5]

Φss = Tr [u1ū1u′1ū′1]Tr [v′2v̄′2v2v̄2],

Φst = Tr [u1ū1u′1ū′1v′2v̄′2v2v̄2],

Φts = Tr [u1ū1v2v̄2v′2v̄′2u′1ū′1],

Φtt = Tr [u1ū1v2v̄2]Tr [v′2v̄′2u′1ū′1]. (8.3.32)

Now we average the initial spins and sum over the final spins

〈|T |2〉= 1

4

∑
s1,s2,s′1,s

′
2

|T |2

= g4
[ 〈Φss〉
(M2 − s)2

− 〈Φst〉+ 〈Φts〉
(M2 − s)(M2 − t)

+
〈Φtt〉

(M2 − t)2
]
, (8.3.33)

where [5]

〈Φss〉=
1

4
Tr [(−/p1 +m)(−/p2 −m)]Tr [(−/p′2 −m)(−/p′1 +m)],

〈Φst〉=
1

4
Tr [(−/p1 +m)(−/p′1 +m)(−/p′2 −m)(−/p2 −m)],

〈Φts〉=
1

4
Tr [(−/p1 +m)(−/p2 −m)(−/p′2 −m)(−/p′1 +m)],

〈Φtt〉=
1

4
Tr [(−/p1 +m)(−/p′1 −m)]Tr [(−/p′2 −m)(−/p2 −m)]. (8.3.34)

Once again we notice that making the change p2 ↔ −p′1 results in the transfor-

mation s ↔ t thus we reduce our workload to calculating 〈Φss〉 (〈Φtt〉) and 〈Φst〉
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(〈Φts〉). The Mandelstam variables for this process is

s = −(p1 + p2)
2 = −(p′1 + p′2)

2,

t = −(p1 − p′1)2 = −(p2 − p′2)2,

u = −(p1 − p′2)2 = −(p2 − p′1)2,

s+ t+ u = 4m2, (8.3.35)

which implies

p1p2 = p′1p
′
2 = −

1

2
(s− 2m2),

p1p
′
1 = p2p

′
2 =

1

2
(t− 2m2),

p1p
′
2 = p′1p2 =

1

2
(u− 2m2). (8.3.36)

Next

〈Φss〉=
1

4
Tr [(−/p1 +m)(−/p2 −m)]Tr [(−/p′2 −m)(−/p′1 +m)]

=
1

4

[(
Tr [/p1/p2]−m

2Tr [1]
)(

Tr [/p′2/p
′
1
]−m2Tr [1]

)]
=

1

4

[
(−4(p1p2)− 4m2)(−4(p′2p′1)− 4m2)

]
= 4
[
(p1p2)

2 + 2m2(p1p2) +m4
]

= 4((p1p2) +m2)2

= (s− 4m2)2, (8.3.37)

and similarly [5]

〈Φst〉=
1

4
Tr [(−/p1 +m)(−/p′1 +m)(−/p′2 −m)(−/p2 −m)]

=
1

4

[
Tr [/p1/p

′
1/p

′
2/p

2] +m2Tr [/p′2/p2]−m
2Tr [/p′1/p

′
2
]

−m2Tr [/p′1/p2]−m
2Tr [/p1/p

′
2
]−m2Tr [/p1/p2] +m2Tr [/p1/p

′
1
] +m4Tr [1]

]
= −1

2
st+ 2m2u. (8.3.38)
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Thus we have [5]

〈Φss〉= (s− 4m2)2,

〈Φst〉= −
1

2
st+ 2m2u,

〈Φts〉= −
1

2
st+ 2m2u,

〈Φtt〉= (t− 4m2)2. (8.3.39)

From here, it is a straightforward application of 〈|T |2〉 into the formula for the

differential cross section to get the spin averaged cross section or, depending on the

nature of the problem at hand, we can compute the decay rate. The two processes

that we have covered here, namely e−ϕ→ e−ϕ and e+e− → e+e−, will serve as a

template and guide on how to approach calculating 〈|T |2〉using Feynman diagrams

for interactions in Yukawa theory involving Dirac fermions. We will cover one more

example of a process in Yukawa theory to demonstrate the utility of the Feynman

diagrams.

Yukawa Potential

Consider the scattering of distinguishable fermions (we will continue to use electrons)

in the nonrelativistic limit e−e− → e−e−. The Feynman diagram for this process

is

p1 p′1

p2 p′2

p1 − p′1

Figure 8.15: Yukawa potential e−e− → e−e− process
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The scattering amplitude is

iTe−e−→e−e− = ū′1(ig)u1
1

i

1

(p1 − p′1)2 +M2 − iε
ū′2(ig)u2

=
1

i
(ig)2

[(ū′1u1)(ū′2u2)
−t+M2

]
=

ig2

−t+M2
(2mδs,s′)1(2mδs,s′)2 (8.3.40)

where t = −(p1 − p′1)2. In the nonrelativistic limit, we have

p1 = (m,p1), p′1 = (m,p′
1),

p2 = (m,p2), p′2 = (m,p′
2), (8.3.41)

thus

t = −(p1 − p′1)2 = − |p1 − p′
1|

2
, (8.3.42)

and the scattering amplitude reduces to

iT =
ig2

|p1 − p′
1|

2 +M2
(2mδs,s′)1(2mδs,s′)2

=
ig2

|p|2 +M2
(2mδs,s′)1(2mδs,s′)2, (8.3.43)

where p = p1 − p′
1 [8]. From nonrelativistic quantum mechanics, the scattering

amplitude is [8]

〈p′|iT|p〉= −iṼ (p)(2π)δ(Ep′ − Ep). (8.3.44)

By comparing with the Born approximation, we see that the potential for this

process in momentum-space is

Ṽ (p) = −g2

|p|2 +M2
. (8.3.45)
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The potential in position-space is

V (x) =
∫

d3p

(2π)3
−g2

|p|2 +M2
eip·x

= − −g
2

4irπ2

∫
dp

peipr

p2 +M2

= −−g
2

4π

1

r
e−Mr,

hence

V (r) = −−g
2

4π

1

r
e−Mr, (8.3.46)

which is the Yukawa potential. We see that the scattering of fermions is attractive

from the minus sign.

Let us now consider the scattering of a fermion and an antifermion. The

Feynman diagram for this process is

p1 p′1

−p2 −p′2

p1 − p′1

Figure 8.16: Yukawa potential e+e− → e+e− process

The scattering amplitude is

iTe+e−→e+e− = −ū′1(ig)u1
1

i

1

(p1 − p′1)2 +M2 − iε
v̄′2(ig)v̄2

= −1

i
(ig)2

[(ū′1u1)(v̄′2v̄2)
−t+M2

]
= − ig2

−t+M2
(2mδs,s′)1(−2mδs,s′)2

=
ig2

−t+M2
(2mδs,s′)1(2mδs,s′)2, (8.3.47)

where t = −(p1−p′1)2 and the minus sign comes from the exchange of antisymmetric

operators. We see that the scattering amplitude is the same as the case for the
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scattering of two fermions thus we get the same attractive Yukawa potential

V (r) = −−g
2

4π

1

r
e−Mr, (8.3.48)

with range 1/M = ~/Mc, namely, the Compton wavelength of the force carrying

boson [8]. If we consider the scattering of two antifermions, we will get the same

scattering amplitude therefore the same attractive Yukawa potential because we

are switching ūu with v̄v which cancels the minus sign. Thus the Yukawa poential

is a short range interaction that is universally attractive [15]. By studying the

diagrams we have computed, we see that the interaction is mediated by a massive

boson which carries the force to the other particles.

8.4 Quantum Electrodynamics (Spinor)

At last we finally arrive at the pièce de résistance, quantum electrodynamics.

Specifically, we will explore the theory of the electromagnetic field interacting

with Dirac spinor fields which is what is most commonly referred to when the

term quantum electrodynamics is used. Thus when we invoke the term quantum

electrodynamics, or QED for short, we will actually refer to quantum spinor

electrodynamics. When constructing the proper Lagrangian, we impose the extra

condition that the Lagrangian preserves the gauge symmetry of the electromagnetic

field so that it produces the correct equations of motion [5]. We also require that

the Lagrangian preserves the conservation of the electromagnetic current jµ. Thus

we let jµ be proportional to the Noether current from the U(1) symmetry of the

Dirac field, namely,

jµ = eΨγµΨ, (8.4.1)

where e is the elementary charge which is dimensionless in natural units and makes

the theory renormalizable [5]. Then the interaction part of the Lagrangian is

Lint = eΨγµΨAµ, (8.4.2)
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thus we have the Lagrangian for quantum electrodynamics [5]

L = LEM + LD + Lint

= −1

4
F µνFµν +Ψ(i/∂ −m)Ψ+ eΨγµΨAµ. (8.4.3)

We showed earlier that the electromagnetic field tensor and hence the Lagrangian

for the electromagnetic field was gauge invariant but the Dirac field has not been

accounted for in terms of gauge transformations. To see that Lagrangian (8.4.3) is

gauge invariant, we must consider gauge transformations on the Dirac field of the

form

Ψ(x)→ Ψ′(x) = exp[−ieα(x)]Ψ(x), (8.4.4)

Ψ(x)→ Ψ
′
(x) = exp[ieα(x)]Ψ(x), (8.4.5)

along with the usual gauge transformation on the four-potential

Aµ(x)→ A′µ(x) = Aµ(x)− ∂µα(x), (8.4.6)

where the phase angle α(x) now depends locally on spacetime [5]. Before we prove

that Lagrangian (8.4.3) is invariant under these gauge transformations, we rewrite

the Lagrangian in the following form

L = −1

4
F µνFµν +Ψ(i /D −m)Ψ, (8.4.7)

where Dµ = ∂µ − ieAµ is the gauge covariant derivative or covariant derivative.

