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Abstract

The Feynman diagrams have become a highly valued tool for complex calculations
and understanding the physics of elementary particles within the framework of
quantum field theory. In this thesis, we present an overview on constructing and
utilizing Feynman diagrams in quantum field theory along with an overview of
quantum field theory itself. We begin with a review of prerequisite topics then
progress to discussing symmetries using Lie groups, algebras, and representation
theory. We then use the representations of the Lorentz group to derive the fields
in a classical context then proceed with quantization to create the corresponding
quantum fields while providing a thorough analysis of each quantum field. Path
integrals are constructed for each quantum field by deriving their propagators
then the formulas for scattering are derived in the context of quantum field theory.
Quantum symmetries are briefly explored with the intention of quantizing classical
results such as Noether’s theorem. Then we construct interacting quantum field
theories and introduce the Feynman diagrams and Feynman rules for different in-
teraction theories and provide examples and applications of the Feynman diagrams.
The physics behind the diagrams is carefully analyzed and interpreted. Finally, we
conclude this thesis with a summary of what we have covered along with possible
routes of study after mastering the contents of this thesis that will lead to current

research topics.
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Chapter 1

Introduction

In the early 20*" century, intense research into the property of light and matter at
the smallest scales revealed that nature did not obey the laws of classical physics
that many scientists had come to accept as the paradigm for modeling physical
phenomena. Various contradictions and paradoxes arose in which current scientific
theories of the time could not explain nor resolve [1]. In a time period that spanned
several decades with the contributions of thousands of scientists all over the world,
a new physical theory, radically different from all known scientific theories of
the time, was slowly developed that could quantitatively explain model nature
at the smallest scales. This new physical theory is called quantum mechanics
and despite its controversial philosophical implications, it quickly proved to be
remarkably accurate in describing physical phenomena at atomic scales. It was
able to quantitatively explain the hydrogen spectrum, explain the structure of
atoms with great accuracy, and much more. Quantum mechanics very quickly
established itself as one of the most successful scientific theories in history. In fact,
millions of experiments have confirmed the validity of quantum mechanics with an
astonishing degree of accuracy.

In a radically opposite situation during the same time, another major scientific
development occurred by virtually one person in a paper published on September 26,

1905 [1]. In this landmark paper titled “On the Electrodynamics of Moving Bodies”,



a young theoretical physicist named Dr. Albert Einstein formally established
the theory of special relativity which reconciled the mathematical asymmetries
of classical electromagnetism and corrected Newtonian mechanics to account for
bodies that move at speeds close to or at the speed of light. Immediately afterwards,
it was soon realized by Einstein and other notable scientists and mathematicians,
such as Hermann Minkowski and David Hilbert, that the theory of relativity was a
geometrical theory that dealt with the intimate relationship of space and time. This
has tremendous implications on all existing and future theories left to be discovered
in the fact that the laws of nature must obey relativity [2]. Then Albert Einstein
developed in a span of ten years a general theory of relativity that incorporated
gravity where the theory of special relativity he had initially developed was the
special case. Much like quantum mechanics, special and general relativity proved to
be extremely accurate theories that could explain the physics of very large bodies
and bodies moving close to or at the speed of light. Experiments have shown that
the predications and results of special relativity and general relativity have been
correct to an extremely accurate degree and relativity established itself as one of
the most accurate scientific theories of all time as well.

With the creation of two of the most powerful theories that form the basis
of modern physics, it was only natural that scientists would try to fuse quantum
mechanics and special relativity into a new physical theory that would provide
the tools and framework for studying an even larger range of physical phenomena
with results just as, if not more, accurate from any of the two theories alone. This
proved to be an extremely difficult task because many of the attempts at fusing
both theories ran into contradictions or inconsistencies that violated one or both
of the fundamental tenets of the two theories. An example of this was the first
relativistic quantum wave equation called the Klein-Gordon equation

92

IS t) = ( — KAV + m204)z/1(x, t),

which was formulated by replacing the energy E and momentum p in the relativistic



energy equation

E2 _ p202 —|—m2c4,

with their quantum operator equivalents. Interesting, this equation was the first
equation that Erwin Schrodinger formulated but he discarded this equation in favor
of the nonrelativistic Schréodinger equation because this equation did not account
for the spin of the electron. The Klein-Gordon equation, although manifestly
covariant, is not consistent with quantum mechanics because probability is not
conserved and predicts negative energy states. Many scientists were not sure if it
was possible to combine both theories until British theoretical physicist Paul Dirac

successfully derived and presented the beautiful Dirac equation

(_i’YMau +m)y =0,

which was a covariant quantum mechanical equation created to model the electron
that seemed to successfully combine special relativity and quantum mechanics
[1]. The Dirac equation gave scientists the promised highly accurate results.
However, there were several inconsistencies that arose with one of the most glaring
inconsistency being the existence of negative energy states like the Klein-Gordon
equation. In a rather ad hoc manner, Dirac used the Pauli exclusion principle
along with his remarkable physical intuition to describe these negative energy
states as a type of particle with the same properties as the electron except that
it possessed a positive electric charge and would annihilate instantly when it
interacted with a regular, negatively charged electron. This was the first time that
the concept ofantimatter was presented and was experimentally verified shortly
afterwards which contributed to the Nobel committee awarding him, along with
Erwin Schrédinger, the Nobel Prize in Physics [1].

Despite the various attempts at reconciling any problems with the fusion of
special relativity and quantum mechanics, it was clear that another physical theory

was needed to successfully combine and reconcile the relativity and quantum



mechanics. After World War II, physicists all over the world contributed to this
development and eventually a new physical framework emerged that combined
classical field theory, special relativity, and quantum mechanics into a new theory
called quantum field theory. Quantum field theory proved to be extremely successful
as well but once again, serious flaws emerged in the form of mathematical infinities
which gave nonsensical results. Eventually, various mathematical techniques
collectively called renormalization were created that removed the infinities that
plagued quantum field theory [1]. Unsurprising, the mathematics and physical
interpretations of quantum field theory proved to be conceptually difficult to
understand and explain. However, a brilliant theoretical physicist named Richard
Feynman developed a computational tool called the Feynman diagrams which
allowed one to make calculations in quantum field theory by using a series of
diagrams with a set of rules that made calculations far easier and streamlined. Very
quickly however, the Feynman diagrams proved to provide a deeper insight into
the underlying physics at hand in quantum field theory and combined with their
computational power, the Feynman diagrams essentially became an indispensable
part of the subject of quantum field theory.

The goal of this thesis to show how the Feynman diagrams are derived and
utilized in particle physics and in quantum field theory in general. We will formulate
the foundations of quantum field theory from the ground up by first presenting a
brief overview on the key concepts and results from the theory of special relativity,
classical field theory, and nonrelativistic quantum mechanics. Then we will cover
the mathematical basis of quantum field theory by delving into the study of Lie
groups, Lie algebras, and their representations which will naturally lead to the
discussion of the representations of the Lorentz group. We will cover how symmetry
transformations are expressed mathematically and discuss their relationship to
quantum field theory. We will then provide a thorough derivation and analysis of
the types of quantum fields that are studied in practice then construct each field’s

respective path integrals. After a brief overview of scattering theory in quantum



field theory along with a short digression on the symmetries of quantum fields, we
will begin our study of interactions which will naturally lead to constructing our
first Feynman diagrams and deriving the Feynman rules for the other fields so that
we can construct their respective diagrams. We will include pedagogical examples
and real life applications when we construct the Feynman diagrams. The idea of
renormalization will be hinted at and briefly covered but will not be fully developed.
This will not hinder our discussion of the Feynman diagrams and quantum field
theory in general because as we will see in this thesis, the topic of quantum field
theory is such a vast and rich subject. We will assume that the reader has a basic
knowledge of nonrelativistic quantum mechanics and special relativity along with

a familiarity in using Dirac notation.



Chapter 2

Background

2.1 Special Relativity

The Need for Relativity

The special theory of relativity, or special relativity, in its most general sense
is the physical theory that explains the structure and relationship of space and
time. Originally formulated by Albert Einstein in the groundbreaking paper “On
the Electrodynamics of Moving Bodies”, the original goal of special relativity
was to address the apparent asymmetries of Maxwell’s equations when applied to
moving bodies by correcting Newtonian mechanics to be compatible with classical
electrodynamics [1]. It soon became apparent however that special relativity
fundamentally dealt with the relationship of space and time and in particular, its
geometry. If we were to imagine all of our physical laws and theories as actors in
a play, then special relativity would be considered the background on which the
actors perform on. The structure and form of the background ultimately decides
how the actors can interact with each other and their surroundings |2]. From this
simply analogy, it is clear that relativity plays a central role in physics. Indeed,
physicists realized that special relativity was to be applied not just to classical
mechanics, but to all of physics including all currently known physical theories and

any undiscovered physical theories [2]. In this section, we will present derivations



and explanations of the key concepts from special relativity that will be central in

formulating and explaining quantum field theories.

The Postulates of Special Relativity and the Lorentz Transformations

We state the postulates of special relativity according to Griffiths [2]:

Postulates of the Special Theory of Relativity

1. Principle of Relativity: The laws of physics apply in all inertial frames.

2. Invariance of the Speed of Light: The speed of light in a vacuum is a

constant ¢ in all inertial frames, regardless of the motion of the source.

The postulates of special relativity can be used to derive the relativity of
simultaneity, time dilation, and length contraction [3]. The relativity of simultaneity
says that two events that occur simultaneously in one inertial frame can be
seen to occur non-simultaneously in another inertial frame. Time dilation is the
phenomenon where a moving clock measures time slower than a clock that is in its
rest frame. This implies that the time interval between two events is dependent
on the relative velocity between the two inertial frames they occur in. Length
contraction is the phenomenon where a moving body experiences a reduction in the
dimension parallel to its velocity. This implies that the spatial distance parallel to
the velocity between two events in one moving inertial frame can be found to have
a different spatial distance in another inertial frame. The type of transformations
between two inertial frames S and S’ that encodes these three concepts are the

Lorentz transformations
,

{ (2.1.1)




where

= (2.1.2)

is the Lorentz factor. The matrix structure of the Lorentz transformation easily

allows us to write the Lorentz transformation as

t ¥y =7z 00 t
x —yv vy 00 x
- , (2.1.3)
Y 0 0 10 Yy
z' 0 0 01 z

The above Lorentz transformation matrix A is called a standard boost and does not
represent the most general type of Lorentz transformation since a general Lorentz
transformation A involves some rotations as well. A boost, or pure boost, Ag is a
type of Lorentz transformation that leaves corresponding axes parallel without any
rotation [4]. A rotation, or pure rotation, Ag is a type of Lorentz transformation
that leaves the temporal component invariant while the spatial components are
mixed by rotations. Since there are three spatial axes, there are three rotations
and three boosts. Any Lorentz transformation A can be written as the product of
a boost followed by a suitable rotation A = AgApg [4].

Now if light travels from one spacetime point (g, o, %o, 20) to another point

(t1,71,y1,21) in an inertial frame S, the distance traveled would be

c(ty —to) = /(@1 — 20)% + (11 — 90)? + (21 — 20)%,
or equivalently,

—02(t1 — t0)2 + (z1 — $0)2 + (y1 — yo)Q + (1 — 20)2 = 0.



In another inertial frame S’, the distance light travels would be [3]

—*(ty = t0)* + (a1 — 20)” + (Y1 — %0)” + (21 — 2)* = 0.

From the second postulate of relativity, the invariance of the speed of light in all

inertial frames implies that

—*(t1 —to)* + (z1 — 0)* + (Y1 — ¥0)” + (21 — 20)°

= —(ty — ty)* + (2} — 20)” + (v — vh)? + (21 — 20)*.

This naturally leads to the concept of the spacetime interval between two events,

(As)? = —2(AL)? + (Az)? + (Ay)? + (A2)?, (2.1.4)

and if we set the spacetime coordinates in frame S’ to coincide with the origin, we
get

s = P+t P+ 2R (2.1.5)

Equation ([2.1.5)) is a quadratic form and given the matrix structure of the Lorentz
transformations, we can construct a mathematical vector that combines the three

spatial coordinates with time to create the four-vector

T = (ct,z,y,2). (2.1.6)

The bar notation on the four-vector is added to distinguish the spatial z-coordinate
but we will abandon this bar notation shortly in favor of the more commonly used
notation. Since the dimensions of ¢t is length, we introduce the standard notation

of four-vectors by labeling 2° = ct, 2! = z, 22 = y, and 2® = z then

ot = (20, 2t 2%, 2%), (2.1.7)
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where p = 0,1,2,3. It is standard for Greek indices, such as p and v, to have
values ;4 = 0,1, 2,3 while Latin indices, such as ¢ and 7, to have values 1 = 1, 2, 3.
In this thesis, we will adopt this convention as well. If we let § = v/¢, the standard

Lorentz transformation takes on the simpler form

20 v =B 0 0) [2°
xt! -6 v 0 0 x!
_ . (2.1.8)
x?! 0 0 1 0] |a?
3 0 0 0 1) \a3
If we let 8 = coshn and use the hyperbolic relation
sinh? 7 — cosh?n = 1, (2.1.9)
the Lorentz factor becomes
2 1
cosh™n = ———, (2.1.10)
V1 — tanh?
and the standard Lorentz transformation becomes
20’ coshn —sinhnp 0 0\ [2°
xt —sinhnp  coshn 0 0] | 2t
_ K K , (2.1.11)
x?! 0 0 1 0 x?
3 0 0 0 1) \a3

where the parameter 7 is called the rapidity [2]. The hyperbolic form of the
Lorentz transformation (2.1.11f) can be interpreted as a hyperbolic rotation in four

dimensions which reflects the geometric nature of the theory of special relativity
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[4]. The four-vector notation allows us to write the quadratic spacetime interval as

()T -t = =) o (1) + (o) + (2

-1 0 0 0 2

( )0100 x!
21‘01‘1I2$3

0 010 x?

0 00 1 3

v
=atg,z",

where g™ = g,,, is the Minkowski metric. The metric signature of g"” is (—, 4+, +, +)
but in other literature it can also be (4, —, —, —). We will adopt the signature

(—,+,+,+) for this thesis. We see that

-1 0 0 O 20

, 0O 1 0O !
Juvl =

0O 010 z?

0 0 01 3

= (—$0,$1,$2,$3)

=z, (2.1.12)

so we introduce lowering a Lorentz index as

3
:L‘M = Z gulll‘u - (_xO;x17x27x3)7 (2113)
v=0
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and raising a Lorentz index as
3
oM = Z 9"z, = (20,2, 22, %), (2.1.14)

v=0

We call the four-vectors z,, and z* covariant and contravariant four-vectors, re-
spectively, thus raising a Lorentz index is equivalent to making a sign change in

the temporal component while leaving the spatial components invariant [2]
(z0, T1, T, 73) = (—2°, 2, 2% 2%). (2.1.15)

The Lorentz transformation matrix can be denoted as A¥, where p and v are
the row and column numbers, respectively, then a Lorentz transformation can be

compactly written as

3
o= A (2.1.16)
v=0

To make equation (2.1.16]) even more compact and elegant, we adopt the Einstein
summation convention where any pair of repeated indices imply summation over

the repeated indices which allows us to remove the summation symbol
3
= A =3 A (2.1.17)
v=0

Any pair of repeated indices must have one superscript and one subscript and are

said to contracted. With this convention, we see that [5]
9" gup = 0", (2.1.18)
where 0% is the Kronecker delta and the spacetime interval can now be written as

s*=1° = 2'y, = z,a" = —(2")? + X7 (2.1.19)
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A Lorentz transformation leaves the spacetime interval invariant.