For those familiar with differential geometry, the vector field Aµ(x) in the covariant

derivative is called a connection [8]. Now we prove that (8.4.7) is gauge invariant.

Proof. Let L be defined as in equation (8.4.7) and consider the gauge transforma-
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tions

Ψ(x)→ Ψ′(x) = exp[−ieα(x)]Ψ(x),

Ψ(x)→ Ψ
′
(x) = exp[ieα(x)]Ψ(x),

Aµ(x)→ A′µ(x) = Aµ(x)− ∂µα(x).

Under the gauge transformations, the covariant derivative transforms as

DµΨ→ D′
µΨ

′

=
(
∂µ − ie(Aµ − ∂µα)

)(
exp[−ieα]Ψ

)
= exp[−ieα]

(
∂µ − ie∂µα− ie(Aµ − ∂µα)

)
Ψ

= exp[−ieα]
(
∂µ − ieAµ

)
Ψ

= exp[−ieα]DµΨ.

Thus

L → L′

= −1

4
F µνFµν +Ψ

′
(i /D

′ −m)Ψ′

= −1

4
F µνFµν + exp[ieα]Ψ(iexp[−ieα] /D − exp[−ieα]m)Ψ

= −1

4
F µνFµν +Ψ(i /D −m)Ψ

= L.

Therefore the Lagrangian is gauge invariant.

To see that our Lagrangian produces the correct equation of motion that

describes the interaction of fermions and the electromagnetic field, we vary the

action S with respect to Ψ and impose the stationary action principle to get

(i /Dµ −m)Ψ = 0, (8.4.8)
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which is the Dirac equation for a Dirac field coupled to the electromagnetic field.

The coupling of the electromagnetic field to the Dirac field involves the replacement

∂µ → Dµ which is called the minimal coupling prescription [15]. Now we vary the

action with respect to Aµ to get

(gµν∂2 − ∂µ∂ν)Aν + eΨγνΨ = 0

∂νF
µν = ejν , (8.4.9)

which are the inhomogeneous Maxwell’s equations with current density jν = ΨγνΨ.

Thus our Lagrangian produces the correct equations of motion that describe

fermions coupled to the electromagnetic field.

Recall that the U(1) symmetry of the Dirac Lagrangian was an invariance under

a phase rotation by a constant, arbitrary phase angle α ∈ R. Physically this means

that if we were to shift the phase of all Dirac spinors in the universe by some phase

angle α, the physics of the Dirac spinors would not change meaning that the U(1)

symmetry is a global symmetry. When we imposed the gauge transformations

(8.4.4) and (8.4.5), we allowed the phase angle α(x) to be a function of spacetime

thus the value of the phase angle depends locally on its spacetime coordinates. We

say that the global U(1) symmetry has been promoted to a local U(1) symmetry

thus the gauge transformation is a local U(1) transformation [5]. Since Lagrangian

(8.4.7) is invariant under this local symmetry as well, this means that physically,

if the phase angle changed in some arbitrary region of spacetime, the physics of

spinors would not change. Recall that a local symmetry implies an equivalent

global symmetry which is the U(1) symmetry. Then by Noether’s theorem, the
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Noether charge operator of quantum (spinor) electrodynamics is

Q̂ =

∫
d3x j0

= e

∫
d3x Ψ̂γ0Ψ̂

= e
∑
s=±

∫
d3pL

[
b̂†s(p)b̂s(p)− d̂†s(p)d̂s(p)

]
. (8.4.10)

We see that the the inclusion of the elementary charge e makes Noether charge

operator the electric charge operator which means that the electric charge is the

generator of the U(1) gauge symmetry [15]. Since the Dirac field also possesses

charge conjugation as an additional symmetry, which implies that the b-type

particles and d-type particles have the same mass, the electric charge operator

counts the number of negatively charged fermions (b-type) minus their positively

charged antifermion counterparts (d-type) [5]. Hence, the Noether charge physically

translates into the conservation of electric charge. Like Yukawa theory, we will

treat the b-type particles as electrons and the d-type particles as positrons.

The path integral for quantum electrodynamics is given by

Z(η, η, J) ∝ exp
[
ie

∫
d4x

(1
i

δ

δJµ(x)

)(
i

δ

δηα(x)

)
(γµ)αβ

(1
i

δ

δηβ(x)

)]
× Z0(η, η, J), (8.4.11)

where

Z0(η, η, J) = exp
[
i

∫
d4x d4y η(x)SF (x− y)η(y)

]
× exp

[ i
2

∫
d4x d4y Jµ(x)Dµν(x− y)Jν(y)

]
, (8.4.12)

where Dµν(x−y) ≡ Dµν
F,ξ=1(x−y) is the Feynman propagator for the photon in the

Feynman gauge [5]. In accordance with virtually every concept we have covered

thus far, we have chosen the Feynman gauge ξ = 1 for the photon propagator since

the photon propagator is Lorentz invariant with this choice of gauge [8]. Since we
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were able to establish the Feynman rules for fermions in Yukawa theory, it is easy

to see that the Feynman rules for fermions from Yukawa theory will generalize

to quantum electrodynamics except that we must consider the Feynman rules for

the photon. From the path integral (8.4.11), we see that the vertex term will be

ieγµ. In our derivation of the Fourier coefficient operators of the electromagnetic

field and the LSZ reduction formula for photons, we see that the external lines

for incoming and outgoing photons should be assigned the polarization vectors

εµ∗λ (k) and εµλ(k), respectively [5]. The internal lines for photons will obviously

be assigned the Feynman gauge photon propagator. Thus, the Feynman rules for

quantum electrodynamics are in accordance with Srednicki [5]:

Feynman Rules for Quantum (Spinor) Electrodynamics

1. Incoming electrons are solid lines with an arrow pointing towards the vertex

and are labeled with its four-momentum pi. The assigned factor is usi(pi).

pi ≡ usi(pi)

2. Outgoing electrons are solid lines with an arrow pointing away from the

vertex and are labeled with its four-momentum p′i. The assigned factor is

ūs′i(p
′
i).

p′i ≡ ūs′i(p
′
i)

3. Incoming positrons are solid lines with an arrow pointing away from the

vertex and are labeled with its four-momentum −pi. The assigned factor is

v̄si(pi).

−pi ≡ v̄si(pi)

4. Outgoing positrons are solid lines with an arrow pointing towards the vertex

and are labeled with its four-momentum −p′i. The assigned factor is vs′i(p
′
i).
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−p′i ≡ vs′i(p
′
i)

5. Incoming photons are wavy lines with an arrow pointing towards the vertex

and are labeled with its four-momentum ki. The assigned factor is εµ∗λi (ki).

ki ≡ εµ∗λi (ki)

6. Outgoing photons are wavy lines with an arrow pointing away from the

vertex and are labeled with its four-momentum k′i. The assigned factor is

εµλ′i
(ki).

k′i ≡ εµλ′i
(ki)

7. Construct each vertex from two solid lines and one wavy line. One of the

solid lines must have an arrow pointing towards the vertex while the other

must have an arrow pointing away from the vertex. The arrow on the wavy

line can point in any direction. Draw all topologically inequivalent diagrams

using the vertex, external lines, and any extra internal lines when needed.

The assigned factor is ieγµ.

k ≡ ieγµ

8. Conserve four-momentum at each vertex by following the arrows of each

external line.

9. Assign the appropriate propagators to each internal line:

• Internal photon:
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≡ 1
i
gµν

k2−iε

• Internal fermion:

≡ 1
i

−/p+m
p2+m2−iε

10. Arrange the diagrams in standard form: all fermion lines are horizontal

with their arrows pointing from left to right and label the left endpoints

of the contributing diagrams with the same, arbitrarily fixed order from

top to bottom. Contract the spinor indices by starting at the fermion line

with the arrow pointing away from the vertex, follow the complete fermion

line backwards, and write down from left to right the assigned factors that

correspond to the vertices and propagators. The first factor should be either

ū or v̄ and the last factor should be either u or v. For each vertex, the vector

index is contracted on either the propagator or the photon polarization vector

if the attached photon line is internal or external, respectively. Repeat for

other fermion lines if necessary.

11. To determine the sign of a tree diagram, draw all the contributing diagrams

in standard form. If the ordering of the right endpoints are an even (odd)

permutation of the fixed ordering then the sign is positive (negative). This

method can be reversed to so that we fix the right endpoints and observe

the left endpoints instead.

12. Sum all the values from the contributing diagrams to get the value of iT .

Now we will do a thorough computation of a QED process to demonstrate how



234

to successfully apply the Feynman rules. Let us consider the famous instance of

matter-antimatter annihilation in the context of fermions, namely, electron-positron

annihilation e+e− → γγ called pair annihilation. The diagrams for this process

are shown below:

p1 k′1

−p2 k′2

p1 − k′1 +

p1 k′2

−p2 k′1

p1 − k′2

Figure 8.17: Pair annihilation e+e− → γγ

With our Feynman rules, the scattering matrix is

iTe+e−→γγ = v̄2(ieγµ)ε
µ
2′
1

i

(−/p1 + /k
′
1 +m)

(p1 − k′1)2 +m2
(ieγν)ε

ν
1′u1

+ v̄2(ieγν)ε
ν
1′
1

i

(−/p1 + /k
′
2 +m)

(p1 − k′2)2 +m2
(ieγµ)ε

µ
2′u1

= ie2εµ1′ε
ν
2′ v̄2

[
γµ

(−/p1 + /k
′
1 +m

−t+m2

)
γν + γν

(−/p1 + /k
′
2 +m

−u+m2

)
γµ

]
u1,

(8.4.13)

where we have suppressed some indices for brevity and suppressed iε into the mass

term. The Mandelstam variables for this process are

s = −(p1 + p2)
2 = −(k′1 + k′2)

2,

t = −(p1 − k′1)2 = −(p2 − k′2)2,

u = −(p1 − k′2)2 = −(p2 − k′1)2, (8.4.14)

where as usual the Mandelstam variables obey the relation s + t + u = 2m2 [5].
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Also note that we can easily derive the following identities

p1p2 = −
1

2
(s− 2m),

k′1k
′
2 = −

1

2
s,

p1k
′
1 = p2k

′
2 =

1

2
(t− 2m),

p1k
′
2 = p2k

′
1 =

1

2
(u− 2m), (8.4.15)

from the Mandelstam variables. Now let

Aµν = e2
[
γµ

(−/p1 + /k
′
1 +m

−t+m2

)
γν + γν

(−/p1 + /k
′
2 +m

−u+m2

)
γµ

]
, (8.4.16)

then we have

T = εµ1′ε
ν
2′(v̄2Aµνu1), (8.4.17)

and similarly

T = ερ∗1′ ε
σ∗
2′ (ū1Aρσv2) = ερ∗1′ ε

σ∗
2′ (ū1Aσρv2), (8.4.18)

where we have used our knowledge on spinor and gamma matrix identities to get

Aρσ = Aσρ. Then we have

|T |2 = εµ1′ε
ν
2′ε

ρ∗
1′ ε

σ∗
2′ (v̄2Aµνu1)(ū1Aσρv2)

= εµ1′ε
ν
2′ε

ρ∗
1′ ε

σ∗
2′ Tr

[
Aµν(u1ū1)Aσρ(v2v̄2)

]
. (8.4.19)

Now we average over the initial and final spins of the electron and positron and
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sum over the final photon polarizations to get

〈|T |2〉= 1

4

∑
λ=±

∑
s1,s2

|T |2

=
1

4

∑
λ=±

∑
s1,s2

εµ1′ε
ν
2′ε

ρ∗
1′ ε

σ∗
2′ Tr

[
Aµν(u1ū1)Aσρ(v2v̄2)

]
=

1

4
gµρgνσ Tr

[
Aµν(−/p1 +m)Aσρ(−/p2 −m)

]
=

1

4
Tr
[
Aµν(−/p1 +m)Aνµ(−/p2 −m)

]
= e4

[ 〈Φtt〉
(m2 − t)2

+
〈Φtu〉+ 〈Φut〉

(m2 − t)(m2 − u)
+

〈Φuu〉
(m2 − u)2

]
, (8.4.20)

where [5]

〈Φtt〉=
1

4
Tr [γµ(−/p1 + /k

′
1 +m)γν(−/p1 +m)γν(−/p′1 + /k

′
1 +m)γµ(−/p2 −m)],

〈Φtu〉=
1

4
Tr [γµ(−/p1 + /k

′
1 +m)γν(−/p1 +m)γµ(−/p′1 + /k

′
2 +m)γν(−/p2 −m)],

〈Φut〉=
1

4
Tr [γν(−/p1 + /k

′
2 +m)γµ(−/p1 +m)γν(−/p′1 + /k

′
1 +m)γµ(−/p2 −m)],

〈Φuu〉=
1

4
Tr [γν(−/p1 + /k

′
2 +m)γµ(−/p1 +m)γµ(−/p′1 + /k

′
2 +m)γν(−/p2 −m)].

(8.4.21)

Similarly to how we computed the scattering processes in Yukawa theory, we make

note of the fact that we only need to compute 〈Φtt〉 (〈Φtt〉) and 〈Φtu〉 (〈Φut〉) since

the other two terms can be gained from t↔ u. We apply the spinor and gamma

matrix identities along with Mandelstam variable identities to finally get

〈Φtt〉= 2[tu−m2(3t+ u)−m4],

〈Φtu〉= 2m2(s− 4m2),

〈Φuu〉= 2[tu−m2(3u+ t)−m4],

〈Φut〉= 2m2(s− 4m2). (8.4.22)

To give a real application of pair annihilation, we will compute the lifetime of a

exotic particle called positronium which is the bound system of an electron and
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a positron [11]. Specifically, we will find the decay rate of positronium in its S

state, namely, the ground state of the positronium. Rather than using the rather

complicated expression (8.4.20) to compute the decay rate, we will instead use

computational tricks on the scattering amplitude (8.4.13) using our knowledge on

spinor and gamma matrix identities to derive a simpler expression to use. We will

assume that the electron and positron are initially at rest thus we will work in the

nonrelativistc regime. Then the spinors u1(p) and v̄2(p) become u1(0) and v̄2(0),

respectively. We will omit the argument of the spinors to reduce computational

clutter. The photons that are produced after the annihilation event will propagate

in opposite directions so we have the freedom to choose the z-direction as the

direction of propagation [17]. Thus we have

p1 = (m, 0, 0, 0), k′1 = (m, 0, 0,m),

p2 = (m, 0, 0, 0), k′2 = (m, 0, 0,−m), (8.4.23)

and the Mandelstam variables become

t = −(p1 − k′1)2 = m2,

u = −(p1 − k′2)2 = m2. (8.4.24)

Now we rewrite our scattering amplitude (8.4.13) as

T = e2v̄2

[
γµε

µ
2′

(−/p1 + /k
′
1 +m

−t+m2

)
γνε

ν
1′ + γνε

ν
1′

(−/p1 + /k
′
2 +m

−u+m2

)
γµε

µ
2′

]
u1,

=
e2

2m2
v̄2

[
/ε2′
(
− /p1 + /k

′
1 +m

)
/ε1′ + /ε1′

(
− /p1 + /k

′
2 +m

)
/ε2′
]
u1.

Now recall that the polarization vector εµ only has spatial components so it is

trivial to see that pi µεµi′ = 0 for i, i′ = 1, 2. Along with this, we also have that

polarization vector must be perpendicular the direction of propagation so k′i µε
µ
i′ = 0
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for i, i′ = 1, 2 [17]. Then observe that

/pi/εi′ = −/εi′/pi − 2(piεi′)

= −/εi′/pi,

/k
′
i/εi′ = −/εi′/k

′
i − 2(k′iεi′)

= −/εi′/k
′
i,

for i, i′ = 1, 2. Then

(
− /p1 + /k

′
i +m

)
/εi′ = /εi′

(
− /p1 − /k

′
i +m

)
, (8.4.25)

for i, i′ = 1, 2. We now multiply u1 on the right side of equation (8.4.25) and use

(/p+m)u = 0 to simplify the right hand side of equation (8.4.25) to get

(
− /p1 + /k

′
i +m

)
/εi′u1 = /εi′/k

′
iu1, (8.4.26)

for i, i′ = 1, 2 and the scattering amplitude reduces to

T = − e2

2m2
v̄2

[
/ε2′/ε1′/k

′
1 + /ε1′/ε2′/k

′
2

]
u1. (8.4.27)

To simplify the above amplitude even further, we use equation (8.4.23) and the

definition of the Feynman slash notation to get

/k
′
1 = γµk′1µ

= m(−γ0 + γ3),

/k
′
2 = γµk′2µ

= m(−γ0 − γ3),
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where

γµ =

 0 σµ

σµ 0

 , (8.4.28)

where σµ = (I,σ) and σµ = (I,−σ) [17]. Along with this, we will also use the

Pauli matrix identity [7]

(σ · a)(σ · b) = a · b+ iσ · (a× b). (8.4.29)

Then we get

T =
e2

2m
v̄2

[
{/ε2′ , /ε1′}γ

0 − [/ε2′ , /ε1′ ]γ
3
]
u1. (8.4.30)

Now note that

/ε = γµεµ

= −γ0 + γ · ε

=

 0 σ · ε

−σ · ε 0

 , (8.4.31)

thus [17]

/ε1′/ε2′ =

 0 σ · ε1′

−σ · ε1′ 0


 0 σ · ε2′

−σ · ε2′ 0


= −

(σ · ε1′)(σ · ε2′) 0

0 (σ · ε1′)(σ · ε2′)


= −

ε1′ · ε2′ + iσ · (ε1′ × ε2′) 0

0 ε1′ · ε2′ + iσ · (ε1′ × ε2′)


= −(ε1′ · ε2′)I4 − i(ε1′ × ε2′) ·Σ, (8.4.32)
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where I4 is the 4× 4 identity matrix and

Σ =

σ 0

0 σ

 .