Proof. Consider the spacetime interval

The last three terms on the right hand side is the Euclidean norm in R? which is
invariant under three dimensional rotations. Without loss of generality, under a

standard boost we have

82/ — —(ZEO/)2 4 (xl/)Q 4 (.I‘2/>2 4 (]33/)2
= =7 (1= B)@")" + ' + 2" + 77 (1 = B) ()
— _(x0)2 + (:L'l)2 + (.172)2 + (1]3)2

= 827

so the interval is invariant under standard boosts. Since any Lorentz transformation
consists of a product of boosts and rotations, the spacetime interval s is invariant

under Lorentz transformations [4]. O

Now we have a formal definition for a Lorentz transformation [5].

Definition 2.1.1. A Lorentz transformation is a linear, homogeneous change
of coordinates from one inertial frame to another inertial frame
ot = A" o,

14

that leaves invariant the interval

a'r, = —(2°)* + 2

With our definition, a Lorentz transformation obeys the following

GuN N . = Gpo (2.1.20)
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from which we can identify the inverse Lorentz transformation [5]

(AP = Af, (2.1.21)

which also implies that

GNP AT, = g (2.1.22)

We will show later that the set of all Lorentz transformations forms a group.
The form of the spacetime interval very clearly resembles an inner product thus
the spacetime interval is also known as the Minkowski inner product, or invariant
scalar product. However, despite the fact that the invariant scalar product has
many of the same properties of an inner product, it is not an inner product by
definition. To see this, when we first derived the spacetime interval, the interval

value was zero or, more formally,

z'z, = 0. (2.1.23)

Two events whose spacetime interval is zero are called lightlike events and we call
the four-vector x# lightlike as well. If we consider two events where their spatial
interval is greater than their temporal interval, we will have x#z, > 0 and are
called spacelike events and we call the four-vector z# spacelike as well. Analogously,
if two events have a greater temporal interval than their spatial interval, we will
have z#x,, < 0 and are called timelike events and we call the four-vector 2# timelike

as well. Formally speaking, the invariant scalar product can have values

2z, > 0, (2.1.24)
'z, =0, (2.1.25)
ztz, <0, (2.1.26)

thus the invariant scalar product is indefinite which violates the positive definiteness

property of the inner product. Thus we have a formal definition.
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Definition 2.1.2. The Minkowski inner product, or invariant scalar prod-
uct, is a nondegenerate, symmetric bilinear form [, |31 : R* x R* — R defined

as

[7,y]31 = T1y1 + T2Y2 + T3Y3 — T4y,
which satisfies for all z,y, 2 € R* and for all scalars a € R:

1. Bilinearity

lax + vy, 2]31 = alz, 2]31 + [y, 2]31

2. Symmetry

[%y]&l = [y;$]3,1

3. Non-degenerancy

[z,y]31 = 0; Yy € R*, then = 0

By now, it is clear that we are not working in the Euclidean space R* because
equipping the smooth manifold R* with the Minkowski inner product creates a

non-Euclidean manifold. The space that we are working in is now defined.

Definition 2.1.3. Minkowski space is the smooth four-dimensional manifold R*
equipped with the Minkowski inner product. Depending on the metric signature, it

is denoted as RY3 or R*! for signatures (—, +, +, +) and (+, —, —, —), respectively.

Our choice of the metric signature was (—, +, +, +) thus we will be using the
notation RY? for this thesis. All of the quantum fields that we will construct will
have their domains in R'3 so that they are relativistically invariant.

We say that an equation is relativistically invariant if it holds in all inertial
frames, which is in accordance with the principle of relativity [4]. Before we end

this section, we introduce the four-gradient which will aid us in subsequent chapters
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5]
Y
0= 5= <§’V>’ (2.1.27)
0 0
w—_° _(_Z
o= o < at,v). (2.1.28)
We see that
oHz" = g, (2.1.29)

and it can easily be proved that under Lorentz transformations, the four-gradients

transform as [5]

" = A*0”, (2.1.30)

0 =0 (2.1.31)

2.2 Classical Field Theory

As the name of the topic suggests, fields are crucial in the formulation and
understanding of quantum field theory. Field theory is used in the study of objects
that form a continuous medium, such as water, air, and the electromagnetic field [6].
A field ¢(x,t) is a physical quantity that gives a value for any point in spacetime.
The type of fields that we will deal with will be based on the representations of the
Lorentz group which we will cover later on. For now, we will review the dynamics
of fields and how the equations that govern their dynamics are derived.

Recall from Lagrangian mechanics the action functional S which is defined as

t2

t1

where L(g;, q;) is the Lagrangian function whose arguments ¢; and ¢; are called

the generalized coordinates and generalized velocities, respectively [4]. The Fuler-
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Lagrange equations of motion are derived by using the principle of stationary action

to minimize the action S to get

d /0L oL
— — = 2.2.2
where
oL
=, 2.2.
aqz p’l? ( 3)
oL
=F 224
dg; v ( )

are the generalized momenta and generalized forces, respectively. The transition to
Hamiltonian mechanics involves a Legendre transform of the Lagrangian L(g;, ¢;)
to construct the Hamiltonian H(q;, p;) whose arguments r; = (¢;, p;) are called the

canonical coordinates [7]. The Hamiltonian is

. 0L .
where
oL
P = T 2.2.6
Pi= g (2.2.6)

are the generalized momenta from Lagrangian mechanics but are called the canoni-
cal or conjugate momenta in Hamiltonian mechanics [4]. Then Hamilton’s equations

are

OH OH OH oL
oy, o YT 227
o0 b g, = (2.2.7)

ot ot

These formulations of classical mechanics easily generalize to field theory with some
minor alterations. Lagrangian and Hamiltonian mechanics deals with systems of

discrete particles but fields are continuous systems over R™. Thus for a set of fields
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Yq, We introduce the Lagrangian density

L(Pa, Vpa, 00y /0t %, t) = L(Pa, 0upa), (2.2.8)

and the total Lagrangian L is computed by integrating over all of R3

L= /d?’:cﬁ, (2.2.9)

then the action is

5:/dtL:/dtd3a:.c:/d4x£, (2.2.10)

where d*x = dt d3x is the Lorentz invariant measure. To see that d*z is Lorentz
invariant, let x#’ = A* x¥ then d'z’ = |detA|d*z = d*z since |detA| = 1 [5].
Varying the action and applying the stationary action principle with vanishing
boundary conditions at spatial and temporal infinity yields the field-theoretic

analogue of the Euler-Lagrange equations

oL oL
) — =0. 2.2.11
“(8(@%)) 0pq ( )

Analogously, we define the Hamiltonian density
H (Lo, Vipa, 0pa /0t x, 1) = H(Pa, Opa), (2.2.12)

and the total Hamiltonian is computed in the same manner
H = /d3x H. (2.2.13)

Deriving the Hamiltonian density is very similar to the discrete case,

oL
= —, — L = 11,0, — 2.2.14
H Zz: a(@Q(pa) Pa L Za: aPa £7 ( )
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where for each field ¢,
oL oL
I, — S ad) 2.2.15
90ue) ~ O (2219)

are the conjugate momenta densities [5]. Then the field-theoretic analogue of

Hamiltonian’s equations are

oH . OH

=¢p, — = —I1,, 2.2.16
TR ( )

where the operator ¢ is the variational derivative. It is a common convention to refer
to the Lagrangian and Hamiltonian density as the Lagrangian and Hamiltonian,
respectively, and in general to drop the term density from all other names. We
will adopt this convention in this thesis as well unless specified otherwise. In this
thesis, we will place more emphasis on the Lagrangian formulation of field theory.
The main advantages of this are that it is manifestly covariant, preserves the
symmetries of the equation and naturally leads to the path integral formulation of

quantum field theory [§].

2.3 Quantum Mechanics

We will present a brief overview of nonrelativistic quantum mechanics and present
the main results that will be frequently used throughout this thesis. As mentioned
in the introduction, quantum mechanics is the fundamental theory of physics
that studies atomic and subatomic systems. Quantum mechanics differs from
classical physics in many ways with the most notable difference being that the
ordering of a series of measurements matters in quantum mechanics. A famous
example of this is that it is not possible to know the position and momentum of
a particle simultaneously which is in stark contrast with classical physics. The
massive success of quantum mechanics has led scientists to believe that there is
an underlying quantum theory for every classical theory and indeed this has been

the case with a famous example being quantum electrodynamics. Like relativity,
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it is believed that quantum mechanics is a fundamental aspect of nature thus all
theories should obey quantum mechanics at the right size ranges. For this section
and thesis, the reader is assumed to possess knowledge of and flexibility in using
Dirac notation.

Postulates of Quantum Mechanics

We present the postulates of quantum mechanics according to Cohen-Tannoudji

[9]-
Postulates of Quantum Mechanics

1. At a fixed time ty, the state of an isolated physical system is defined by

specifying a ket [1(ty)) belonging to a Hilbert space H called the state space.

2. Every measurable physical quantity A is described by a Hermitian operator

A acting in H; this operator is an observable.

3. The result of the measurement of a physical quantity A is one of the eigen-

values of the corresponding observable A.

4. When the physical quantity A is measured on a system in the normalized
state [¢), the probability P(a,) of obtaining an eigenvalue (a,, for discrete

and « for continuous) of A is:

P(a,) = |<¢n|w>|2, (Discrete, nondegenerate spectrum)
gn
i 2 .
P(a,) = Z (o0l (Discrete, degenerate spectrum)
dP(a) = |<¢alw>\2 da, (Continuous, nondegenerate spectrum)

5. If the measurement of the physical quantity on the system in the state |i)

gives the result a,,, the state of the system immediately after the measurement
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is the normalized projection,

Palt)

VWP [0)

of 1) onto the eigensubspace associated with a,,.

6. The time evolution of the state vector |¢(t)) is governed by the Schrédinger
equation:

m%w»: At (1))

where H (t) is the observable associated with the total energy of the system

(called the Hamiltonian).

In this thesis, we will adopt the convention where “hatted” quantities A denote
Hermitian, quantum operators and “unhatted” quantities A are classical quantities.
This will be made clearer as we progress further. The postulates of quantum
mechanics also imply that two vectors that differ by a scalar multiplicative constant
represent the same pure state thus the Hilbert space contains normalizable rays
rather than vectors |7]. We now present a more mathematical description of the

quantum mechanics [10].

Definition 2.3.1. For a vector ¥ € H, the corresponding ray is the set
¢ ={ep: a e R}.

An element ¢ € 1 is called the representative of 1.

Definition 2.3.2. The ray product of two rays ¢ and ¢ is defined as

¢ ¥ = [l

and is independent of the choice of representatives from the sets ¢ and 1.

Definition 2.3.3. The set of all rays equipped with the ray product is called the

ray space H.
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With these definitions we are ready to define what a symmetry transformation

in quantum mechanics is [10].

Definition 2.3.4. A symmetry transformation is a bijective mapping S : H — K

that preserves the ray product

S(¢)-SW)=¢-v, Vo, eH.
We now present one of the most fundamental theorems in quantum mechanics
[10].

Theorem 2.3.1 (Wigner’s theorem). For every symmetry transformation

S :H — K, there exists a transformation S : H — K such that
1. S(w) = S(¥), Yo eH and,
2. the transformation is either unitary or antiunitary.

Wigner’s theorem gives us the recipe for quantizing symmetries from classical
physics to quantum physics and will be frequently invoked to create the necessary
quantum symmetry transformations. The postulates can also be used to derive

the canonical commutation relations

[XhXj] =0,
[ Ai? Aj] =0,

and the scalar product of the position and momentum eigenkets

1

(@) = gy ™" 252

The canonical commutation relations provide the method for quantizing a classical

theory through canonical quantization which is to promote the classical dynamical
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variables of position z (or its equivalent) and momentum p (or its equivalent) to

Hermitian operators X and P, respectively, and impose the canonical commutation

relations (2.3.1)) on the operators.

2.3.1 Formulations of Quantum Mechanics

Schrodinger Picture vs. Heisenberg Picture

In the Schridinger picture, operators are time-independent while the state kets are
time-dependant. The equation that governs the time evolution is the Schrodinger
equation

L d ~
th—¥(t)) = Hu(2)) (2.3.3)

In the Heisenberg picture, the Schrodinger operators undergo a unitary trans-
formation which makes the operators time-dependent while the state kets become

time-independent, formally,
A () = UT()ASU (1), (2.3.4)

where U (t) = e~iHt/h ig the unitary time evolution operator and the superscipts
S and H denote the Schrodinger operator and Heisenberg operator, respectively.
The equation that governs the time evolution of the Heisenberg operators is the

Heisenberg equation of motion

dAT(t) 1 g g
=AM, 1], (2.3.5)

for any observable A in the Heisenberg picture.
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Path Integral Formulation

We follow the methodology of Srednicki in the following |5]. Consider the general

quantum Hamiltonian for one particle

H(X,P)=—+V(X). (2.3.6)

We will let h = 1 for clarity for this subsection. Let |z) be the eigenket of X such

that X|z)= z|z). In the Heisenberg picture, we make the necessary adjustments

X = X(t) = et X et (2.3.7)
P — P(t) = et pe—ifit (2.3.8)
|z, t) — |z). (2.3.9)

Then in the Heisenberg picture X (t)|z,t) = z|x,t). To calculate the probability
amplitude (2" t"|2’,t'), namely, the probability that a particle at position x’ at
time ¢’ to move to position z” at the later time ¢”, let us divide the time interval
t” —t" into N + 1 equal subintervals of duration 60t = T'/(NN +1). Then let us insert

N position intermediate eigenstates to get

N
<l‘”, t”|:L',, t/) — /H de <£(],,|6_iH5t|ZIZN><Z)3N|€_iH6t|JZN_1>. B <:)31|€_iH6t|5L’/>.
j=1
(2.3.10)

Using the Baker-Campbell-Hausdorf formula

exp(A + B) = exp(A)exp(B)exp( - %[A, Bl +... ) (2.3.11)

we get up to second order in 0t

exp(—Hdt) = exp[ — i(dt/2m) P*|exp| — i6tV(X)]exp[O(5t*)],  (2.3.12)
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where in the limit of small ¢, the last term goes to one [5]. Consider the probability

amplitude (z]e=%|z,) and observe that

<x2|€—iﬁ6t|x1> _ <x2|6—i(5t/2m)1526—i6t\/(X) |p1>

= (e PP Yy [T )
/ dp e~ =OV @) (0, Ypy |y
_ /C;_]:Tlei(ét/%n) —i6tV (1) (z ‘p1><p1’x1>€zp1(x2 1)
_ / 6;1;1 =il (@101t i (a2—e1) (2.3.13)

where we used (x|p) = (27)'/2e™P_ It is easy to generalize to N cases but for more
general Hamiltonians, we will adopt Weyl ordering and replace H(xq,p;) with