Similarly, we also get

/ε2′/ε1′ = −(ε2′ · ε1′)I4 − i(ε2′ × ε1′) ·Σ. (8.4.33)

Then we evaluate the terms in the parenthesis of equation (8.4.30) to get

{/ε2′ , /ε1′} = −2/ε2′ · /ε1′I4,

[/ε2′ , /ε1′ ] = 2i(/ε2′ × /ε1′) ·Σ,

and finally our scattering amplitude becomes

T = −e
2

m
v̄2

[
ε1′ · ε2′γ0 − i(ε1′ × ε2′) ·Σγ3

]
u1. (8.4.34)

Before we continue further, note that since the positronium is a two particle system

that consists of an electron and a positron, the Hilbert space of the positronium

is a direct product space He−e+ = He−
⊗
He+ , namely, the direct product of

the Hilbert spaces of the electron and positron form the Hilbert space of the

positronium. Furthermore, recall from nonrelativistic quantum mechanics that the

state vector of a system that consists of two spin-1/2 particles can exist as either

a spin-0 (singlet) or a spin-1 particle (triplet) [7]. Then the Hibert space of the

positronium is equivalent to Hs=1/2

⊗
Hs=1/2 = Hs=1

⊕
Hs=0, namely, the direct

product space of two spin-1/2 particles is the direct sum of a spin-1 and spin-0

Hilbert space. The singlet state vector in the S state is

|s = 0,m = 0〉= |↑↓〉− |↓↑〉√
2

, (8.4.35)
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while the triplet state vector in the S state is

|s = 1,m = 0〉= |↑↓〉+ |↓↑〉√
2

. (8.4.36)

From the form of the state vectors, rather than averaging the spins for the scattering

amplitude, we must instead compute for the singlet state [17]

Tsinglet =
T↑↓ − T↓↑√

2
, (8.4.37)

or for the triplet state

Ttriplet =
T↑↓ + T↓↑√

2
. (8.4.38)

The S state vector of positronium expanded in terms of free particle states is

|Ps〉=
√
2M

∫
d3k

(2π)3
ψ(k) 1√

2m

1√
2m
|e−〉|e+〉, (8.4.39)

where M and m are the masses of the positronium and electron, respectively. By

using M = 2m as a close approximation, we can easily identify the scattering

amplitude of the singlet positronium as

TPs =
ψ100(0)√

2m
Tsinglet, (8.4.40)

and similarly

TPs =
ψ100(r = 0)√

2m
Ttriplet. (8.4.41)

where

ψ100(r) =
(αm3

8π

)1/2
e−αmr (8.4.42)

is the ground state wavefunction of the electron [17]. By using the spinor identities

v̄s′(0)γ
0us(0) = 0,

v̄±(0)Σγ
3u∓(0) = ∓2m,
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we get

T↑↓ = −
e2

m
v̄2−

[
ε1′ · ε2′γ0 − i(ε1′ × ε2′) ·Σγ3

]
u1+

= −2ie2(ε1′ × ε2′) (8.4.43)

and similarly

T↓↑ = −
e2

m
v̄2+

[
ε1′ · ε2′γ0 − i(ε1′ × ε2′) ·Σγ3

]
u1−

= 2ie2(ε1′ × ε2′), (8.4.44)

so we see that T↑↓ = −T↓↑ [17]. The triplet scattering amplitude is then

Ttriplet =
T↑↓ + T↓↑√

2

=
T↑↓ − T↑↓√

2

= 0, (8.4.45)

so we see that a triplet S state positronium cannot decay into two photons [15].

For the singlet S state positronium, the scattering amplitude is

Tsinglet =
T↑↓ − T↓↑√

2

=
T↑↓ + T↑↓√

2

= −2
√
2ie2(ε1′ × ε2′),

so the singlet S state positronium can undergo a two photon decay process [15].

To calculate the photon polarization, recall from our derivation of the quantization
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of the electromagnetic field the right- and left-handed circular polarization vectors

ε+(k) =
1√
2
(1,−i, 0),

ε−(k) =
1√
2
(1, i, 0).

Using the explicit form of the polarization vectors yields (ε1′ × ε2′) = i
√
2k̂ hence

Tsinglet = 4e2k̂

= 16παk̂. (8.4.46)

Thus we finally have the matrix element for positronium

〈|TPs|2〉=
|ψ000(0)|

2m
|Tsinglet|2

= 16πα5m2. (8.4.47)

The decay rate is

Γ =
1

2

∫
dΓ

=
1

2

1

4m

∫
d3k′1L d

3k′2L (16α
5m2)(2π)4δ4(pPs − k′1 − k′2)

=
1

2
α5m, (8.4.48)

where the 1/2 comes from the fact that photons are identical particles [8]. Then

the lifetime of positronium in the singlet S state is

τ =
1

Γ
=

2

α5me

≈ 1.25× 10−10 sec, (8.4.49)

which is off from the measured value by a 0.5% discrepancy [8]. This result is one

of the many instances of the extreme accuracy that is characteristic of quantum

electrodynamics. Applying radiative corrects results in even more accurate values

however, we should note that the Feynman diagrams that we have used are the
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second order terms of the perturbation expansion for this result. The fact that

a second order approximation is able to give such a remarkably precise value

demonstrates the success of quantum electrodynamics and quantum field theory in

general [1]. From here, we will explore other examples of QED processes.

Quantum Electrodynamics (Spinor) Applications

Coulomb Potential

As a simple application, let us consider the first diagram of the scattering process

e−e− → e−e− and the first diagram of the scattering process e+e− → e+e−

p1 p′1

p2 p′2

p1 − p′1

p1 p′1

−p′2 −p2

p1 − p′1

Figure 8.18: Coulomb potential diagrams

For the first diagram, the scattering matrix is

iTe−e−→e−e− =
1

i
(ie)2(ū′1γ

µu1)
gµν

(p1 − p′1)2 − iε
(ū′2γ

µu2). (8.4.50)

Now in the nonrelativistic limit, we have that [8]

ū(p′)γ0u(p) = u†s′(p
′)us(p)→ 2mδs′s, (8.4.51)

v̄(p′)γ0v(p) = v†s′(p
′)vs(p)→ 2mδs′s, (8.4.52)
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while γi → 0 so the scattering matrix in the nonrelativistic limit becomes

iTe−e−→e−e− →
ie2

− |p1 − p′
1|

2 (2mδs′s)1(2mδs′s)2

=
−ie2

|p1 − p′
1|

2 (2mδs′s)1(2mδs′s)2

=
−ie2

|p|2
(2mδs′s)1(2mδs′s)2, (8.4.53)

where p = p1 − p′
1 [8]. By comparing with the Born approximation from non-

relativistic quantum mechanics, we see that the potential in momentum-space is

[8]

V (p) = e2

|p|2
, (8.4.54)

and in position-space

V (r) = e2
∫

d3p

(2π)3
eip·r

|p|2

=
e2

4πr
. (8.4.55)

We see that the sign of the potential for the scattering process of two fermions,

which have the same negative charge, is positive which means that the potential

is repulsive. If we had considered e+e+ → e+e+, we would have derived the same

potential with the same sign. Thus we conclude that fermions with like charges

repel. Let us now do the same calculations, in the nonrelativistic limit, for the

scattering process e+e− → e+e−. Using the Feynman rules, we get for the second

diagram

iTe+e−→e+e− = −1

i
(ie)2(ū′1γ

µu1)
gµν

(p1 − p′1)2 − iε
(v̄′2γ

µv2). (8.4.56)
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In the nonrelativistic limit,

iTe+e−→e+e− → −
ie2

− |p1 − p′
1|

2 (2mδs′s)1(2mδs′s)2

=
ie2

|p|2
(2mδs′s)1(2mδs′s)2, (8.4.57)

where p = p1 − p′
1 and the negative sign comes from the ordering permutation

rule. Then the potential in momentum-space is

V (p) = − e2

|p|2
(2mδs′s)1(2mδs′s)2, (8.4.58)

and in position-space,

V (r) = −e2
∫

d3p

(2π)3
eip·r

|p|2

= − e2

4πr
. (8.4.59)

We see that the negative sign of the potential for the scattering of fermions and

antifermions yields an attractive potential. Since these two results apply for all

fermions and antifermions interacting with the electromagnetic field, we conclude

that when a vector particle (in this case, the photon) is exchanged, oppositely

charged fermions attract while like charged fermions repel [15]. By now, the

reader will have noticed that we have derived the Coulomb potential from classical

electrodynamics. If we study the diagrams we have computed, we see that the

interaction is mediated by the exchange of a massless boson, namely, the photon

and the potential is a long-range interaction since the mediator of the interaction

is massless [15]. It is now well known that there exist fermions that actually

possess fractional charges with the most famous example being quarks [1]. Thus

to generalize the Coulomb potential we have derived for any kind of fermion and

antifermion, we make the replacement e→ q where q is the charge magnitude. So

q = −1 and q = +1 for electrons and positrons, respectively. Then we can combine
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the repulsive and attractive Coulomb potentials into the more compact version

V (r) =
q1q2
4πr

, (8.4.60)

where qi is the charge magnitude. If we take the gradient in spherical coordinates

with no angular dependence, we get

F(r) =
q1q2
4πr2

r̂ ≡ q1q2
4πε0r2

r̂, (8.4.61)

which is Coulomb’s law [2]. This brings us back in full circle to the starting point

of classical electrodynamics.

Compton Scattering

We now present the scattering process e−γ → e−γ called Compton scattering.

Compton scattering is when a photon is shot at an electrically charged particle

resulting in both the photon and the particle scattering inelastically [7]. This

experiment was important in demonstrating the particle nature of light and its

results were used in the development of quantum mechanics [1]. Since Compton

scattering was first demonstrated with the electron, we will use the electron for

this example. The tree-level diagrams for Compton scattering are presented below

[5]

p1 p′1p1 + k′2

k2 k′2

+

p1 p′1p1 − k′2
k′2k2

Figure 8.19: Compton scattering e−γ → e−γ
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The scattering matrix is

iTe−γ→e−γ = ū′1(ieγµ)ε
µ
2′
1

i

(−/p1 − /k
′
2 +m)

(p1 + k′2)
2 +m2

(ieγν)ε
ν∗
2 u1

+ ū′1(ieγν)ε
ν∗
2

1

i

(−/p1 + /k
′
2 +m)

(p1 − k′2)2 +m2
(ieγµ)ε

µ
2′u1

= ie2εµ2′ε
ν∗
2 ū

′
1

[
γµ

(−/p1 − /k′1 +m

−s+m2

)
γν + γν

(−/p1 + /k
′
2 +m

−u+m2

)
γµ

]
u1,

(8.4.62)

where s = −(p1 + k′2)
2 and u = −(p1 − k′2)2. Hence

T = εµ2′ε
ν∗
2 (ū′1Aµνu1),

T = ερ2′ε
σ∗
2 (ū1Aσρu

′
1). (8.4.63)

Following along the same route of calculations, we get

〈|T |2〉= e4
[ 〈Φss〉
(m2 − s)2

+
〈Φsu〉+ 〈Φus〉

(m2 − s)2(m2 − t)2
+

〈Φuu〉
(m2 − u)2

]
, (8.4.64)

where [5]

〈Φss〉= −2(su−m2(3s+ u)−m4),

〈Φsu〉= −2m2(t− 4m2),

〈Φus〉= −2m2(t− 4m2),

〈Φuu〉= −2(su−m2(3u+ s)−m4). (8.4.65)

Then we can rewrite 〈|T |2〉in terms of the dimensionless coupling α = e2/4π ≈ 1/137

called the fine-structure constant [5]

〈|T |2〉= 32π2α2
[m4 +m2(3s+ u)− su

(m2 − s)2
+
m4 +m2(3u+ s)− su

(m2 − u)2

+
2m2(s+ u+ 2m2)

(m2 − s)(m2 − u)

]
. (8.4.66)
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Let us go further with this example and assume that in the FT frame, we have the

following

p = (m, 0, 0, 0),

k = (ω, 0, 0, ω),

k′ = (ω′, ω′ sin θ, 0, ω′ cos θ), (8.4.67)

where it is implied that θ ≡ θFT and we have dropped the numbered subscripts

from the four-momenta p and k [8]. Then our Mandelstam variables reduce to

s = −(p+ k)2 = m2 + 2mω, (8.4.68)

u = m2 − 2mω′. (8.4.69)

By the conservation of momentum, we have that p′ = p+k−k′ and also (p′)2 = −m2

thus

−m2 = (p+ k − k′)2

= −m2 − 2mω + 2mω′ − 2ωω′(cos θ − 1),

which reduces to

1− cos θ = m
( 1

ω′ −
1

ω

)
, (8.4.70)

which is Compton’s formula for the shift in the photon wavelength [8]. Now

by using equations (8.4.68), (8.4.69), and (8.4.70), our scattering matrix reduces

further to

〈|T |2〉= 32π2α2
[
− sin2 θ +

ω

ω′ +
ω′

ω

]
. (8.4.71)

In the FT frame, we have that s |k1|2CM = m2ω2 so our frame independent differen-
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tial cross section is

dσ

dt
=

1

64πs |k1|2CM
〈|T |2〉

=
1

64πm2ω2
〈|T |2〉.

To get the above differential cross section into the FT frame, we use equation

(8.4.70) to solve for ω′ which yields

ω′ =
mω

m+ ω(1− cos θ)
, (8.4.72)

then we get

dω′ =
mω2

(m+ ω(1− cos θ))2
d cos θ

=
ω′ 2

m
d cos θ.

Since t = 2m2 − s− u = 2m(ω′ − ω), the differential of t is [8]

dt = 2mdω′

= 2ω′ 2 d cos θ

=
ω′ 2

π
dΩFT.

Finally, the differential cross section in the FT frame is

dσ

dΩFT
=

α2

2m2

ω′ 2

ω2

[ ω
ω′ +

ω′

ω
− sin2 θFT

]
(8.4.73)

which is the Klein-Nishina formula [8]. If we consider the limit ω → 0, we see that

ω′/ω → 1 so the differential cross section reduces to

dσ

dΩFT
=

α2

2m2
(1 + cos2 θFT) (8.4.74)
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which when integrated yields

σ =
8πα2

3m2
, (8.4.75)

which is the Thomas cross section for Thomas scattering [17]. We should note that

it is remarkable that we are able to glean much information from just a second

order approximation of Compton scattering.

Møller Scattering

We will explore the QED process of electron-electron scattering called Møller

scattering named after theoretical physicist Christian Møller. The simple Møller

scattering serves as the basis for modelling other, more complicated interactions

that involve electron repulsion [17]. The leading order diagrams for this process

are given below:

p1 p′1

p2 p′2

p1 − p′1 −

p1 p′2

p2 p′1

p1 − p′2

Figure 8.20: Møller scattering e−e− → e−e−

In the first diagram, which is a t-channel diagram, we see that the electron

with four-momentum p1 emits a virtual photon with four-momentum p1 − p′1 to

the electron with four-momentum p2. The electron that emitted the virtual photon

then scatters with four-momentum p′1 while the other electron absorbs the virtual

particle and scatters with four-momentum p′2. In the second diagram, which is

a u-channel diagram, the physical process occurs except with four-momenta p′1

and p′2 switched. Thus we see that Møller scattering can occur according to the

t-channel diagram or the u-channel diagram with a probability assigned to both.
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By using the Feynman rules, the scattering amplitude is

iTe+e−→e+e− = ū′1(ieγν)u1
1

i

gµν

(p1 − p′1)2 − iε
ū′2(ieγµ)u2

− ū′2(ieγµ)u1
1

i

gµν

(p1 − p′2)2 − iε
ū′1(ieγν)u2

=
(1
i

)
(ie)2

[(ū′1γµu1)(ū′2γµu2)
−t

− (ū′2γ
µu1)(ū

′
1γµu2)

−u

]
, (8.4.76)

and similarly

T = e2
[(ū1γνu′1)(ū2γνu′2)

−t
− (ū1γ

νu2)(ū2γνu
′
1)

−u

]
, (8.4.77)

where we have suppressed iε and t = −(p1 − p′1)2 and u = −(p1 − p′2)2. Then the

spin-averaged scattering amplitude is

〈|T |2〉= e4
[〈Φtt〉
t2

+
〈Φtu〉+ 〈Φut〉

tu
+
〈Φuu〉
u2

]
, (8.4.78)

where [5]

〈Φtt〉= 2(t2 + 2tu+ 2u2 − 8m2u+ 8m4),

〈Φtu〉= −2(s2 − 8m2s+ 12m4),

〈Φut〉= −2(s2 − 8m2s+ 12m4),

〈Φuu〉= 2(u2 + 2tu+ 2t2 − 8m2t+ 8m4). (8.4.79)

Using the Mandelstam relation s+ t+ u = 4m2, we can rewrite 〈Φtt〉 and 〈Φuu〉 to

include the Mandelstam variable s for uniformity so we get [5]

〈Φtt〉= 2(s2 + u2 − 8m2(s+ u) + 24m4),

〈Φtu〉= −2(s2 − 8m2s+ 12m4),

〈Φut〉= −2(s2 − 8m2s+ 12m4),

〈Φuu〉= 2(s2 + t2 − 8m2(s+ t) + 24m4). (8.4.80)
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Then the spin-averaged matrix element is [5]

〈|T |2〉= 2e4
[(s2 + u2 − 8m2(s+ u) + 24m4)

t2
− 2(s2 − 8m2s+ 12m4)

tu

+
(s2 + t2 − 8m2(s+ t) + 24m4)

u2

]
. (8.4.81)

Working in the CM frame, we have that k′
1 = |k1| and s = (E1 + E2)

2 so the

differential cross section is

dσ

dΩCM
=

1

64π2s

|k′
1|
|k1|
〈|T |2〉

=
e4

32π2s

[(s2 + u2 − 8m2(s+ u) + 24m4)

t2
− 2(s2 − 8m2s+ 12m4)

tu

+
(s2 + t2 − 8m2(s+ t) + 24m4)

u2

]
=
α2

2s

[(s2 + u2 − 8m2(s+ u) + 24m4)

t2
− 2(s2 − 8m2s+ 12m4)

tu

+
(s2 + t2 − 8m2(s+ t) + 24m4)

u2

]
,

hence

dσ

dΩCM
=
α2

2s

[(s2 + u2 − 8m2(s+ u) + 24m4)

t2
− 2(s2 − 8m2s+ 12m4)

tu

+
(s2 + t2 − 8m2(s+ t) + 24m4)

u2

]
, (8.4.82)

where α = e2/4π [5]. Suppose that the incoming electrons are prepared in a state

with the same four-momentum in the +z direction. Then by simple kinematics,

the four-momenta of the incoming and outgoing electrons are [8]

p1 = (E, 0, 0, p), p2 = (E, 0, 0,−p),

p′1 = (E, p sin θ, 0, p cos θ), p′2 = (E,−p sin θ, 0,−p cos θ). (8.4.83)
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Then our Mandelstam variables become

s = 4E2 = E2
CM, (8.4.84)

t = 2p2(cos θ − 1), (8.4.85)

u = −2p2(1 + cos θ) (8.4.86)

and our differential cross section becomes

dσ

dΩCM
=

α2

E2
CM p4 sin4 θ

[
4(m2 + 2p2)2 + (4p4 − 3(m2 + 2p2)2) sin2 θ + p4 sin4 θ

]
.