H(zy,p1) where z; = 3(z1 + x2) [5]. Then we generalize equation (2.3.13) into

(2.3.10) to get
N N oo
(e = [ Tl [P emtermeemiiones, (23.14)
0
k=1 j=1

where Z; = 3 (z; + x41), 2o = 2/, and xn11 = 2”. Let &; = (z;41 — x;)/0t then in

the limit 6t — 0 we have

t//

(" "2 )= /DxDpexp[i/t/ dt (p(t)i(t) —H(x(t),p(t)))}
_ / D Dpexpls /t " a0, p(t)) (2.3.15)

Expression is called Feynman’s path integral and we see that we are
integrating over all possible paths in phase space [11]. If the momenta in H(z,p)
is quadratic at most then the integration over p is gaussian and can be performed
in an analytic form [5]. The constant that arises from this integration can then be

absorbed into the functional measure Dz. Now at some time t; € (t',t"), consider

(2 | X (8|2, ) = (2| W00 § o= iH (=t | 1y, (2.3.16)
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If we insert intermediate position and momentum eigenstates, we get

<x/l’t//’)2—(tl)‘x/’t/> _ <£L’H,t//‘$(t1)’$/,t/>

N
— / H do; x(t){z"|e” o o oy e Oz n )
j=1

(e O )

= /DxDpx(tl)eiS. (2.3.17)

If we now consider X (t;) and X (t,), the ordering of the operator’s times matter

thus we have
(2" | TX (t) X (t2)]2', ') = / Da Dpx(ty)z(ty) €, (2.3.18)

where T is the time-ordering symbol: a product of operators is implied to be written
with all operators at later times to the left of the operators at earlier times. Later
on, we will calculate many expressions such as (2.3.18)) which are called correlation

functions. To calculate them, suppose we made the replacement

H(z,p) = H(z,p) — f(t)x(t) — h(t)p(t), (2.3.19)

where f(t) and h(t) are specified functions [5]. Then the probability amplitude

becomes

t”

(2" "2 N = /Dx@pexp [2/ dt(pi —H+ fr+ hp)} (2.3.20)

t/
Now we introduce a new derivative [5].

Definition 2.3.5. The functional derivative is a functional analogue of the

differential operator from differential calculus that acts on functions such that

J

Wf(b) = d(t1 — ta),
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where 0(¢) is the Dirac delta function. The normal rules of differential operators

from differential calculus applies to the functional derivative.

Then observe that [5]

) , .
- $1/7 " l‘/, t/ _ D Do x(t ezfdt [px—H—i—faH—hp]’
S e g = [ DaDpa(e)
1 0 1 d <$” t”ll‘/ 75/> L = /DLL' Dpﬁ(tl)ﬁ(tg) eifdt [p&—H+ fz+hp)
1 (Sf(tl) 1 5f<t2) ’ A )
1 6 1 9 . .
- - " _ Dx D ¢ ifdt [pm—H—l—fac—i—hp}’ 2391
i 0f(t1) i 6h(t1) e Bl / vDpp(h)e ( )

If we set f(t) = h(t) = 0, then we get the correlation functions thus

19 1 6
T i0f(t) i 0h(ty)

(2" | TX(t)) ... P(ty) ... |2' ") @ Y

f=h=0

(2.3.22)

For later calculations, we will be interested in the ground state as the initial and
final states which is called the vacuum expectation value. To compute this using

the path integral approach, we let ' — —oo and t” — 400 to get
(010)., = lim da" dz'(0|a" Yo", t" |2 ') p (2']0)
= lim [ da" da"yg(a") (2" "2 ) pibo (). (2.3.23)
To simplify the above expression we make the replacement
H— (1—ie)H, (2.3.24)

where € is a small positive infinitesimal. This allows the Hamiltonian to pick out
only the ground state when operated on by (z”,t"|and |2/, ') in the limits t" — +o0

and ¢ — —oo with € fixed [5]. Thus we have

(0[0)s, = /D:p Dpexp [i/dt (pi — (1 —ie)H + fx + hp)]. (2.3.25)
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Given a perturbation ]_:[_1’ we have that the total Hamiltonian is H = Hy+ H; thus

(0]0),n, = /Dx Dpexp [z’/dt (pi — Hy — Hy + fz + hp)]

_ exp[ _ z/dtlﬁ(%ma %W)}

X /Dx Dpexp [z’/dt (pi — Ho + fz + hp)} , (2.3.26)

where we have suppressed ie. If the perturbation H; depends only on z, the Pin
the total Hamiltonian H is at most quadratic with no dependence on X , and if
we desire to compute only the vacuum expectation values involving time-ordered

products of X, we get the simplification

1 9

1
where L;(z) = —H;(x). The use of the functional integrals for the path integral
to calculate or perhaps more appropriately, generate, the vacuum expectation
values has led to the path integral to also be called the generating functional or

the partition function.

Quantum Harmonic Oscillator

We will present the derivation of the solution to the quantum harmonic oscillator.
One of the most commonly used methods to solve this problem is to bring the
Hamiltonian into position-space and solve the differential equation using a power
series expansion. Another very commonly used method is to use the ladder operator
method which allows one to find the energy eigenvalues and eigenstates without
ever solving the differential equation. Lastly, we can also solve this problem using
path integrals. We will first demonstrate the ladder operator method and then
the path integral method because the results and concepts that we get from both

methods will generalize to all the quantum fields.
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The Hamiltonian of the quantum harmonic oscillator is

. Pz 1 .
H= 5+ §mw2X2. (2.3.28)

We can non-dimensionalize the Hamiltonian by dividing by hw to get

H P2 mw -
- _ ey e’
ho  2hwm T on

2h m2w?

mw (. iPN\/. iP i[X, Pl
() )

2h ( mw + mw Tt 4hwm

mw / iP mw / - iP 1
= 2% ),/ (X——)——. 2.3.2
2h ( mw 2h mw dmw (2:3.29)

We now define the following operators

at = \/%(X . %) (2.3.30)
6= \/%(X + 7%) (2.3.31)

which are the creation and annihilation operators, respectively. Then observe that

ata = E — 1
Chw 2
hence,
- 1
A= hw(d*& + 5). (2.3.32)

It is trivial to prove that afa is a Hermitian operator so we let afa = N , which is

called the number operator, then we get

A= m)(N + %) (2.3.33)

thus the Hamiltonian and number operator have the same eigenvalues and eigenkets.
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It is trivial to see that

[a,a'] =1,
[N, a'] = af,
[N, a) = —a. (2.3.34)

Let |n) be an eigenket of N such that N|n)= n|n) then note that

Naf|n)= (atN + af)|n)

= (n+ 1)a'|n),

hence the operator a' raises the eigenvalue, or quanta, by one. Similar calculations

reveal that

Na|n)= (n —1)|n), (2.3.35)

hence the operator a lowers the eigenvalue by one. To find the eigenvalue for af,

observe that

(nfa(a'n) = e ln + 1))
(nf(@fa + 1)n) = cy (nfiln + 1)
(n+1) = ey

CyL = \/n+1

Similar calculations show that ¢_ = y/n. Thus we have

a'lny=vn+1|n + 1), (2.3.36)
aln) = v/nln — 1). (2.3.37)



From the definition of the inner product, we have that

0 < (n|Nln)
= n(n|n)
= ’n7
son > 0. Then we have that
. ~ 1 1
Hjn) = ho (N + 5) )= huw (n + 5) In),

thus the energy eigenvalues are

1
En:mu<n+§>, n=01,2,..

To find the eigenstates, note that

Observe that

<x|<d|0>: 0)

%[x+ i( . ih%ﬂ (z]0) =0
d mw

%@IO): —7$<$|0>,

31

(2.3.38)

(2.3.39)

(2.3.40)

(2.3.41)
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which yields (after normalization) [11]

(2l0)= — e[ - 5 () . (2342

1
7T1/4w/330

where

zo =] —. (2.3.43)

Then the eigenstates are [11]

1= () i) (et oo 35 e

The key idea of this section is that the creation operators create one unit of energy
while the annihilation operator destroys one unit of energy. This concept will
be extremely important once we consider particle creation and annihilation in
quantum field theory.

Now let us rewrite the quantum harmonic oscillator Hamiltonian as

NP J2 | .
H(X,P)= 5+ §mw2X2. (2.3.45)

Then the ground state to ground state transition amplitude is

(0|0)y = /DxDpeXp [i/dt [(pi — (1 —ie)H + fx)], (2.3.46)

where multiplying (1 — i€) to the Hamiltonian results in mw? — (1 — ie)mw?. We

will set m = 1 for brevity then we have in the Lagrangian formulation [5]

(0]0)f = /Dx exp [z / dt (%xz — %(1 —ide)w?r? + fx)] (2.3.47)

Focusing on the action term, we can write the action term with the Fourier
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transformed variables

— e P E(R), (2.3.48)
and integrate over £’ to get

1 [dE
5—5/5;

+ f(—E)#(E)|

((1 +ie)E? — (1— ie)w2>j(E)aZ=(—E) + f(E)i(—E)

_ %/‘;_f (B2 - +ie)3(B)

&
i
5
+
=
e
S~—
IS
|
5
+
—
i
5
2
5
~—~
DO
«
i
L

where we absorbed the positive coefficient of E? — w? + i(E? + w?)e into € to get

E? — w? +ie. Next we shift integration variables by

i(E) = #(B) + 1) (2.3.50)

and the integration measure becomes Dz = Dgq then the action becomes [5]

S = %/‘;—f [Q(E)(E2 —w? +i€)§(—E) — %ﬁ‘f@i , (2.3.51)
hence
ooy =el; [ ]
X /quxp[%/%c](E)(EQ — W ri)d(—B)|. (2.3.52)

Now if we set f = 0, the first term equals 1 and since the ground state is normalized

as (0|0);—o = 1, the bracketed expression in the second term must be zero hence



34

the second term is equal to 1. Then the transition amplitude becomes

(0[0) = exp [% / drdt! F(G(t—1)1(1)]. (2.3.53)
where
dE —iE(t—t')
Gt — ') = /g — e (2.3.54)

is called the propagator of the harmonic oscillator [11]. The propagator is essentially

the Green’s function of the harmonic oscillator equation which can be seen by

(aa_; + w2>G(t -t =46t—-1). (2.3.55)

Contour integrating in the complex F plane and using the residue theorem yields
[5]
Gt —t) = iexp( —wlt - t’\). (2.3.56)

Now we can calculate the vacuum expectation values using functional derivatives

in the following manner

1 6 1 6
Eaf(tl)iéf(tg)m'mf =0

1
— ZG(tQ — tl),

(X (1) X (£2)]0) =

(2.3.57)

15}51615<0|0>
i 0f(th) i 0f(t2) i 0f(ts) 0 of(ta) " " ls=o
:Z,lZG(tl—t2)G(t3—t4)

(OIPX (11) X (t2) X (t3) X (ta)]0) =

+ G(t1 — tg)G(tQ — t4)

LGt — )Gty — t3)], (2.3.58)
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or more generally [5]

N . 1
(OITX (). X(t2)[0)=— > Glti, —t5,) ... Glti,_, —tiy,).  (2.3.59)
t pairings
Equation (2.3.59)) is known as Wick’s theorem and it will be extremely useful for
computing vacuum expectation values. We will give the proof later on once we

have introduced quantum fields.

2.4 Natural Units

Natural units are defined as setting h = ¢ = 1. Then we can express time T
and length L in units of mass M, namely, T = ¢ 2AM~! and L = hc *M~1,
respectively. Thus any physical quantity X will have a unit of mass M raised to
some power [5]. From the mass-energy equivalence relation, energy in natural units
is £ = m so any physical quantity can also be expressed in units of energy as well,
which will usually be the case in most equations. Let [-] be the mapping that gives
the number to which the mass unit is raised to for a physical quantity X. We can

easily see that [5]

[m] = +1,
[#"] = -1,
[0"] = +1
[d?z] = —d. (2.4.1)

We can easily deduce the dimensions of the path integral using equation ([2.4.1)).
Instead of the Lagrangian L for discrete systems, let us instead consider the
continuous Lagrangian density £ which we will be using for quantum fields. Since

the action S is in the exponential, we see that

[S] =0, (2.4.2)
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and since

S = / d’z L, (2.4.3)

we see that

L] = d, (2.4.4)

for d spacetime dimensions [5].

The benefit of natural units is that manipulating equations become significantly
easier since most equations will either be dimensionless or will be in dimensions of
mass/energy. Along with this, the ubiquity of & and ¢ in the equations of quantum
field theory can make many equations and expressions cluttered thus setting them
to 1 significantly reduces the equations to simpler, more elegant forms. We will
adopt natural units throughout this thesis unless specified otherwise. We present
the exact and approximate values of some physical values and constants in both
SI (except for the elementary charge e which is in Lorentz-Heaviside units) and

natural units that will aid us in explicit calculations:

1eV = 1.602176634 x 1071 J ~ 1.602 x 107 J,
leV/c? = 1.78266192 x 10 % kg ~ 1.783 x 10 *® kg,

h
b= 7 = 1.054571817 x 10734 J - s = 6.582119569 x 107 %eV - s
T

~ 6.582 x 10710eV - g,
c=299,792,458 m/s ~ 3 x 10°m/s,

hc = 200 MeV - fm,
e 1
T T B
e = Vira ~ 0.30282212088,

m. = 0.51099895 MeV /c* ~ 0.511 MeV/c?,

m,, = 938.27208816MeV /c* ~ 938.3 MeV /c?,

where m, and m,, denotes the mass of the electron and proton, respectively [1, 7].
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To recover the original units, a simple dimensional analysis can be used to find
where to properly insert A and c. For example, converting energy E back to mass
requires that we divide by ¢? since E/c?> = m. Note that the electric charge e in
natural units becomes dimensionless since it can now be expressed in terms of the
dimensionless fine-structure constant . We will see later on the importance having
a dimensionless electric charge e for quantum electrodynamics and how natural

units plays a role in constructing viable, or renormalizable, quantum field theories.
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Chapter 3

Symmetries

3.1 Lie Groups, Lie Algebras, and Representa-
tions

In this section we will introduce the important concepts from the mathematical
theory of Lie groups, Lie algebras, and representation theory. The concepts
from these mathematical theories have an intimate relationship with the study of
quantum field theory and developing the necessary background will be crucial in
fully understanding quantum field theory. We use the definitions and theorems

from [12, |13, [14]:

Definition 3.1.1. A group (G, %) is a set G that is closed under the binary

operation * such that the following axioms are satisfied:

1. Associativity of x: For all a,b,c € G,

(axb)xc=ax(bxc),

2. Identity element e for x: There exists an identity element e € G such that

for all z € G,

rxe=exxr=u,
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3. Inverse under x: For every a € G, there exists an element o’ € G such that

axa =d xa=e.