(8.4.87)

In the nonrelativistic regime m� p, the differential cross section reduces to [8]

dσ

dΩCM
=

m4α2

E2
CM p4 sin4 θ

(1 + 3 cos2 θ). (8.4.88)

In the ultrarelativistic regime m� p, the differential cross section reduces to [8]

dσ

dΩCM
=

α2

E2
CM sin4 θ

(3 + cos2 θ)2. (8.4.89)

Bhabha Scattering

In this section, we will explore the electron-positron scattering process called Bhabha

scattering named after theoretical physicist Homi Bhabha. Bhabha scattering is

used in accelerator physics to measure luminosity which measures the ratio of the

number of results after a fundamental interaction, which are called events, in a time

interval to the cross section of the interaction process [1]. In summary, luminosity

is a measurable quantity that quantifies the ability of a particle accelerator to

produce the number of interactions and maximizing this value along with a related

quantity called the integrated luminosity maximizes the performance of a particle

accelerator. The leading order diagrams for this process are given below:
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p1 p′1

−p′2 −p2

p1 − p′1 −

p1 −p2

−p′2 p′1

p1 + p2

Figure 8.21: Bhabha scattering e+e− → e+e−

In the first diagram, which is a t-channel diagram, the electron with four-

momentum p1 emits a virtual photon with four-momentum p1 − p′1 to the positron

with four-momentum −p2. The electron then scatters with four-momentum p′1

while the positron absorbs the virtual photon and scatters with four-momentum

−p′2. In the second diagram, which is a s-channel diagram, the electron with

four-momentum p1 and the positron with −p2 annihilate to create a photon with

four-momentum p1+ p2 which then recreates the electron and positron except with

four-momenta p′1 and −p′2, respectively. The physical interpretation of both these

Feynman diagrams is that Bhabha scattering can occur according to the t-channel

diagram or the s-channel diagram with a probability assigned to both. Using the

Feynman rules, the scattering amplitude for this process is

iTe+e−→e+e− = ū′1(ieγν)u1
1

i

gµν

(p1 − p′1)2 − iε
v̄2(ieγµ)v

′
2

− v̄2(ieγµ)u1
1

i

gµν

(p1 + p2)2 − iε
ū′1(ieγν)v

′
2

=
(1
i

)
(ie)2

[(ū′1γµu1)(v̄2γµv′2)
−t

− (v̄2γ
µu1)(ū

′
1γµv

′
2)

−s

]
, (8.4.90)

and similarly

T = e2
[(ū1γνu′1)(v̄′2γνv2)

−t
− (ū1γ

νv2)(v̄
′
2γνu

′
1)

−s

]
, (8.4.91)

where we have suppressed iε and s = −(p1 + p2)
2 and t = −(p1 − p′1)2. Then the



256

spin-averaged scattering amplitude is

〈|T |2〉= e4
[〈Φtt〉
t2

+
〈Φts〉+ 〈Φst〉

ts
+
〈Φss〉
s2

]
, (8.4.92)

where [5]

〈Φtt〉= 2(t2 + 2st+ 2s2 − 8m2s+ 8m4),

〈Φts〉= −2(u2 − 8m2u+ 12m4),

〈Φst〉= −2(u2 − 8m2u+ 12m4),

〈Φss〉= 2(s2 + 2st+ 2t2 − 8m2t+ 8m4). (8.4.93)

Now in the CM frame, if we work in the limit ECM � m where m is the mass

of the electron (and positron), we can treat the electron as massless so equation

(8.4.93) reduces to

〈Φtt〉= 2(t2 + 2st+ 2s2),

〈Φts〉= −2u2,

〈Φst〉= −2u2,

〈Φss〉= 2(s2 + 2st+ 2t2).

In this limit s+ t+ u = 0 so we can solve for t in terms of s and u then insert it

into 〈Φtt〉 and similarly, we can solve for s in terms of t and u then insert it into

〈Φss〉 to get [8]

〈Φtt〉= 2(s2 + u2)

〈Φts〉= −2u2,

〈Φst〉= −2u2,

〈Φss〉= 2(t2 + u2). (8.4.94)
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Then 〈|T |2〉 in the high energy limit is [8]

〈|T |2〉= 2e4
[ t2
s2

+
s2

t2
+ u2

(1
s
+

1

t

)2]
= 32π2α2

[ t2
s2

+
s2

t2
+ u2

(1
s
+

1

t

)2]
. (8.4.95)

In the CM frame, |k′
1| = |k1| so the differential cross section in the high energy

limit is

dσ

dΩCM
=

1

64π2s

|k′
1|
|k1|
〈|T |2〉

=
α2

2s

[ t2
s2

+
s2

t2
+ u2

(1
s
+

1

t

)2]
,

hence [8]
dσ

dΩCM
=
α2

2s

[ t2
s2

+
s2

t2
+ u2

(1
s
+

1

t

)2]
. (8.4.96)

Electron-Muon Scattering

In this section we will explore electron-muon scattering e−µ− → e−µ−. This

example is rather unique compared to the other examples we have considered thus

far because we are now considering the reaction of two different fermions, namely,

an electron and a muon. Also, this process is considered a pedagogical example

because since the muon is an unstable particle, it is not realistic to consider the

muon as the target in a scattering experiment [1]. This process has only one

contributing tree diagram at leading order which is given below [8]:

e− e−

µ− µ−

p1 p′1

p1 − p′1

p2 p′2

Figure 8.22: Electron-muon scattering e−µ− → e−µ−

For this diagram, we have labeled the external lines according to the particle it

belongs to for clarity. The diagram above is a t-channel diagram so we see that
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the most probable way an electron and muon might scatter is when the incoming

electron with four-momentum p1 emits a virtual photon with four-momentum p1−p′1

to the incoming muon with four-momentum p2. The electron then scatters with p′1

while the muon absorbs the virtual photon and scatters with four-momentum p′2.

For our calculations, we will use m and M to denote the electron and muon mass,

respectively, and the charge of the muon will be Ze where Z is the atomic number

[8]. The scattering amplitude for this process is

iTe−µ→e−µ = ū′1(ieγν)u1
1

i

gµν

(p1 − p′1)2 − iε
ū′2(iZeγµ)u2

=
1

i
Z(ie)2

[(ū′1γµu1)(ū′2γµu2)
−t

]
(8.4.97)

and similarly

T = Ze2
[(ū1γνu′1)(ū2γνu′2)

−t

]
, (8.4.98)

where we have suppressed iε and t = −(p1 − p′1)2. Then the matrix element is

〈|T |2〉= Z2e4

t2
[32M2m2 − 4t(M2 −m2) + 2(s+ t)2 + 2(M2 +m2 − s)2]. (8.4.99)

For this scattering process, we will work in the FT frame. Now the mass of a muon

is roughly 200 times that of an electron, M ≈ 200m, so we will treat the muon as

the stationary particle and assume that the recoil is negligible after an electron

scatters off the muon which is an accurate approximation [17]. We then have that

|p1| = |p′
1| ≡ |p| which implies that p1 · p′

1 = |p|
2 cos θ and

p1 = (E,p), p′1 = (E,p), (8.4.100)

p2 = (M,0), p′2 = (M,0). (8.4.101)

Since the recoil is negligible, the muon hardly moves after the collision so the

Mandelstam variable s is essentially the same for both the CM and FT frames and
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is approximated as s = −(p1 + p2)
2 ≈ −(p2)2 = M2 [17]. Then our Mandelstam

variables become

s ≈M2,

t = −4 |p|2 sin2(θ/2),

u = 2EM + 4 |p|2 sin2(θ/2), (8.4.102)

and the scattering matrix element reduces to

〈|T |2〉=
( Ze2M

|p|2 sin2(θ/2)

)2
(m2 + |p|2 cos2(θ/2))

=
( 4παZM

|p|2 sin2(θ/2)

)2
(m2 + |p|2 cos2(θ/2)). (8.4.103)

To get the differential cross section in the FT frame, we take the differential of t to

get

dt = 2 |p|2 d cos θ

= 2 |p|2 dΩFT

2π

= |p|2 dΩFT

π
,

then we use our approximation s ≈ M2 and the frame independent differential

cross section to get

dσ

dΩFT
=

1

64π2M2
〈|T |2〉

=
( Zα

2 |p|2 sin2(θ/2)

)2
(m2 + |p|2 cos2(θ/2)), (8.4.104)

which is the Mott formula [17]. The Mott formula is the approximated differential

cross section for electron-proton scattering. In the nonrelativistic regime |p| � m,
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the Mott formula reduces to

dσ

dΩFT
=

Z2α2

4 |p|4 sin2(θ/2)
m2

=
Z2α2

4m2v4 sin2(θ/2)
, (8.4.105)

which is the famous Rutherford scattering formula [17]. The Rutherford scattering

formula was derived from the Rutherford scattering experiment of alpha particles

and gold nuclei. This experiment along with its derived formula gave strong

evidence that most of the mass of an atom was concentrated in an interior region

called the nucleus. This was instrumental in further developments in the study of

atomic structure and ultimately quantum mechanics as well [1]. Interestingly, the

Rutherford scattering formula was correctly derived using only classical physics

despite the fact that atomic systems are to be treated using quantum mechanics.