Definition 3.1.2. [13] A subset M C R™ is a smooth manifold of dimension

n > 0 if, for each x € M there exists a smooth function

h:U— R™,

defined on an open set U C R™ such that
1. h maps U homeomorphically onto an open neighborhood V' of x € M and,
2. for each u € U the matrix [0h,(u)/0u;] rank has n.

Definition 3.1.3. Let M, (R) and M,,(C) be the space of all n x n matrices with

real and complex entries, respectively.
We see that M, (R) and M, (C) can be identified as R and C"’, respectively.

Definition 3.1.4. [12] A Lie group G is a smooth manifold and a group such
that the group product
GxG—=G

and the inverse map G — G are smooth.

Definition 3.1.5. The general linear group GL(n,F) of degree n over a field
[F is the set of n x n invertible matrices with matrix multiplication as its binary

operation. For any A in GL(n,F), the entries of A belong to F.
Theorem 3.1.1. GL(n,R) is a Lie group under matriz multiplication.

Proof. Choose any number of arbitrary n x n matrices in GL(n, R) then note that

the product of any number of matrices in GL(n,R) yields a n x n matrix with a
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nonzero determinant because of the property of determinants for square matrices
Ai

det(J] Ai) = [ det(4).

Thus GL(n,R) is closed. It is trivial to see that the matrix product is associative
and since all elements in GL(n,R) have a nonzero determinant, there exists a
unique inverse for each element in GL(n,R). We trivially see that the unique n x n
identity matrix is in GL(n,R) as well. Thus GL(n,R) is a group under matrix
multiplication.

The set of all n x n real matrices M, (R) forms a real vector space of dimension
n?. Consider the determinant mapping det(-) : R™ — R. The determinant is a

polynomial map thus the determinant is a C*°, or smooth, map. Then
det ' (R/{0}) = GL(n,R),

is an open subset of R”* which is trivially a smooth manifold. Thus GL(n,R) is

smooth manifold of dimension n? therefore GL(n,R) is a Lie group. O]
Theorem 3.1.2. GL(n,C) is a Lie group under matrix multiplication.

Proof. For all Z € GL(n,C), Z can be decomposed as
7 =X +1i,

where X,Y € M, (R). Now define a map f that constructs a 2n x 2n real matrix

such that the entries in Z of the form a + ib are replaced with the block matrix

where a,b € R. It is trivial to see that this map is bijective and a group homomor-
phism thus the map is an isomorphism and therefore GL(n, C) = GL(2n,R). Thus

we see that GL(n,C) is subgroup of GL(2n,R) and is a subset of R’ therefore
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GL(n,C) is a Lie group. ]

Definition 3.1.6. [12] A matrix Lie group G is a subgroup of GL(n,C) where
if any sequence A,, in G converges to some matrix A, then either A is in G or is

not invertible.

Throughout this thesis, virtually all of the Lie groups we will encounter will
be matrix Lie groups which are Lie groups as well. Thus we will focus mostly on
concepts that relate to matrix Lie groups.

We present the next theorem without proof as an aid for identifying and proving

more Lie groups [14].

Theorem 3.1.3 (Closed Subgroup Theorem). Every closed subgroup H of a

Lie group G is a Lie subgroup.

By closed, we mean that the subgroup H is topologically a closed subset of
G. This theorem and the definition of the matrix Lie group are equivalent [12].
In general, it is much more difficult to prove the smooth manifold condition of a
proposed Lie group and so the Closed Subgroup theorem and the definition of a
matrix Lie group significantly reduces our task to just proving only if a subgroup

H is a closed subset of a Lie group G.

Definition 3.1.7. The unitary group U(n) is the group of all n x n complex
matrices that satisfies U' = U~'. The subset of unitary matrices with unit

determinant is called the special unitary group SU(n).

Definition 3.1.8. The orthogonal group O(n) is the group of all n x n real
matrices that satisfies AT = A~!. The subset of orthogonal matrices with unit

determinant is called the special orthogonal group SO(n).

Theorem 3.1.4. U(n)and O(n) are Lie groups. Similarly, SU(n) and SO(n) are

Lie groups.

Proof. If A, € U(n) is a sequence of matrices with determinant +1 and converges

to A, then A also has determinant 41 since the determinant is a continuous
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function thus U(n) and SU(n) are matrix Lie groups. The same argument applies

for O(n) and SO(n) therefore all four groups are Lie groups. O
Theorem 3.1.5. The Lie group U(1) is isomorphic to the Lie group SO(2).

Proof. Consider the map f : C — R* defined as

» cos —sinf
f(e”) =

sinf  cos#d
If we consider zi, 2z € C such that f(z1) = f(z2), we get that
Fe®) = F(e)

cosf; —sinb, cosfly —sin b,

sinf; cosb, sinfy  cosf,

hence

cos 1 = cos by,

sin ¢, = sin 6,,

which implies that 6, = 6, thus f is injective. Now the values of y come from the
interval [—1, 1] and the domain of the phase angle 6 is [0, 27] thus for all values

y € R, there exists a z € C such that f(z) = y. Thus the map f is surjective
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therefore the map is a bijection. Now observe that

f(ewleieQ) _ COS(Ql + 02) — sin(@l + 92)
sin(0; + 63)  cos(61 + 02)

cos 0] cos 0y — sin by sinf, — sin 6 cos by — cos Oy sin Oy

sin @ cos g + cos By sinfy  cos by cos By — sin 0, sin G,

cosf; —sinb, cosfly —sinb,
= X

sinf; cosb; sinf, cosf,

= f(e") x f(e™),

thus the map f is group homomorphism therefore f is an isomorphism and the

two groups U(1) and SO(2) are isomorphic. O

Definition 3.1.9. [12] The generalized orthogonal group O(n, k) is the set of

all real (n + k) x (n + k) matrices that preserve the symmetric bilinear form

[I, y]n,k =T1Y1+ F TpYn — Tnt1Yntl = °°° — TntkYntks (3'1'1)

where n, k € Z* and z,y € R*"*. The subset of O(n, k) with unit determinant is

defined as the special generalized orthogonal group denoted as SO(n, k).

The group O(n, k) will be incredibly important once we cover the mathematical
theory of Lorentz transformations because we will identify the group of Lorentz

transformations as a subgroup of O(n, k).
Theorem 3.1.6. O(n, k) and SO(n, k) are Lie groups.

Proof. Tt trivial to prove that O(n, k) and SO(n, k) are subgroups GL(n + k, R"™*).
If there exists a sequence of matrices A,, € O(n, k) that preserves the symmetric
form [, -] and converges to some matrix A, then A also preserves the symmetric
bilinear form [-, -] because [-, -] is a function of polynomials thus is a continuous

function [12]. A similar argument applies for SO(n, k). O
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Definition 3.1.10. [12] Let G and H be Lie groups. A map & : G — H is a
Lie group homomorphism if ® is a continuous group homomorphism. If & is
bijective with a continuous inverse map, then ® is a Lie group isomorphism

and we say that Lie groups G and H are isomorphic.

Definition 3.1.11. [12] A real or complex Lie algebra is a real or complex
vector space g equipped with a map called a bracket [-,-] : g X g — g that obey

the following properties:
1. [-,+] is bilinear.
2. [, -] is skew symmetric: [X,Y] = —[Y, X] for all X|Y € g.

3. The Jacobi identity holds:

(XY 2l + [V, [Z, X[ + 2, [X, Y]] = 0,

forall X|Y,Z € g.

Two elements X and Y of a Lie algebra are said to commute if [X,Y] =0
and a Lie algebra is abelian if [X,Y] = 0 for all X,Y € g. Throughout this text,

the bracket we will use will be the matrix commutator defined as

[X,Y]= XY —YX, VA,B € M,(F). (3.1.2)

Definition 3.1.12. If g and § are Lie algebras, a linear map ¢ : g — b is a Lie
algebra homomorphism if ¢([X,Y]) = [¢(X),o(Y)] for all X|Y € g. If ¢ is

bijective then ¢ is a Lie algebra isomorphism.

Definition 3.1.13. Let GG be a matrix Lie group. The Lie algebra of (G, denoted

as g, is the set of all matrices X such that ¢* € G for all t € R.

The definition we have chosen to use is the physicist’s convention for the Lie

algebra of a Lie group G. Mathematicians use the map ¢t — e!* [12].
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Definition 3.1.14. |12] If V is a real vector space, then the complexification

of V', denoted as V¢, is the space of formal linear combinations

V1 + 12,

with vy, v € V.

An important concept that we will use is the Casimir operator of a Lie algebra.
Definition 3.1.15. A Casimir operator C is an element of a Lie algebra such
that

[C,X]=0, VXeg,

namely the Casimir operator commutes with all elements of a Lie algebra.

The Casimir operator’s eigenvalues will be used to label representations of Lie

groups and the state vectors belonging to a Hilbert space.

Definition 3.1.16. [12] Let G be a matrix Lie group. A finite-dimensional

complex representation of G is a Lie group homomorphism

II:G — GL(V),

where V' is a finite-dimensional complex vector space. A finite-dimensional real
representation of GG is defined similarly except with V' as a finite-dimensional

real vector space.

Definition 3.1.17. [12] A finite-dimensional complex representation of a

real or complex Lie algebra g is a Lie algebra homomorphism

m: G — gl(V),

where V' is a finite-dimensional complex vector space. If g is a real Lie algebra
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then a finite-dimensional real representation is defined similarly except with

V' as a finite-dimensional real vector space.

Definition 3.1.18. [12] Let II be a finite dimensional real or complex represen-
tation of a matrix Lie group G acting on a space V. A subspace W of V is
called invariant if II(A)w € W for all w € W and for all A € G. An invariant
subspace W is called nontrivial if W # {0} and W # V. A representation with

no nontrivial invariant subspaces is called irreducible.

Definition 3.1.19. [12] If V is a finite-dimensional inner product space and G
is a matrix Lie group, a representation Il : G — GL(V) is unitary if II(A) is a

unitary operator on V for every A € G.

3.2 Representations of the Lorentz Group

Let us apply our knowledge of Lie groups, Lie algebras, and representation theory
to the Lorentz transformations. As was hinted in the background chapter, the set
of Lorentz transformations forms a group under matrix multiplication called the
Lorentz group which leaves the spacetime interval s = —(2°)? + (2')? + (22)% + (23)?

invariant.

Proof. Tt is trivial to show the associative property for any three arbitrary Lorentz
transformations. The identity element is A*, = ¢*,. Recall that any Lorentz
transformation A can be constructed from pure boosts K and pure rotations J.

Now let A4 and Ag be arbitrary Lorentz transformations then observe that

AAAB - (KlKQ ce )(J1J2 .. )

= Ac.
Recall that for any matrix A*

G N )N = oo,
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which implies that

det [gm,A“pA”a - gpg]
—det[A?] = —1

det[A] = %1,
therefore all matrices A*, are nonsingular thus an inverse element exists for all
Lorentz transformations which is (A71)? = A *. O

From the previous section, we immediately identify the Lorentz group as O(3, 1),
namely, the group of 4 x 4 real matrices A that preserve the symmetric bilinear

form

[, yls1 = T1y1 + Tay2 + T3Ys — Taya, (3.2.1)

which is just the spacetime interval for Lorentz transformations [15]. Thus we now

define the Lorentz group.

Definition 3.2.1. The Lorentz group is the group of linear, homogeneous

coordinate transformations
=zt = A ",
that leave invariant the interval
z? = tr, = —t? 4 22

The determinant of the Lorentz transformation implies that we have two types
of the Lorentz transformations, namely, the proper Lorentz transformations and
the improper Lorentz transformations which have det[A] = +1 and det[A] = —1,

respectively [5]. It is trivial to show that the proper Lorentz transformations form
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a subgroup SO(3, 1) of the Lorentz group O(3,1). Now from the relation

g,LLVAMpAVo' = Ypo (322)

we get for uy =v =0

(A00)2 - AioAio = 17

which implies that either A% > +1 or A% < —1. Thus the proper Lorentz
subgroup contains two disconnected components [15]. Lorentz transformations
with A% > +1 are called orthochronous Lorentz transformations and Lorentz
transformations with AOO < —1 are called nonorthochronous Lorentz transforma-
tions [5]. Ome should note that any nonorthochronous transformation can be
written as the product of an orthochronous transformation and a discrete tem-

0 2! 2% 2%) or a discrete spatial inversion

poral inversion (z°, 2!, 2% 2%) — (—x
(2, 2! 22 23) — (2%, —2', =%, —2?) known as time reversal and parity transfor-
mations, respectively [15]. The orthochronous Lorentz transformations form a
subgroup as well and when a theory is said to be Lorentz invariant, it is invariant
under the proper orthochronous Lorentz subgroup [5]. We will define the proper
orthochronous Lorentz subgroup to be the group SO(3,1) with A% > +1 and will
be denoted as SO(3,1)*. We will consider parity and time reversal transformations
separately since it is well known now that there are physical processes that violate
parity and/or time reversal.

Since the Lorentz group O(3,1) is a Lie group, we can write the infinitesimal

Lorentz transformation up to first order as [5]

AP = G 4 Sk (3.2.3)



49

Then from equation ((3.2.2))

g/LZ/AMpAVU = Ypo
gHV((SMp + 5w#p)<5ya + 6("}1/0') = gPU

dwpe = —0We), (3.2.4)

where second order terms are neglected hence dw is an antisymmetric matrix. From
elementary linear algebra, the vector space of n x n antisymmetric matrices have
dimension %n(n — 1) so in four spacetime dimensions, the Lorentz transformations
have six independent parameters. These parameters are very obvious. We stated
before that a pure rotation, which leaves the temporal component invariant, is
identified as the group SO(3) thus three of the parameters are rotations in the
(z,9), (x,2), and (y, ) planes. A pure boost, which leaves —(z°)? 4+ x? invariant,
acts on the (¢, ), (t,y), and (¢, z) planes so the three boosts are the other three
parameters |15]. For rotations by an angle d6 about the unit vector n, we have
dw;j = —eirn00 and for a boost in the direction n by rapidity dn, we have
dwip = n;0n [5]. One of the parameters of the Lorentz group is the modulus of the
boost velocity |v| € [0,1) and we see that it ranges over a non-compact interval
thus the Lorentz group is a non-compact Lie group [16, [12].

Now let us see how quantum operators should transform under Lorentz trans-
formations. From Wigner’s theorem, symmetries are represented as unitary or
antiunitary operators in quantum physics so for each A € SO(3,1)" we define
a unitary operator U (A) that obeys the composition property. An infinitesimal

transformation can be written as

~

U(1+6w) =1+ %5WMVM“V, (3.2.5)

where the second rank antisymmetric, Hermitian four-tensor operator, or tensor
operator for short, M* is the generator of the Lorentz group [15]. The com-

ponents of MM are an antisymmetric set of Hermitian operators that are the



20

generators of the Lorentz group as well. For some A" = I 4+ §uw’, let us expand

UAN)'UN)U(A) = UATAA),

UN)TUN)U(A) = UATIAA)
I+ %5%1,0(/\)‘1]\%"”0(/\) = U(I + A'6wA)
T i A —1 v 7 i v Arpo
T4 500, U ()™ MM (A) = Tt du A AV, 1P

Sw,w U(N) MM U(A) = S, A" A NP

Since dw,,, is arbitrary, we get the Lorentz transformation rule for antisymmetric

tensors

U(AN) T M™U(A) = A" A, M*, (3.2.6)

where we see that after a Lorentz transformation, the second rank tensor operator
M*° remains antisymmetric. It is trivial to see that this result applies to second
rank symmetric four-tensor operators as well, namely, a second rank symmetric
tensor operator remains a second rank symmetric tensor operator after a Lorentz
transformation [15]. To find the Lie algebra of the Lorentz group, let A = I + dw
in equation then expand to first order to get

N0, N07) = gL — PPN — 1 4 ),

which is the Lie algebra of the Lorentz group [5]. It will prove fruitful in the analysis
of Lorentz symmetry to let J; = %eijijk and K; = M. Then the Lorentz Lie

algebra in terms of J; and KZ is

[Kza A]] — _igi]kjk:a

We recognize the first algebra to be the Lie algebra of Lie group SO(3) which is
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the group of rotations in three-dimensions that was identified as one of the sets of
generators of the Lorentz group. Thus the components J; are to be identified as
the components of the angular momentum operator J. The algebras that involve
the components K; are to be identified as the components of the boost operator
K but they do not form a closed algebra since boosts do not form a group. The
second line says that a series of boosts is equivalent to a rotation while the third
line says that the boost operator K transforms as a three-vector under rotations
[5].

From special relativity and nonrelativistic quantum mechanics, we can easily
deduce that first rank four-tensor operators, or four-vector operators, transform

under Lorentz transformations in the following manner
U(A)TPRU(A) = A* PY (3.2.8)

where P* is the Hermitian four-momentum operator [5]. Based on our knowledge
of the components of the four-momentum from relativity, we identify PO = H as
the Hamiltonian and P? is the momentum operator. Recall that the generators
of spatial and temporal translational symmetries are the linear momentum and
Hamiltonian, respectively. The four-momentum operator suggests that we can
combine these two symmetries into the general spacetime translational symme-
try and thus we construct the unitary spacetime translation operator T(a). An

infinitesimal spacetime translation can be written as

~

T(a) = I — ida, P". (3.2.9)

and compounding multiple infinitesimal spacetime translations will result in a
finite transformation which yields the following form for the spacetime translation

operator

~

T(a) = exp( — iﬁ’”au) = exp( — z'f?a), (3.2.10)
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where it is implied that P#a, = Pa [5]. We can immediately identify the com-
mutation relations among the components of P# from nonrelatvisitic quantum

mechanics

[P, H] = 0. (3.2.11)

By applying an infinitesimal Lorentz transformation on equation (3.2.8)), expanding

and equating the coefficients on both sides yields
[P*, MP?) = i(g" PP — gt P°). (3.2.12)

Then we can use the algebra of angular momentum and boosts to write (3.2.12)) in

terms of J and K

[J;, H] =0,

[ Az‘, pg] = igijkpka

(K, H] =P,

[K;, P;| = 6, H. (3.2.13)

Compiling the algebra of spacetime translations and Lorentz transformations yields

the closed algebra

[P, Pj]=0, [P, H]=0. (3.2.14)

The above commutation relations forms the Lie algebra of the Poincaré group [5].
We see that the generators of the Poincaré group consist of the generators of the

Lorentz group and the translational group. Like the Lorentz group, the Poincaré
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group is a non-compact Lie group [15].

We now seek to find how quantum field operators transform under Lorentz
transformations. It is natural to work in the Heisenberg picture to show that
time and space are of equal importance but instead of the usual definition of
promoting Schrodinger operators to Heisenberg operators, we use the relativistic
generalization

~

T(a)p(0)T Y (a) = ¢(z), (3.2.15)

where T (a) is the spacetime translation operator to get the relativisitc Heisenberg
field operator. Again, it is crucial to recognize that the argument of the field is
a four-vector. Consider a field operator with no Lorentz indices ¢(x), namely, a
quantum scalar field. From our derivation on how Hermitian operators transform

under Lorentz transformations, we can easily deduce that scalar fields transform as

A~

UAN)2@(2)U(A) = (A ). (3.2.16)

With our knowledge on how four-gradients transform under Lorentz transformations,

we can also see that

U(A)'0"p(0)U(A) = A, 0" (A ),

U(N)0%p(z)U(A) = A", 0" p(A '), (3.2.17)

where 0 indicates that we differentiate with respect to 7 = A~'x [5]. A four-gradient
acting on a scalar field creates a vector field so from the first line of eequation

(3.2.17)), we immediately identify the transformation property of a vector field

Ar(z) as

A

UN) AR (2)U(A) = A" AP(A™ ), (3.2.18)
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and for tensor fields,
U(AN)'B™(2)U(A) = A" A", B (A ). (3.2.19)

In classical physics, there are many kinds of fields other than scalar and vector
fields that are used to model physical phenomena. In quantum field theory, we find
this to be true as well but quantum fields must transform in a Lorentz invariant
manner. Thus we wish to find how fields with n Lorentz indices transform under

Lorentz transformations, namely,
U(N) ' @a(z)U(A) = D (N)gp(Ax), (3.2.20)

where 4(z) and ¢p(z) are fields with an arbitrary number of Lorentz indices
and D,B(A) is a matrix that depends on A. Mathematically, we seek to find
representations of the Lorentz group which will leave the field Lorentz invariant
[16]. We will drop the operator hats in the when we state the definitions of the
field representations since the field representations apply to the classical field from
which we can easily quantize later on. To find the generators of a representations,

if we consider an infinitesimal transformation
D,B(1+0w) = 6,5 + %MW(S“”)AB (3.2.21)

then equation (3.2.20) becomes
[a(e), M*] = L @a(w) + (S*) ,% 5 (), (3.2.22)

where L* = %(m“(f)” — x2¥0") and S* each separately obey the commutations
relations of the generators. Now there are many representations that can be
found for the Lorentz group. One example is the tensor representation defined in
equation [15]. A generic four-tensor forms a basis for a 16-dimensional

representation but this representation is reducible. Recall that symmetric and



95

antisymmetric tensors remain symmetric and antisymmetric, respectively, under
Lorentz transformations thus the symmetric and antisymmetric components of
B* do not mix. Thus the representation reduces to a 10-dimensional symmetric
representation S*” and an antisymmetric representation A |15]. Furthermore, if
we take the trace of a symmetric tensor T'(x) = g, 5", we get that under Lorentz

transformations,

A A

UAN)T(2)U(A) = g A, S (A )

ngSp“(A’la:)

=T(A'z), (3.2.23)

thus the trace of a symmetric tensor transforms as a one-dimensional Lorentz scalar.
Thus the symmetric representation reduces into the irreducible, nine-dimensional
traceless representation S*” — (1/4)T and the one dimensional scalar representation

T |15]. By dimensions, the tensor representation is written as
494=106009. (3.2.24)

Thus the tensor product of two four-vector representations is the direct sum of the
1, 6, and 9 representations [15]. We now see that some representations are reducible
and will have irreducible subcomponents. It is clear that finding and analyzing
irreducible representations would prove more fundamental than finding reducible
representations since the properties of reducible representations can be understood
from its irreducible parts. In summary, we seek irreducible representations of
the Lorentz group [5]. From the Lie algebra of the Lorentz group (3.2.7)), we see
that the SO(3) algebra is the same as the SU(2) Lie algebra. Indeed recall from
nonrelativistic quantum mechanics that the representations of SU(2) are three
Hermitian matrices that obey the same commutation relation of SO(3) and has a

~2
quadratic Casimir operator J whose eigenvalues j can be used to label physical

1

states. The index j can have values j = 0, 3,

,a 2w

DN

3 .
1,5.... However for j =
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rotation results in a minus sign for the quantum state but a 27 rotation should
leave the state unchanged for a representation of SO(3) [15]. Thus the half-integer
representations serve as inequivalent, irreducible representations for SU(2). We
want to include such representations in a relativistic quantum theory since it is
known that there exist particles with spin-1/2 [15]. To do this, we complexify the

Lorentz Lie algebra in the following manner [5]

oK
N = 2@ : (3.2.25)
i J+iK
N'= 22 , (3.2.26)
then the Lorentz Lie algebra becomes
[Ni, Nj] = igije N, (3.2.27)
v. N1 —
[Ni, Nj] = 0. (3.2.29)

We see that the Lorentz algebra can be written as two different SU(2) algebras that
are related by Hermitian conjugation so the Lorentz algebra can be written as the
algebra of SU(2) x SU(2). The quadratic Casimir operator is then (NQ, NTQ) SO we
can label these representations as (n,n’) and the dimension of the representation
is (2n+1)(2n' 4+ 1) [5]. Since J; = N; + N/, we can label different components of a
representation by their angular momentum representations. This is Clebsch-Gordon
theory or addition of angular momentum from nonrelativistic quantum mechanics
and the result is that the allowed values of j are |n — /|, |n —n/| + 1,...,|n + 7/|

[11]. The most common representations that are used and will be covered in this
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paper are [5]

(0,0) = scalar,

1
<§, O> = left-handed spinor,
1
(0, 5) = right-handed spinor,
11
(5, 5) = vector. (3.2.30)

Now we have explicit fields that can use to formulate quantum field theory. A

scalar representation is easily defined.

Definition 3.2.2. The (0,0) field representation of the Lorentz algebra is called

a scalar field ¢(x) and transforms as

under Lorentz transformations.

To find the (%, 0) representation matrix for the left-handed spinor field z@a(x)

where a can take on two values, consider

A~ ~ ~

U(A) "o (2)U(A) = (D), (M) (A ') (3.2.31)
and the infinitesimal transformation

(Du), M0+ 8w) = 8," 4+ 50w, (SE), (3.2.32)

1

where (57"),? = —(57"),’. From nonrelativisitic quantum mechanics, the j = %

matrices are the Pauli matrices o' where

ol = . . o0 = : (3.2.33)
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thus

1
(SH}t = S Sk (3.2.34)

The SU(2) algebras are exchanged under Hermitian conjugation thus the Hermitian

conjugate of a left-handed spinor 1[1(1 is the (0, %) right handed spinor 1[1@ where

(ha)T = 0. (3.2.35)

We will denote a right-handed spinor with a dot on top of its Lorentz index. It is
trivial to see then that

(S8, = — (S L. (3.2.36)

Compounding multiple infinitesimal transformations then yields the (3,0) and

(0, 1) finite transformation

Dr(A) = e 29w 5E” (3.2.37)

Dr(A) = 29w S (3.2.38)

Now we can properly define left and right-handed spinor fields.

Definition 3.2.3. The (3,0) field representation of the Lorentz algebra is called
the left-handed spinor field, or left-handed Weyl field, ¢,(z) where the
index a has two values. The (0, %) field representation is called the right-handed
spinor field, or right-handed Weyl field, v (z) where the index @ has two

values. The fields transform as

U(A) ™ a(@)U(A) = (D), (A)vy(A™ )

U(A) " a(2)U(A) = (Dr) (A (A1),
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where

Dp(A) = eféwwsiy’
DR(A) = G%wuysﬁua

(SE) = +7(0"5" = o"5"),

vya i — v —v a
(SR = _Z(UMU —a’o")

To manipulate the spinor indices, we introduce the antisymmetric tensor €4

which has the property
(‘DL)aC(A)(DL>bd<A)5cd = Eab (3239)

thus e, is an invariant symbol of the Lorentz group like the metric tensor g"* [5].

We define ¢, the following way
812 = E£91 = 1, 821 = &1 = —1, (3240)
then we see that [5]

Eape’ =0,°, ey = 5% (3.2.41)

With this, we can lower and raise indices in the following manner
VY (x) = ey (). (3.2.42)

For vector fields that possess one dotted and one undotted index A,;(z), we can

use the invariant symbol ¢, such that [5]

Awa(z) = 0 A (2). (3.2.43)
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By convention we choose o', to have the value
ol. = (I,o), (3.2.44)

where o is the Pauli matrix vector. Along with this, we introduce the following
symbol

Euda — gabgdbo_:b — (17 _0-> (3245)

It is rather cumbersome to consistently use these indices for the Weyl fields thus

an index free notation method that we will use is

XU = X", X' =iy, (3.2.46)

namely, missing contracted undotted and dotted indices are implicitly understood

to be written as ¢, and ,¢ [5]. With this, we have the simplification

()" = (x“¢a)
= (¥a)T (x)"
= X1

= Tyl (3.2.47)

By now, the astute reader may have noticed that for two left-handed (right-handed)
Weyl fields we have

Xa(x)¢a(y) = _77Z)b<y>Xa<$>’ (3248)

namely, the Weyl fields anticommute and since they in the (1,0) ((3,0)) represen-
tation, the Weyl fields will describe fermions. We will delve further into this later
on once we derive the fermion fields.

The vector field is now defined.

Definition 3.2.4. The (%, %) field representation of the Lorentz algebra is called
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a vector field A#(x) and under Lorentz transformations transforms as
U(N) A" (z)U(A) ™ = Dy (A)AP(A'x),
where

DV(A) _ 6%95‘{77

(S, = <(g8", = 7).

We will encounter two more field representations that will describe other

spin-1/2 fields.

3.3 Symmetries of Nature

Noether’s Theorem and Continuous Symmetries

In the last section we covered many of the symmetries that are part of the
Lorentz group. In this section, we will explore and give physical meaning to the
mathematical abstraction of the previous section and explore the fundamental
importance of symmetries in quantum field theory. We begin with the definition of

a symmetry.

Definition 3.3.1. Let ¢,(x) be a set of fields for a = 1,...,n and consider the

infinitesimal transformation for each of the fields

’ o v
T, — T, =T, + 0wz’

a(w) = 0o (2') = a(®) + 0a(T),

where dw,,, = —dw,,,. If the transformation leaves the action & invariant, the trans-

formation is called a symmetry transformation, or a symmetry. Equivalently,
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a symmetry transformation leaves the Lagrangian invariant up to a four-divergence

L(z) = 6L(z) = L(z) + 0,K"(z),

for some K*(x).

In physics, the symmetries of a system give rise to corresponding conservation

laws. This fact is encoded in Noether’s theorem.

Theorem 3.3.1 (Noether’s Theorem). Every differentiable symmetry of the

action of a physical system has a corresponding conserved current.