Indeed when nonrelativistic quantum mechanics was fully developed, the Rutherford

scattering formula was derived quantum mechanically and the resulting scattering

formula was exactly the same. It is perhaps one of the greatest coincidences

of nature that the Rutherford scattering formula agrees with both classical and

quantum physics.
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Chapter 9

Conclusion and Afterwards

We conclude this thesis with an overview of what we have covered. We briefly

reviewed the key concepts from the three theories that make up quantum field

theory, namely, special relativity, classical field theory, and nonrelativistic quantum

mechanics. Then we analyzed the topic of symmetries and their relation to

conservation laws using Noether’s theorem. From this, we built a mathematical

framework that explained how quantum fields should be constructed in accordance

with Lorentz and CPT symmetry. With this knowledge, we slowly constructed the

quantum fields based on the field representations of the Lorentz Lie algebra and

proceeded to quantize each field according to their particle statistics. Concurrently,

we also provided the physical interpretation on the mathematical and physical

results that were derived each time. Then we utilized the path integral formulation

to construct the appropriate path integrals for each quantum field and derived the

propagators for each equations of motions. Then we derived the LSZ reduction

formula along with the scattering and decay formulas using scattering theory that

incorporated relativity and quantum mechanics to ensure that the formulas obeyed

the principles of both theories in a mathematically and physically consistent way.

We explored how classical symmetries can be generalized to quantum symmetries to

provide a deeper insight into how classical symmetries arise in quantum fields. We

then introduced interacting theories which led to the introduction of the Feynman
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diagrams and derived the Feynman rules for each quantum field theory. We then

gave both pedagogical and real life examples to demonstrate the power of the

Feynman diagrams and the remarkable accuracy of quantum field theory.

The next step forward would be to formally introduce the renormalization

through the renormalization group to account for the divergent integrals that

appear in looped Feynman diagrams. Renormalization would also provide a deeper

insight into the many kinds of infinities that appear in quantum field theory

such as the ultraviolet divergences. Renormalization would also allow us to gain

even more accurate results thus it would be beneficial to explore this route for

a deeper understanding of quantum field theory. From here, one could explore

the application of the Feynman diagrams and the mathematical tools of quantum

field theory to other branches of physics such as condensed matter physics. The

renormalization group has been increasingly utilized in condensed matter physics

over the past several decades with great success [8]. One could also explore the

mathematical structure of the Feynman diagrams in the context of graph theory

and combinatorics as well.

If one were to continue quantum field theory after learning about renormaliza-

tion, the next step would be to explore gauge theories, in particular Yang-Mills

theory, which would naturally lead to the electroweak theory along with symmetry

breaking processes and quantum chromodynamics which is the quantum field

theory of the nuclear strong force. The study of gauge theories is an extremely

rich field with many physicists and mathematicians conducting research on the

full scope of gauge theories from its physical aspects to its mathematical aspects

such as differential geometry. Feynman diagrams continue to play an important

role in gauge theories and beyond thus the study of Feynman diagrams for more

complicated theories also presents another research ground. From gauge theories,

the next path is an open ended one because as of the date of this thesis, a Grand

Unified Theory (GUT), namely, a theory that unites the electroweak force and the

nuclear strong force, has not been successfully formulated nor tested. Along with
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this, a quantum field theory for gravity has not been successfully formulated as

well thus another path to follow is the study of quantum gravity. The study of

such topics can lead to nonabelian gauge theories using higher dimensional gauge

groups such as SU(5) or one could approach these problems using string theory

and/or loop quantum gravity.
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Appendix

A

In quantum theory, Dirac notation, or bra-ket notation, is used ubiquitously due

to its simplicity. We will present a brief overview on the use and application of

this incredibly useful notation. Excellent sources for further study are [7, 11].

The idea of this notational scheme comes from noticing that one can rewrite

the inner product notation as follows

〈u, v〉→ 〈u|v〉, (A.1)

where 〈u|v〉 is now the new notation for the inner product. In this notation, |v〉 is

a vector in a complex vector space Cn. Note that the following rules can be easily

generalized to a real vector space Rn as well. Adding two kets is simple:

|u〉+ |v〉= |w〉, (A.2)

where |w〉 is the resulting ket from the addition of the two kets |u〉 and |v〉. Multi-

plying by a complex scalar c ∈ C is defined as

c|v〉= |v〉c. (A.3)

Note that it is a common convention to express the linearity of the kets in the
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following manner:

|c1u+ c2v〉= |c1u〉+ |c2v〉= c1|u〉+ c2|v〉, (A.4)

however one must be careful to distinguish between which notation represents a

scalar and which notation represents the labeling of the ket. The other axioms of a

vector space easily generalize.

Equipping our vector space with an inner product makes our vector space an

inner product space. The axioms of the inner product expressed in Dirac notation

are

1. Skew-symmetry: 〈u|v〉= 〈v|u〉∗,

2. Positive-semidefinite: 〈u|u〉≥ 0, 〈u|u〉= 0 if and only if u = 0,

3. Linearity in second argument: 〈u|c1v + c2w〉= c∗1〈u|v〉+ c∗2〈u|w〉,

for any |u〉, |v〉, |w〉 ∈ Cn and any c1, c2 ∈ C [7]. From the axioms of the inner

product, one easily prove the antilinearity of the first argument as well.

Proof. For any c1, c2 ∈ C, observe that

〈c1u+ c2w|v〉= 〈v|c1u+ c2w〉∗

= c∗1〈v|u〉∗ + c∗2〈v|w〉∗

= c∗1〈u|v〉+ c∗2〈w|v〉.

The norm of column vector |v〉 generalizes as

||v〉|2 = |〈v|v〉|2, (A.5)

and the Cauchy-Schwarz inequality is

|〈u|v〉| ≤ ||u〉| ||v〉| . (A.6)
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Now we can separate the bra-ket 〈u|v〉 into the ket |v〉and the bra 〈u|which are

column and row vectors, respectively. In this manner, the inner product 〈u|v〉gives

a scalar value. The vector space we have been using has been for the ket which is

called the ket space. The vector space for bras is called the bra space spanned by

the basis vectors {〈i|}ni=1 and it is the vector space that is dual to the ket space.

The previous rules of addition of multiplication of kets easily generalize to bras as

well. There exists a bijection between the ket space and bra space such that

|v〉 DC←→ 〈v|

|1〉, |2〉, . . . DC←→ 〈1|, 〈2|, . . . (A.7)

c1|u〉+ c2|v〉
DC←→ c∗1〈u|+ c∗2〈v|,

where DC stands for dual correspondence [11]. It is important to note that the

dual of c|v〉 is c∗〈v|.

In elementary linear algebra, all vectors can be written as a linear combination

of some basis vectors. To express this in Dirac notation, let {|i〉}ni=1 be a set of

basis vectors then for an arbitrary ket |v〉we have

|v〉=
n∑
i=1

vi|i〉, (A.8)

and we see that

|v〉+ |u〉=
n∑
i=1

(vi + ui)|i〉, (A.9)

where vi and ui are the components of kets |v〉 and |u〉, respectively, in that basis.

In quantum mechanics, one usually works with an orthonormal basis and if a given

set of basis vectors is not orthonormal, one can apply the Gram-Schmidt process

to turn an orthogonal set of basis vectors into an orthonormal set of basis vectors.

To see how this is done in Dirac notation, let {|i′〉}ni′=1 be a set of basis vectors.
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Then we first choose an arbitrary basis vector, say |1′〉, to normalize and we get

|1〉= |1′〉
||1′〉|

. (A.10)

Then we choose a second vector, say |2′〉, and we first make this basis vector

orthogonal to |1〉

|2̃〉= |2′〉− |1〉〈1|2′〉, (A.11)

and we see that

〈1|2̃〉= 〈1|2′〉− 〈1|1〉〈1|2′〉

= 〈1|2′〉− 〈1|2′〉

= 0.

We then normalize |2̃〉 to get our second orthonormal basis vector

|2〉= |2̃〉∣∣∣|2̃〉∣∣∣ . (A.12)

Repeating this process for n basis vectors gives us

|ñ〉= |n′〉−
n−1∑
i=1

|i〉〈i|n′〉

|n〉= |ñ〉
||ñ〉|

. (A.13)

With the orthonormality of the basis vectors, we see that the inner product of two

basis vectors is

〈i|j〉= δij =


1, if i = j

0, if i 6= j

(A.14)

where δij is the Kronecker delta function. We can then find the components of an
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arbitrary ket |v〉 in the following manner:

〈j|
(
|v〉=

n∑
i=1

vi|i〉
)

〈j|v〉=
n∑
i=1

vi〈i|j〉

〈j|v〉=
n∑
i=1

vi δij

〈j|v〉= vj, (A.15)

thus

|v〉=
n∑
i=1

|i〉〈i|v〉. (A.16)

If we observe from equation (A.16)

|v〉=
( n∑
i=1

|i〉〈i|
)
|v〉, (A.17)

we see that
n∑
i=1

|i〉〈i|= 1̂ ≡ Î , (A.18)

where 1̂ ≡ Î is called the identity operator and equation (A.18) is called the

completeness relation. The completeness relation is one of the most important

operations in quantum mechanics because we can insert the identity operator at

any place in a long chain of kets and/or bras using any set of orthonormal basis.

This will almost always massively simplify a problem and gives physical insight

into the nature a quantum state when expanded. From equation (A.18), consider

the term

P̂i = |i〉〈i|. (A.19)

Expression (A.19) is clearly a Hermitian operator which is called the projection

operator since for any ket |v〉

P̂i|v〉= |i〉〈i|v〉= |i〉vi, (A.20)
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thus the projection operator projects the ith component of a ket |v〉. It is easy to

see that

P̂iP̂i = |i〉〈i|i〉〈i|= |i〉〈i|= P̂i, (A.21)

and the completeness relation can be written as

∑
i

P̂i = 1̂ ≡ Î , (A.22)

for some basis |i〉.