Proof. Let ¢,(x) be a set of fields for a = 1,...,n with Lagrangian £(z). By

varying the Lagrangian with respect to the fields we get

oc oc oL
5,6(.17) 8 —|— m(g(au@a) ‘f‘ 8—%(5$H
oc ,
— 9 ) + S Ouea) + L)

5
( >+g“”6 £(x)
ACrwn

5% + K*(x ))

where we used the Euler-Lagrange equations to get the first term of the second

line. Then we have

0, jk(z) = 0L(z), (3.3.1)

where
oL

ju(x) = m&% + K*(x), (3.3.2)

are the Noether currents. If the transformation leaves the Lagrangian invariant,

namely, 0L = 0 and makes the four-divergence vanish K* = 0 then we have

oL

9, (ma%) —0 (K"=0). (3.3.3)

If the transformation leaves the Lagrangian invariant but the four-divergence does
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not vanish, then we have

%(mé% + K“(x)) —0 (K" +#0). (3.3.4)

In either cases, the Noether currents are conserved and each satisfies the continuity

equation
0
Ot (x) = 5.5 (x) + V- j(x) = 0 (3.3.5)
for a =1,...,n. The corresponding Noether charges are
Qu = /d3xj2(x). (3.3.6)

Since this holds for n arbitrary fields, there are n conserved Noether currents. [J
Note that since each field transforms differently depending on their representa-

tion, we can identify the following infinitesimal transformations

dpa(T) = —%59@ (scalar fields)

ox, M
1 5 0, .
0pa(r) = — 20w, S ¢4 (2) — =6, (spinor fields) (3.3.7)
2 oz,
where dw,,, = —dw,,, and S*” is the generator of the Lorentz transformations for a

general spinor field.

We call j(z) and j(z) the charge density and current density, respectively, thus
equation is the local conservation law of this charge [5]. We should note
that the names “charge” and “current” do not always refer to electric charge and
electric current, respectively. The names refer to a general class of the generators of
a symmetry transformation. One such example is the color charge of quarks which
is a completely different property than the standard electric charge [1]. We see
that the number of generators of a symmetry group, or its dimension, corresponds
to the number of conservation laws a physical system is expected to have.

We now see the beautiful connection between symmetries and the conservation
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laws that arise from them. Let us explore symmetries that will have relevance in
later chapters. Consider the symmetry of spacetime translations. Given a set of

scalar fields ¢, (x), we have that

_9¢a
oz,

0p, =

0z, = —0upq(2), (3.3.8)

we expect that under spacetime translations

Ya(T) = Qa(r — a)
- goa(x) —a” usoa(x)a
L(x) = L(z —a)

= L(x) — a"0,L(x), (3.3.9)

thus dp,(z) = —a”0,¢. () and 0L(x) = —a”0,L(x) = —0,(a”L(x)) [5]. Then the

total divergence is K¥(z) = —a”L(z) thus the conserved current is
. 0L (x)
I — v v
70) = G (Do) + o L(a)
= a,T" (x), (3.3.10)
where
OL(x)
T () = —— ) gvo () + g L(2), 3.3.11
(©) =~ g gy o) + 4 £(2) (33.11)

is the energy-momentum tensor [8]. To identify the conserved quantities that arise

from spacetime translations, let us examine the components of the tensor. For
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u=rv =0 we have

oL
a(ao%)
oL
VAN .a - ['
(0"
=0 — L

TOO — _ aogoa 4 gOOE

=H, (3.3.12)

thus we see that the Hamiltonian density is the conserved quantity under time
translation, namely, the energy is the generator of time translations. Then by the
definition of four-momentum, we immediately identify the other components T

to be the energy-momentum four-vector
Pt = / d*x T (z), (3.3.13)
hence the spatial momentum vector is
P = / >z T
. / B2 () V(). (3.3.14)

thus the linear momentum is the generator of spatial translations [5]. Then we see

that the energy-momentum four-vector

Pt = /d?’x T (x),

is the conserved charge of spacetime translations. Thus spacetime translational
symmetry gives rise to the conservation of energy and linear momentum. Another
symmetry that will be important to consider is of course, Lorentz symmetry. We

find that the Noether current is

M#P(x) = " TH (z) — P TH (), (3.3.15)
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with the conserved charges
MYP = / d*x MO (z), (3.3.16)

which are the generators of the Lorentz group. Thus Lorentz symmetry gives rise
to six conservation laws which are angular momentum (in three dimensions) and
the velocity of the center of mass (in three dimensions) which come from rotations

and boosts, respectively [5]. If we consider a scalar field and let v =i and p = j in

equation (j3.3.15)) then insert it into equation (3.3.16)), we have
M9 = /d% 2TV — 3T (3.3.17)

where T are the spatial momentum densities. We recognize this expression to be
field-theoretic analogue of orbital angular momentum thus we can rewrite ([3.3.17)

as
L = / dx ' T — 29T, (3.3.18)

hence the field-theoretic total angular momentum for scalar fields is
JY = L4, (3.3.19)

If we considered the Noether currents for Lorentz symmetry of a set of spinor
fields ¢, (x) such as the Weyl fields for a = 1,...,n, the Noether currents would

be [5]
oL
MHP — grie _ o _ i 9% _gueg, 3.3.20
o). ¢ (3.3.20)
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with the Noether charges

o= [ e

oL
= | Barz'T% — 2PT" — i —— S,
/ 8(80301) 4
= / dPxa"T% — 2P T% — 11, S*P,, (3.3.21)

where S* depends on the representation. If we let v = ¢ and p = j in equation

(13.3.21) then we have
Mij — /d3x .CEiTOj _ ijOi . Z'Ha SijQOa. (3322)

We recognize the first two terms in equation (3.3.22)) as the orbital momentum L%

and we identify the third term as the field-theoretic spin. Thus we have
S = — / dPxill, X9 ¢, (3.3.23)

where we have merely switched the notations S% <+ ¥ for clarity [15]. The

field-theoretic total angular momentum for spinor fields is
J9 =LY 4 89, (3.3.24)

We now see that the concept of spin naturally arises from the nontrivial repre-
sentations of the Lorentz group. For scalar fields, the total angular momentum
lacks a spin component which is in agreement with the definition of the trivial
representation of the Lorentz group. Along with this, we know from nonrelativistic
quantum mechanics that scalar particles have spin-0 and fermions have spin-1/2
so we see that once we quantize the total angular momentum into a self-adjoint
operator, we will naturally have spin (or no spin for quantized scalar fields) built
into quantum field theory. It is now clear that the labeling of the representations

of the Lorentz group serve as the labels for the spin of the fields.
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If our Lagrangian consists of complex fields, we can explore a rather obscure
but fundamental symmetry which is the invariance under a phase, or U(1), trans-
formation

o(x) = ep(x), (3.3.25)
where o € R. Repeating the same method as above, the U(1) Noether current is

= Im(! 9 ). (3.3.26)

Recall that the Lie group U(1) is isomorphic to the Lie group SO(2) and a complex

field p(z) can be written as the sum of two real fields

p1(z) + ipa(x)

p(r) = NG :

(3.3.27)

thus we can consider SO(2) symmetry for a two-component field vector (¢1, ¢2)

T cosa  sina T
i) 1) | (33.28)
a(x) —sina cosa | \ ¢a(x)
where « is the angle of rotation [5]. The SO(2) Noether current is then
. e
7 = (p10%2), (3.3.29)

which is equivalent to the U(1) Noether current. The U(1) Noether charge is then

Q= [deiw
= / d*r = Im(gﬁa?gp), (3.3.30)
which is constant in time. When we make the transition to quantum field theory,

the U(1) Noether charge will become an operator and the conservation law that is

associated with U(1) symmetry will be clear.
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Discrete Symmetries

So far we have only discussed continuous symmetries so let us now consider discrete
symmetries. From our earlier analysis on Lorentz symmetry, we encountered two

discrete symmetries, namely, parity and time reversal symmetry

+1 0 0 O
0O -1 0 O
PHo= (P = : (3.3.31)
0O 0 -1 0
o o0 0 -1
(3.3.32)
-1 0 0 O
0O +1 0 0
T = (T HH, = (3.3.33)
0O 0 +1 0
0O 0 0 +1
respectively [5]. The operators for parity and time reversal are
P=U(P), (3.3.34)
T=U(T) (3.3.35)

From nonrelativistic quantum mechanics, recall that the operator for time reversal
is an antiunitary operator while the operator for parity is unitary [11]. Since the
parity and time reversal matrices are idempotent, applying a parity and time
reversal transformation twice should leave all observables invariant so we see that
under a parity and time reversal transformation, the field operators can transform

as

(3.3.36)

(3.3.37)
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If a field has a minus sign under these transformations, we say that the field
transforms as a pseudoscalar and is odd under these transformations. If a field
has a plus sign under these transformations, we say that the field transforms as a
scalar and is even under these transformations. The guiding principle is that we

must make our Lagrangian even under parity and time reversal

~ A

P'L(z)P = +L(Px), (3.3.38)

~

T L(2x)T = +L(Tx), (3.3.39)

so we are at liberty to choose the sign of the transformation of the field operators
as long as the Lagrangian is even under these transformations [5]. Then the action
S is invariant under parity and time reversal thus both these symmetries are
conserved.

Another class of discrete symmetries are symmetries that change the sign of
fields without changing their spacetime argument is called Z, symmetry where Z
is the additive group of integers modulo 2 [5]. A unitary operator Z called the Z,

operator has the transformation

~

Z27'¢(2)Z = nupal), (3.3.40)

where 7, is either +1 or —1 for each field ¢,(z). To give an explicit example, a
Lagrangian that possesses U(1) symmetry will automatically have the discrete
symmetry

p(x) = ¢l (), (3.3.41)

which is equivalent to

prle) | [0 ) [enle) , (3.3.42)

pa(T) 0 —1] \¢a(z)

for a Lagrangian with two real scalar fields. This discrete symmetry is called charge
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conjugation and we denote the charge conjugation operator as C which transforms

a complex field as

C¢(z)C = @i (2), (3.3.43)

or
C71¢1(2)C = +¢1(z), (3.3.44)
C o (x)C = —@o(x), (3.3.45)

for SO(2) symmetries. For our discussion on fermion fields, it will prove fruitful to

introduce the charge conjugation matriz 5|

C= . (3.3.46)

Now we will see later on that a Lagrangian that possesses U(1) will give rise to two
types of particles, say, a-type particles and b-type particles. Charge conjugation
means that the scattering amplitudes are invariant if we exchange a-type particles
with b-type particles and vice versa which implies that both types of particles
possess the same mass [5]. This means that the b-type particle is the antiparticle
of the a-type particle. We will explore this further in the later chapters.
Experiments confirm that all Lagrangians obey another fundamental symmetry
called charge, parity, and time reversal symmetry, or C' PT symmetry for short. The
combination of the operators C'PT is the only combination where all Lagrangians
are invariant. We will accept this fundamental symmetry without proof for all our

Lagrangians.

3.4 Construction of an Ideal Quantum Field

Every Lagrangian for a quantum field must possess Lorentz symmetry. This means

that every field must transform according to the representation of the Lorentz group
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and every other term in the Lagrangian must transform in a Lorentz invariant
way. By Noether’s theorem, this means that all Lagrangians will have at least
ten conservation laws along with other conservation laws from any additional
symmetries. Along with this, all Lagrangians must be invariant under C'PT
symmetry. With these two rules, we can begin to construct our first quantum fields

based on the field representations of the Lorentz algebra.
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Chapter 4

Quantum Fields

4.1 Scalar Fields

Classical Real Scalar Field

We begin with the simplest model of a quantum field theory by first constructing
a classical field theory then quantizing it using the canonical quantization rules.
Many of the insights and results will be generalized to other quantum field theories
thus the derivation and analysis of the real scalar field will prove to be quite
insightful.

The simplest Lorentz invariant field is the trivial representation of the Lorentz
algebra, namely, the (0,0) representation which is the classical scalar field that we
defined in the symmetry chapter. More specifically, we will focus on the real scalar

field and since we are working in Minkowski space, we define the real scalar field as
¢ : R 5 R. (4.1.1)

By explicit construction, given four vectors z* and z#' = A¥ a2 + a”, the field
transforms as a Lorentz scalar, namely, ¢'(z') = (z) which implies that the

equations of motion must be the same for both ¢(x) and ¢'(z"). A suitable equation
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of motion that fulfills this condition is the previous Klein-Gordon equation
(=0 + m*)p(x) = 0. (4.1.2)

For this classical analysis, we will treat the mass term m as an arbitrary parameter
and will reinterpret it as mass once we construct our quantum the theory.

We seek a Lagrangian L for a real scalar field that transforms as a Lorentz
scalar so that the action S is Lorentz invariant. We also require our Lagrangian
to reproduce the (classical) Klein-Gordon equation as the equation of motion.
Consider the ansatz,

1

1
L= —58"@@Mgp — §m2<,02. (4.1.3)

We prove that our ansatz is Lorentz invariant.

Proof. Let L be defined as in equation (4.1.3). Under a Lorentz transformation,

the following transforms as follows,

ot — 2 = A" ¥

o(x) = ¢'(2) = (A 'z)

Dup(r) = Dup(A ) = (A7), (Bup) (A1),
Then under a Lorentz transformation, the Klein-Gordon Lagrangian transforms as

1 / / / / 1 li !
L= 50" ()0 (¢') = 5 *(¢'(2)?

= (A5 (A 0)p(A ™ 2) — SmAe(A )
= (A D) p(A ) — S (A )

= =30 A ) 0p(A ) — A )

=L(A ')

Thus the Klein-Gordon Lagrangian transforms as a Lorentz scalar. [
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We apply an infinitesimal variation d¢ and use the principle of stationary action

on the Lagrangian to obtain

0§ =0
5/d4x L(p,0up) =0
4 1 1 2
d*x [— 58“(5@@90 — —Ea“goaudgb —m gp&p] =0
1 4 o 2
where integration by parts was used on the first term of the third equation to
derive the last line [5]. We impose the boundary condition that d¢ vanishes at

the infinities in both directions of spacetime thus the first term of the last line

vanishes and we have

/d% [8“8Mg0 — mggo] dp = 0. (4.1.4)

Since d¢ only depends on some x, the above equation is true if and only if the

bracketed expression equals zero thus we have our equation of motion
(=0* +m?)p =0, (4.1.5)

which is the desired Klein Gordon equation.
Similar to the free particle in nonrelativistic quantum mechanics, the Klein-

Gordon equation in classical field theory admits plane wave solutions
SD(X; t) — Aei(pd(:l:wt)’

where

w = (Ipl* +m?)'"2, (4.1.6)

which is the relativistic energy in natural units (F = fuww = w). The general solution
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of the Klein-Gordon equation is the sum of plane waves,

flet) = [ S [alp)e = pp)etern (11.7)

where a(p) and b(p) are functions of the momentum p and f(p) is a function of

the magnitude of |p| [5]. We seek a value of f(p) so that the integration measure

% is Lorentz invariant. Consider the following identities
1
o(f(z) — flzo)) = @] §(z — ), (4.1.8)

oo 1 1
| e 0 = (4.1.9)

The measure d*p 6(p? + m?)0(p°), where 0(p°) is the unit step function, is Lorentz

invariant so we integrate with respect to p° to get [5]

“+o00 1
dp® &(p? = —. 4.1.10
| sty = 5 (41.10)

For purposes of normalization when we quantize the Klein-Gordon field, we will

choose f(p) = (27)*2w and define our new Lorentz invariant measure as [5]

d3p
so that equation (4.1.7) now becomes
plx.t) = [ oy [alp)e @) 4 pip)eien]. (1.112)

Since we are considering real scalar fields, we impose the condition that ¢* = ¢

from which we see that

dgpL —z(px wt) +b*( ) —z‘(p~x+wt)i|

— /dspL —zp~x+’iwt + b*(_p)ez’p-x—iwt] (4‘1‘13)
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Comparing equations (4.1.7) and (4.1.13)) reveals that a(p) = b*(—p) so the Klein-

Gordan field can be rewritten as

p(x,t) = /d3pL [a(p)eip"‘_i“t + a*(_p)eip-x+iwt]

— /d?’pL [a(p)ez’p-x—iwt + a*(p)e—ipx-i-iwt}

hence,

p(z) = / d’py, [a(p)ei’” - a*(p)e‘””] (4.1.14)

where pr = ptz, = p - X — wt is the Lorentz invariant inner product of the four-
momentum and four-position vectors (it is understood that ¢(x) involves a temporal
component) [5]. The conjugate momentum of the Klein-Gordon Lagrangian ((4.1.3))

is

oL
II(x,t) =
0 = 5.000)
- 0 1 2 4 2 L 9 9
= 80@,
hence
[I(x) = Oy = ¢ (4.1.15)

We are now in an ideal position to construct the Hamiltonian of the Klein-

Gordon field. Following the formalism introduced in the background chapter, we
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get [5]
H=1lp—-L
! 1
=1I” - —56“g08ug0—§m2302]
_HQ_ - a _1 V 2_1 2 2
= (Oop) (V)™ —sm7e
1 1
:HQ_ _H2__ 2 -2 2
5 5 (Vo) —om’y
= _II* + 1(V(,O)2 + 1m2g02
2 2 2
hence,
%—1H2+1(V )2+1m2 2 (4.1.16)
=3 5 (Ve S 1.

With our field ¢(z), its conjugate momentum II(z), and Hamiltonian H, we are
ready to quantize our field. However, rewriting our Hamiltonian in terms of the
Fourier coefficients a(p) and a*(p) then proceeding with quantization will prove to
be advantageous for later calculations and provide a deeper understanding as to

the nature of the quantum field. We apply the variable change p — p’ to equation

(4.1.14) to get
p(x) = / d’py, [a(p’)e"p/x +a*(p')e 7"
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then

/dgfc p(z) e = —a(p) + 5—a’(—p)e*

where we have used the Fourier definition of the Dirac delta function

1 [t .
0" (x — x0) = ERD / d"p e!x—x0)p (4.1.17)

and the symmetrical property of the delta function. Then

o [/dSJ? o(z) e " = L a(p) + ia*(_p>62iwti|

T 2w 2w
/d?’x Oosp () e~ 4w / d*x o(z) e P = ia*(—p)e*™
/dgx Dop(x) e P = —iw [ia(p) + ia*(—p)emt] +ia*(—p)e*™!
2w 2w

/ &’z dop(x) e = —zalp) + Sa*(—p)e*™

hence we have
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which we then combine to get

a(p) = / B P iy (x) + wola)]

:i/dga: e’ipxﬁHogo(x), (4.1.18)

where the operator % is defined as f<6_0)g = f(0og) — (0o f)g |5]. Complex conju-

gating yields the other Fourier coefficient thus we finally get

a(p) = i/d3x e’im(@—o)go(x), (4.1.19)
a*(p) = —i/d3x eip’”<8_0><p(x). (4.1.20)

Now we rewrite the Hamiltonian in terms of a(p) and a*(p) to get [5]

H= | &@zH

1

— 5 [ @pelePlale) + alp)e’ ) (4.1.21)

where we have carefully evaluated the Hamiltonian in a noncommutative manner

in anticipation for quantization [5].

Quantizing the Classical Real Scalar Field

Now that we have finished gathering everything we need from the classical physics
of the Klein-Gordon field, we now finally promote the field p(x,t) — ¢(x,t) and
its conjugate momentum I1(x,t) — f[(x, t) to operators in the Heisenberg picture

and impose the canonical commutation relations at equal times,

[@(X7 t)a @(Xlﬂ t)] =0,
[ﬂ(X, t)? ﬂ(xlv t)] - 07

[p(x, 1), II(x', 1)] = i0%(x — x'), (4.1.22)
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where the delta function replaces the identity operator since we are using continuous
labels rather than discrete labels [5]. Since we have promoted the field and
its conjugate momentum to operators, we see that the Fourier coefficients a(p)
and a*(p) now become operators a(p) and af(p), respectively, where the dagger

operation T denotes the Hermitian conjugation operation,

a(p) = /d3x e~ P [i0yp(x) + wp(z)] = i/d% e_ipx(ﬁ_g@(@, (4.1.23)

dT(p) = /d?’x eipx[—iﬁogé(m) +wo(z)] = —i/d3x eipwb—g)cﬁ(x). (4.1.24)
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We can compute the commutation relations of the coefficient operators by using

the canonical commutation relations to get

). a(p)) = [ dads e e (il -+mp>i%¢u@+w¢@%)

——

dPx d*s' e e 2] + iw[(z), $(a')]

“(
Prda! e ([l 'ﬂ@9+w¢mw)
(o

mxﬂwm+«ﬂmwx¢um)

—ipe =i’ <w63(x —x) —wd(x — x’))

_I_
i
<>

I
—
=
R
o,

w
R\
)

I
\\\ =

dl’d3 / zpac zpa:

=N
paitl
—~
T
SN—
Q>
pa
—~
U\
=
I

~idhp(a -+wm>-4%¢@v+w¢um)

dl’dg / sz zpa:

(
dx dy e W( (), —z’fl(x’)+w¢(:r’)]>
(=

‘6>

— iw[p(a), TI(2')] + 2mmx¢@m)

B dPa’ e e <—w53(x—x’) +w53(x—x’)>

I
\

I
\?\9

=
—
T
N—
Q>
pa
—
v\
Pt
|

Pr dPs e P W([zaocp( )+ wp(x), —idyp(z’) + wgﬁ(x')])

b ds! e 6w ([ifl() + wp(a), —iTI() + wip(a')])

~—

B dPa’ e P ((z) (—i)[[(x),

—iw)[@(x), ()] + w?[p(x), p(z)]

= /d3x d3g’ e~ W' girr <w53(x —x) 4+ wd(x — X'))

+

N—— z>

(2w) /de e’ e P53 (x — )
— (2w)/d3xei(p_p/)x

= (2w)(27)*6°(p — P),
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thus,

[a(p). ' (p')] = (2w)(27)*8*(p — p'). (4.1.25)

With the Fourier commutation relations, we can rewrite the quantum Hamiltonian

as

H= %/d?’pw (a'(p)a(p) + a(p)a'(p))
= [ @pu @l latp) + Sla(e), 3P
= /d3pL w dT(p)d(p) + Eyp. (4126)

We now come across a fascinating result: the algebra of the operators a(p) and
a'(p) are equivalent to the algebra of the creation and annihilation operators of
the uncoupled, simple harmonic oscillator from quantum mechanics. It can be

further verified that the operators obey

[H,al(p)] = wal(p), [H,a(p)] = —wa(p).

Thus we associate a'(p) and a(p) as the creation and annihilation operators,
respectively, for the Klein-Gordon field and the Hamiltonian physically represents
the field as an infinite sum of uncoupled harmonic oscillators. Before we delve into

further analysis of our finding, we must address the rather settling infinite number

1

Ey = §/d3pw53(0), (4.1.27)

in the Hamiltonian. This infinite number is quantum field-theoretic analogue of
the zero-point energy for the simple harmonic oscillator from quantum mechanics.

The stark difference is that since the Klein-Gordon field is an infinite ensemble of
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these oscillators, Ej is the sum of all the zero-point energies of each oscillator in
this infinite ensemble. This number is actually to be expected in our calculations
because we are integrating over an infinite volume. In actual experiments, this
infinite energy term is not measured because experiments measure only energy
differences from the ground state of the system in question [8]. Additionally, the
appearance of Ej gives indications that a quantum field theory becomes unsuitable
at higher energies thus giving a clue that there may be an underlying theory that
can account for such extremely high energy situations [5]. For our calculations, we
can ignore these infinite terms by adding an arbitrary constant into the Lagrangian
and selecting a value to cancel Ej so that the ground state Hamilitonian gives a
zero energy eigenvalue. Divergent integrals such as equation are infamous
in the study of quantum field theories.

Since we now are considering multiparticle states, the mathematical space that
we work with is the Fock space. In analogy with the simple harmonic oscillator, we
construct our Fock space by first defining a vacuum state |0) to be the state with

no particles; or vacuum, normalized as (0|0) = 1, such that

a(p)|0)= 0, (4.1.28)

and the one-particle state created by the creation operator acting on the vacuum

state as

a'(p)[0) = (2w)"?a’(p)|0) = [p), (4.1.29)

where w = (p? +m?)"/2 [5]. The normalization of the one-particle state (p|p’)
must be Lorentz invariant so we cannot use the normalization from nonrelativsitic
quantum mechanics, namely, (p|p’) = 6*(p — p’). To find the correct normalization,

consider the following

(Ola(p), a'(p)]]0) = (Ok(p)a’ (p)|0) - (0k' (p")a(p)|0)

(2w)(27)%8* (p — P) = (p|p').
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hence the Lorentz invariant normalization for the one-particles state is

(plp) = (2w)(27)*6°(p — P'). (4.1.30)

Then a multiparticle state is created by acting on the vacuum with multiple creation

operators
n

[T 2 al(py), - al(p,)I0)= [p1 - pa), (4.1.31)

which is an eigenstate of the Hamiltonian with energy (wy + wa + ... + wy) [9].
Now we finally come into full circle and are ready to answer what the parameter m
represents in the equation of motion for the Klein-Gordon field. Using Noether’s

theorem, the total four-momentum operator is constructed as

Pr = /d3:c 70k
. / B2 T ()0 ()

- [ 55 wiate) (4182

from which the total spatial momentum operator is constructed as

Pi= / (;l:;g pat(p)a(p). (4.1.33)

Thus the creation operator &L(p) creates an excitation with momentum p, and

1/2 is the relativistic

energy wy, = (|pg|° +m?)Y2. The equation w; = (|p,|> + m?)
energy equation so m is the mass of these individual excitations. These individual
excitations are what we perceive as particles hence particles are interpretted to be
the modes of excitations of the underlying quantum field. It is important to note

that the creation operator a'(p) creates a particle in the vacuum with momentum

p and not in some localized position [§]. Since we used commutators for quantizing
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the scalar field, we have that for a two particle state

aa3|0) = aba3|o)

[p1, p2) = |p2, 1), (4.1.34)

thus the interchange of two scalar particles results in the same state. This can be
easily generalized to n particles, thus we find that the scalar field and the scalar
particles obey Bose-FEinstein statistics. We now promote the field-theoretic total
angular momentum from the chapter on symmetries to a Hermitian operator which
yields

J=L. (4.1.35)

As mentioned previously, the total angular momentum operator lacks a spin
component thus the scalar field and its excitations, the scalar particles, possess
spin-0 which is expected of a Lorentz scalar field. In summary, the scalar field is a
spin-0 bosonic field with its excitation, namely, the scalar particle being a spin-0

boson [5]. Now the resolution of the identity for one-particle states can now be

defined as [8]
1= [ & lp)iol (4.1.36)

then the field operator ¢(x) in the Schrodinger picture acting on the vacuum

creates the following state
26010)= [ o e Plp) =) (41.37)
and similarly we can get
(Ofp(x)[p) = ™. (4.1.38)

Thus the field operator ¢(x) acting on the vacuum creates a particle at position x

8-
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We now see that the field is clearly the more fundamental and important
object than the particle. A particle is nothing more than the excitation of the
underlying field and given enough energy that satisfies the relativistic energy

1/2

formula w = (|p|> + m?)/2, multiple particles can be created from the field. Thus

we see that the field concept naturally gives rise to describing multiparticle states.

4.2 Fermion Fields

Classical Fermion Fields

From our analysis of the representations of the Lorentz group, we found that the
simplest, nontrivial irreducible representations of the Lorentz Lie algebra were
the (3,0) and (0, 5) representations which were the two component left- 1, ()
and right-handed 1/)2(:5) spinor fields, or Weyl fields, respectively. We now seek to
construct a Lorentz invariant Lagrangian that is Hermitian and quadratic in v,

and . A suitable Lagrangian is [5]
1 1
L =ip'aro, — Emww — §mww, (4.2.1)

where ¢ = (I, —o) [5]. From the form of our Lagrangian, it is evident that the

kinetic term i1)75#0,1 is not Hermitian. Indeed this can be seen in the following,

(ipta"0,0)t = —id,ble" "y,
— 1T, — 10, (V1T Y,

= iT5"8, — 0, (Ple"y),

where the second line follows from the identity 0(AB) = A(0B) + (0A)B [5].
However, the second term in the third line is the total divergence and if we impose
suitable boundary conditions, the term will vanish thus this kinetic term is suitable

[5]. Now we follow our usual convention and apply an infinitesimal variation on
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the action with respect to 1T along with the stationary action principle to get the

equations of motion for :

) )
= — d*
0 50 5@“/ x L

_ / 4z [zw&ﬂaw _ mzﬂéwq
_ / 4 [zaﬂauw _ mwT] syt

which yields the equation of motions

05

St = = io"9, — mt = 0.

Hermitian conjugating the above equation is equivalent to varying the Lagrangian
with respect to 1, namely, which yields the equations of motion for ¥ thus we

have the following equations of motion

05

ST =" 0,1, — mptt = (4.2.2)
s :
@ B Zaséau¢T —mip, =0, (4.2.3)

where we have restored spinor indices for clarity [5]. The above equations of motion
are a bit troublesome in the fact that they are coupled equations. However, setting

the mass term to zero decouples the equations and gives us the Weyl equations,

ia" by, = 0, (4.2.4)

io" O, 1br = 0, (4.2.5)

where ¢;, = 1. and 1p = 11¢ are the left- and right- handed Weyl fields, respectively
(we have presented the Weyl equations in this manner in accordance with common

literature) [5]. Note that setting the mass term to zero in Lagrangian (4 gives
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us the Lagrangian for the massless Weyl field,

L =ip'a"0,, (4.2.6)

from which the Weyl equations can be derived.