From the postulates of quantum mechanics, observables are Hermitian operators

that act on the elements of the Hilbert space. Since we have thus far only covered

linear algebra, Hermitian operators are simply Hermitian matrices which are

denoted as Â for any arbitrary observable A. For an arbitrary operator X̂ and

some arbitrary ket |v〉, we have

X̂|v〉 DC←→ 〈v|X̂†, (A.23)

where X̂† is the Hermitian adjoint, or Hermitian conjugate, of X̂ and the dagger †

is the Hermition adjoint, or Hermitian conjugate, operation [11]. We see that an

operator is defined as Hermitian if

X̂ = X̂†. (A.24)

Then we see that

(
|v〉
)†

= 〈v|, (A.25)(
〈v|
)†

= |v〉. (A.26)

It is common practice to denote the operator and its eigenket, which is the Dirac

notation version of the eigenvector, by a labeling scheme that clearly shows that

the ket is an eigenket of the operator. One common convention is to use uppercase
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letters to denote an operator and label its respective eigenket and eigenvalue with

the equivalent lowercase letter. It is common to use Greek and/or Latin letters.

For example, for arbitrary operators Â and Ω̂, we have

Â|a〉= a|a〉, (A.27)

Ω̂|ω〉= ω|ω〉, (A.28)

where a and ω are the eigenvalues. There are some exceptions to this, such as

the labeling of creation and annihilation operators along with their eigenkets, but

it will usually be known from the context whether or not a ket is an eigenket

of some operator. It is known from elementary linear algebra that the eigenkets

{|ai〉}ni=1 ≡ {|i〉}ni=1 of any n× n Hermitian matrix Â form an orthogonal basis of

Cn. We can normalize the eigenkets, if they are not already normalized, to form

an orthonormal basis then for any arbitrary operator X̂

X̂ = 1̂X̂

=
∑
i

|i〉〈i|X̂ 1̂

=
∑
i

∑
j

|i〉〈i|X̂|j〉〈j|, (A.29)

where we have insert the identity operator 1̂ using the same set of basis vectors

except with a different labeling. Then the term

〈i|︸︷︷︸
row

X̂ |j〉︸︷︷︸
column

, (A.30)

is the matrix element of X̂ in row i column j. Then we have that any Hermitian
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operator X̂ (including matrices) can be represented in matrix form

X̂=̇


〈1|X̂|1〉 〈1|X̂|2〉 . . .

〈2|X̂|1〉 〈2|X̂|2〉 . . .

... ... . . .

 , (A.31)

where the symbol =̇ means “represented by.”

In quantum mechanics, we work with infinite-dimensional Hilbert spaces which

is a type of function space equipped with an inner product defined as

〈f, g〉=
∫
dx f ∗(x)g(x), (A.32)

or in Dirac notation

〈f |g〉=
∫
dx f ∗(x)g(x), (A.33)

for any f(x), g(x) ∈ C on the interval (−∞,+∞) where we denote an integral with

no labeled bounds as being integrated on (−∞,+∞) [7]. With Hilbert spaces, a

ket |v〉 is still a vector in a complex vector space Cn but the bra is different. A bra

〈u| is a linear map 〈u| : V → C, or in Dirac notation, 〈u| : |v〉→ 〈u|v〉, where V is a

vector space. Before we explain this further, note that the completeness relation

easily generalizes in one dimension as

∫
dx |x〉〈x|= 1̂, (A.34)

where the basis kets are labeled with the continuous label x. Then for an arbitrary

ket |f〉 and bra 〈x|, we have

〈x|f〉= 〈x|̂1|f〉

=

∫
dx′ 〈x|x′〉〈x′|f〉, (A.35)
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which is the projection of |f〉 onto the basis ket |x〉 so

〈x|f〉= f(x). (A.36)

Then we see that equation (A.33) is derived as

〈f |g〉= 〈f |̂1|g〉

=

∫
dx 〈f |x〉〈x|g〉

=

∫
dx f ∗(x)g(x). (A.37)

In equation (A.35), we now know that 〈x|f〉= f(x) and 〈x′|f〉= f(x′) so we must

have that

〈x|x′〉= 1

2π

∫
dp ei(x−x

′)p = δ(x− x′), (A.38)

where δ(x− x′) is the Dirac delta function and in n dimensions, we have

〈x|x′〉= 1

(2π)n

∫
dnp ei(x−x′)·p = δn(x− x′). (A.39)

Equation (A.39) tells us how to normalize basis kets labeled with a continuous

index.

With the basics of Dirac notation established, we will derive the canonical

commutation relations in three dimensions

[X̂i, X̂j] = 0,

[P̂i, P̂j] = 0,

[X̂i, P̂j] = i~δij. (A.40)

This example will demonstrate the full scope on how to use Dirac notation along

with its simplicity. Before we can even derive the commutation relation (A.40), we

must derive many prerequisite results. Using the postulates of quantum mechanics,
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let X̂ and P̂ be the Hermitian position and momentum operators, respectively,

such that

X̂|x〉= x|x〉, (A.41)

P̂|p〉= p|p〉, (A.42)

where

|x〉= |x1, x2, x3〉≡ |x, y, z〉,

|p〉= |p1, p2, p3〉≡ |px, py, pz〉, (A.43)

and

X̂i|xi〉= xi|xi〉, (A.44)

P̂i|pi〉= pi|pi〉, (A.45)

for i = 1, 2, 3. The fact that |x〉and |p〉are simultaneous eigenkets implies that the

position and momentum operators commute with amongst each other in different

directions so the first two commutations relations of (A.40) are trivially established.

Now from Wigner’s theorem, momentum is the generator of translations so let

T̂ (x) be the translation operator then an infinitesimal translation by dx is

T̂ (dx) = 1− iP̂
~
· dx, (A.46)

then

T̂ (dx)|x〉= |x + dx〉, (A.47)

for some position eigenket |x〉 [11]. Let |ψ〉be an arbitrary state ket then in one
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dimension

T̂ (∆x)|ψ〉=
(
1− iP̂

~
∆x
)
|ψ〉

=

∫
dx
(
1− iP̂

~
∆x
)
|x〉〈x||ψ〉

=

∫
dx |x+∆x〉〈x|ψ〉

=

∫
dx |x〉〈x−∆x|ψ〉

=

∫
dx |x〉

(
〈x|ψ〉− 〈∆x|ψ〉

)
=

∫
dx |x〉

(
〈x|ψ〉−∆x

∂

∂x
〈x|ψ〉

)
, (A.48)

where ∆x is infinitesimal and we have changed variables in the fourth equality but

since the choice is arbitrary, we have relabeled the variable to its original labeling

[11]. Comparing both sides of equation (A.48) yields

P̂ |ψ〉= −i~ ∂
∂x
|ψ〉, (A.49)

and operating with 〈x| on the left yields

〈x|P̂ |ψ〉= −i~ ∂
∂x
〈x|ψ〉. (A.50)

Since |ψ〉was arbitrary, we have that the momentum operator in the position basis

is

P̂
x−basis−−−−→ −i~ ∂

∂x
, (A.51)

and in three dimensions

P̂ x−basis−−−−→ −i~∇. (A.52)

With expressions (A.51) and (A.52), we can now derive the scalar product of
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position and momentum, namely 〈x|p〉 . Observe that in one dimension

〈x|P̂ |p〉= p〈x|p〉

−i~ ∂
∂x
〈x|p〉= p〈x|p〉

〈x|p〉= Neixp/~, (A.53)

where N is some normalization constant. To find N , note that

δ(x− x′) = 〈x|x′〉

=

∫
dp 〈x|p〉〈p|x′〉

= |N |2
∫
dp ei(x−x

′)p/~

= |N |2 (2π~) δ(x− x′). (A.54)

Equating both sides of the equation and choosing the constant to be real and

positive by convention, we get

N =
1√
2π~

, (A.55)

thus

〈x|p〉= 1√
2π~

eixp/~ (A.56)

and in three dimensions

〈x|p〉= 1

(2π~)3/2
eix·p/~. (A.57)

Finally, we can derive the third commutation relation, namely, [X̂i, P̂j] = i~δij. In

one dimension, observe that

[X̂, P̂ ] =

∫
dx dx′ |x〉〈x|[X̂, P̂ ]|x′〉〈x′|. (A.58)



276

Then

〈x|[X̂, P̂ ]|x′〉= 〈x|(X̂P̂ − P̂ X̂)|x′〉

= 〈x|X̂P̂ |x′〉− 〈x|P̂ X̂|x′〉

= x〈x|P̂ |x′〉+ i~
∂

∂x

(
〈x|X̂|x′〉

)
= x〈x|P̂ |x′〉+ i~

∂

∂x

(
x〈x|x′〉

)
= −ix~ ∂

∂x

(
〈x|x′〉

)
+ ix~

∂

∂x

(
〈x|x′〉

)
+ i~〈x|x′〉

= i~〈x|x′〉, (A.59)

thus

[X̂, P̂ ] = i~
∫
dx dx′ |x〉〈x|x′〉〈x′|

= i~Î . (A.60)

Therefore, we have the canonical commutation relations

[X̂i, X̂j] = 0,

[P̂i, P̂j] = 0,

[X̂i, P̂j] = i~δij. (A.61)
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