As we stated before, the left- and right- handed Weyl fields are the (%,0) and

29
(0, %) irreducible representations, respectively, of the Lorentz algebra. From this,

it is natural to see that we can construct other spin-1/2 representations with the
Weyl fields as their building blocks. Mathematically, other spin-1/2 representations

can be constructed as the direct sum of the (3,0) and (0, 5) field representations

to create the (%, 0) @ (0, %) field representation called the bispinor. Its Lorentz
transformation matrix will be a direct sum of the matrices for both handed spinors

[15]

D(A) = Di(A)," & Dr(A)*,

D (A),fC 0
= o |- (4.2.7)
0 Dgr(A)%
The generator of the bispinor representation is then given as [5]
+577) 0
g = [ 758 , (4.2.8)
0 (=S
where
(S17)a" = +i(0“5” —o'5M),°, (4.2.9)
(SE)%: = —%(5“0” —a’a")’,. (4.2.10)

Now, the equations of motion (4.2.2)) and (4.2.3)) can be rewritten in matrix notation
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as [9]

méac _7;0'558 c
Y =0. (4.2.11)

—igratg,  mot, | \ 4t

To make equation (4.2.11)) more compact, we introduce the gamma matrices

At = ’ (4.2.12)
ahec 0

which follows the anticommutator algebra called the Clifford algebra [15]

{77} = —29". (4.2.13)

Proof. Let 4" be defined as above in equation (4.2.12)). Then

{7 =AY+ A

0 ot 0 o 0 o 0 ot
= +
a0 a’ 0 a’ 0 a0
{o", 5"} 0
0 {a", "}
—2gm Q)
0 —2gm
= _29;1117
where we have used the relation {o*, 6"} = —2¢"". O

With the gamma matrices, we can write matrix (4.2.8)) as [5]

SH — iw,yv], (4.2.14)
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then the spinor representation is
D(A) = ¢ 59w 5" (4.2.15)

Now we introduce a new field [5].

Definition 4.2.1. The (3,0) & (0, 1) field representation of the Lorentz algebra
that obeys the Majorana condition x© = x is the four-component bispinor called

the Majorana field, or Majorana spinor, x

X = vel (4.2.16)

v

Under a Lorentz transformation, the Majorana field transforms as
U(A) " 'x(2)U(A) = D(A)x(A™'2),
where

D(A) = eiéw‘wsui
s = 2]
4 )
With the Majorana field and gamma matrices, equation (4.2.11)) elegantly
simplifies to

(—i7"0, +m)x = 0, (4.2.17)

which is Dirac equation from the introduction. Amazingly, we see that the Dirac
equation naturally arises when we consider quantum fields rather than wave
functions. With this new field, we seek to construct a proper Lagrangian that will
produce the Dirac equation (4.2.17) as its equation of motion. To do this, some
technical nuance is needed because the Majorana field obeys a unique symmetry

condition.
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Recall from the chapter on symmetries that the charge conjugation matrix C

was introduced as

with the property

It is obvious that x¢ = x for the Majorana field, as was stated in the definition,
thus the Majorana field is its own charge conjugate [5]. If we are to construct a
proper Lagrangian for the Majorana field, it must obey this condition as well. With
this key feature in mind, we seek to rearrange the Lagrangian to construct

the Lagrangian for the Majorana field. To do this, we first define the matrix

0 5‘2
8= , (4.2.18)
9, 0
and then introduce
x =x'8= (v, v)), (4.2.19)

where xT = (41,4 [5]. Then

X" 0uX = VT O] + it ot

= —(9,0")5¥] + 0, (v g y)) + viatoe,

where we have used the identity A0B = —(90A) + J(AB) [5]. By using the
anticommutation of the fields and index manipulation, the first term can be

rewritten as

— (0w} = wlata,e,

which then gives us

XV 0ux = 2051 0,0 + 0, (Y 5Mp}). (4.2.20)
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The last term is a total divergence which is removed when we find the action S so

we discard the second term as it is irrelevant [5]. We also see that the mass terms

of equation (4.2.1)) can rewritten as
1 1
5MXX = m(Py + ¢, (4.2.21)

Although it now seems like we can combine our results to construct the Majorana
Lagrangian, we must incorporate the condition x© = x. To do this, we use the
fact that x© = Cx = x to write x = xTC [5]. With this final piece of the puzzle,

we now have the correct Lagrangian for the Majorana field
T/t 1
L=x (5(:7#@# _ 5mc)x, (4.2.22)

which yields the correct equation of motion (4.2.17) [5].
It is quite remarkable how we were able to construct a new fermion field by just

using the Lagrangian for a single left-handed spinor field to build a (3,0) @ (0, 3)

representation. Let us now consider extending the Lagrangian (4.2.1)) for two left
handed Weyl fields

L = iple" 0, — %m¢iwi - %m@bj Wl (4.2.23)

where as usual the repeated indices are to be implicitly summed for ¢ = 1,2 [15].

Lagrangian (4.2.23)) exhibits SO(2) symmetry which we now prove [5].

Proof. Let L be the Lagrangian defined as in (4.2.23) in matrix notation

L= (10" 0 — g™ — Tm(p) Y



94

where ¥ = (¢1,102)" and ¥ = (7, )T and consider the SO(2) transformation

¥ — = G
Uy (A cosf sinf Uy
_> =
(2 W —sinf cosf s

where G € SO(2). Then the Lagrangian under the SO(2) transformation is

£ = i B — S T — ()T
= i(GH10) 0,(G) — 5m(G) G — Tm(Gupl) G
— i(ye" GG, — %mszGTqu . %m(dﬁ)TGTGW
= i) p — ST — (")

L,

where we have used the property GG = I. Thus the Lagrangian £ exhibits SO(2)

symmetry. 0

Since the Lie group SO(2) is isomorphic to the Lie group U(1), the Lagrangian
(4.2.23) is also invariant under U(1) transformations and this can be directly

observed if we make the substitution [5]

x = %(¢1+i¢2),
€= L (g — inh),

S

2

which then turns the Lagrangian into

L =ix'a"0,x +i€16"0,& — mx& — me&i T (4.2.24)

Before we prove the U(1) symmetry of the above Lagrangian, let us first see if

we can reduce the Lagrangian into a simpler form, much like how we derived the
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Majorana field. Upon close inspection, Lagrangian (4.2.24) almost resembles a
quadratic form and a quadratic form can be expressed as the inner product of
two vectors. However, the last two terms of the Lagrangian and * mix up the
terms. Nevertheless, we were able to deal with this problem when deriving the
Majorana Lagrangian by introducing the gamma matrices v#. Along with this, we
were guided by the notion of combining the irreducible representations to form
reducible representations of spin-1/2 which resulted in the Majorana field. These
reasons give us a strong reason to consider combining ¢ and x into a new spinor.
To see if this is correct, we vary the action with respect to & and x' to get the

equations of motion

0S o
v =méh — ic"0,x = 0. (4.2.26)

Then we express the equations of motion above in matrix form

md,©  —iol.0 X
! =0, (4.2.27)

—ighc9,  mhde £t
which confirms our assumption and we are left with a new field [15].

Definition 4.2.2. The (3,0) @ (0, 3) ficld representation of the Lorentz algebra is

the four-component bispinor called the Dirac field, or Dirac spinor, ¥

w- ||, (4.2.28)

£

where x, and £7¢ are left- and right-handed Weyl fields, respectively. Under a

Lorentz transformation, the field transforms as

UN)'WU(A) = D(AN)P(A ),
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where

D(A) = o~ 5w SH

v Z v
S* ="l

The matrix in equation (4.2.27)) is the same as the matrix in equation (4.2.11))
so like before, we introduce the gamma matrices v* and the equations of motion

(4.2.27]) once again elegantly reduces to
(—iv"0, +m)¥ = 0, (4.2.29)

which is the Dirac equation. Unsurprisingly, we see that the Dirac field’s equation
of motion is the Dirac equation. The Lagrangian for the Dirac field is derived in
the same manner as the Majorana Lagrangian with the substitution ¢y — y and
1 — & which yields

L =W(iy"0, —m)WP. (4.2.30)

where ¥ = i3 = (¢, x') [5]. Now we finally prove the U(1) symmetry of the

Dirac Lagrangian.

Proof. Let L be the Dirac Lagrangian as defined in equation (4.2.30)) and consider

the U(1) transformation

U - U =P,

T T = o,
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where € R. Then the Dirac Lagrangian transforms as

L— L =W (iy"8, —m)¥
= "W (iy"0, — m)e W

=W(in"0, —m)¥
L.

Thus, the Dirac Lagrangian exhibits U(1) symmetry. O

With the Dirac and Majorana fields, it is sometimes advantageous to recover
their individual components, namely, the Weyl fields. To do this, we define a new

gamma matrix

—5.° 0
vs = iy°y'Y2 = ], (4.2.31)
0 o

C

then define left and right projection matrices [5]

1 9, 0
Pr=g(1-%)= : (4.2.32)

0 O

1 0 0O

0 5

Operating both projection matrices on a Dirac field yields

pow— |
0
0
Pr¥ = :
gie
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and similarly for a Majorana field yields

(0
PLX: )

0

0
Prx =

Yl

From this point until the end of this section, we will use various identities and
formulas that will be derived in the next chapter with formal proofs. We will
present every identity and formula used so as to explain each step of our derivation.

Before we quantize our three fields, let us carry out further analysis into our
fields so that the quantization procedure yields deeper insights. Now it is evident
that both the Majorana and Dirac fields have the same equation of motion which

is the Dirac equation,

(—id +m)¥ =0, (4.2.34)

(=i +m)x =0, (4.2.35)

where we have introduced the Feynman slash notation ¢ = a,~" [5]. Multiplying

on the left by the operator (i@ + m) for either of the equations gives

0= (i + m)(—i + m)¥
= (i@ +m*)®

= <_a2 + mZ)\II,

where we have used the identity ¢¢ = —a? in the third line [5]. Unsurprisingly, we
see that both the Majorana and Dirac fields satisfy the Klein-Gordon equation
which makes sense given that in nonrelativistic quantum mechanics, any wave

function that satisfies the Dirac equation also satifies the Klein-Gordon equation
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[11]. Thus, the Dirac equation admits plane-wave solutions of the form,
¥ (z) = u(p)e™ +v(p)e ™", (4.2.36)

where et#? = FPX)Fwt and y(p) and v(p)e ?* are constant, four-component
spinors. Recall that W(z) = W(x,t) since we are working with four-vectors. Now

applying the Dirac equation on the Dirac field above yields

0= (i) +m)®(x)
= (=i +m)u(p)e™* + (—id + m)v(p)e P*

= (p + m)u(p)e™ + (—p +m)v(p)e ",

which implies that [15]

(p +m)u(p) =0, (4.2.37)

(—p +m)v(p) = 0. (4.2.38)

The above equations each admit two linearly independent solutions u.(p) and

vy (p) thus the general solution for the Dirac field is [15]
W) =Y / Pps, [b(p)us(p)e™* + dl(p)es(p)e ). (4.2.39)
s==+

For the Majorana field, some technical nuance is needed for deriving the correct
general solution. The Majorana field has the condition that x = Cx" so if a

Majorana field has the form

x(x) = / &pr, [bs(p)us(p)eim + di(p)vs(p)e*m], (4.2.40)
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then

x(z) =x'8

=3 [ s ol

=Y [ @ [fim)nte)e ™ + d.p)on(p)e™)

where u,(p) = ul(p)S and v,(p) = v} (p)B [5]. Then we use the identities

Cus(p)" = vi(p), (4.2.41)
Cuu(p)" = us(p), (4.2.42)
to get
Cx'(x) = /d?’pL p)Ciu, " (p)e _ipx+d8(p)CﬁsT(p)eipx]
= /d3pL bT vs(p)e P + ds(p)us(p)eipx]

s=-+

Comparing this result and equation (4.2.40)) leads the conclusion that

ds(p) = bs(p), (4.2.43)

= / @py, [bs(P)u(P)e™ + df(p)v,(p)e "] (4.2.44)
s=%

= Z/dSPL [bs(p)us(P)eim + bl(p)vs(p)e_ipx} (4.2.45)
s=+

When we quantize the Dirac and Majorana fields, we anticipate that the Fourier
coefficients bs(p) and d,(p) will be operators since this is a consequence of quantizing
a field that obeys the Klein-Gordon equation. For the sake of future brevity and

computational ease, let us follow the same procedure of the real scalar field and
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rewrite the Fourier coefficients by(p) and d,(p) in terms of ¥ (x) and ¥ (%) and
write the Hamiltonian in terms of these Fourier coefficients. Since it is obvious
that the Majorana field is a specific case of the Dirac field, we will start with the
Dirac field.

Starting with the general solution of the Dirac field,

/

— Z /dgp’L [bsz(p’)usz(p’)eiplgc +d! (p' vy (p)e ™ ”3], (4.2.46)
s'==%

we multiply on the left by e=#% then integrate with respect to = [5]

/dee zp:clI, /dS Z /d3 (p/)eipmc
o+ dl, (B (P ﬂf}

/dgzve P (g Z /d3 (p')uy (p')e!® P
+dl, (p), ,(p’)e—“l”ﬂ)m]

/dee zple, Z/ A3y —— ’)usf(p’)ez(w wt53(p _p)
+ di/<p/)vs,<p/>ei(w/+w)t63(p/ 4+ p)]

) 1 )
B e~ Py _ - [bsl o dT, _ (— szt] '
[z w 3 g5 betprueto) + dh-pn-pie
Applying the same operations except with e yields

) 1 ;
3 ipx . s (— —2iwt T/ ,
/ Pre \If(x)_;i: o [bs( p)uy(—p)e 2" + d!,(p)vy(p)|,

thus we have the following equations,

/ P ()= 1 [bs,(p)us,(m + dg,(—p)us,(—p)e%wt}, (4.2.47)

s'=+

/dgm e (1) = Z — [bs/(—p)usl(—p)e’%”t + di,(p)vs/(p)]. (4.2.48)
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We multiply on the left @,(p)y° and v5(p)7° on equations (4.2.47) and (4.2.48)),

respectively, to get

We use the following identities,

Ug/ (p)’YOUS(p) = 2“}(55’5)

Uy (P)7 vs(p) = 2wy,

vy ()7 us(—p) = 0, (4.2.49)
which reduces the above equations to finally yield [5]

ba(p) / Bz e, (p)y 00 (x), (4.2.50)

di(p) = /d?’xeipwvs(p)yo\ll(x). (4.2.51)

Hermitian conjugating the above coefficients gives us the last two coefficients,

namely bl (p) and dy(p), thus we finally have the desired coefficients in terms of ¥
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and W,
bs(p) = /dgx e P, (p)y (), (4.2.52)
bi(p) = /d3x P W (1)7 us(p), (4.2.53)
4. (p) = / Bz "G ()10, (p), (4.2.54)
Ap) = [ Ererophu) (4.2.55)

where we remind ourselves that s = + [5]. At last, we are finally in a position
to express the Hamiltonian of the Dirac (Majorana) field in terms of the Fourier

coefficients. First, we identify the conjugate momentum of the Dirac field

I(z) = = —iW(z)", (4.2.56)
then the Hamiltonian of the Dirac field is

Hp = /d% (H(&O\Il) - L)
_ / P (= T (00) + 7T () — T (0,F) + mTW)
— / Pz W (—iy'0; + m)W. (4.2.57)

To ease further computations and preserve clarity in our derivations, we will proceed

with simplifying the Dirac Hamiltonian one part at a time. Now note that

(=i 0+ m)¥ = / ’pr [bs(p)(—ivi&- +m)us(p)e™
L (p) (=70 + m)v(p)e ]
=Y [ @ (b))
+ dl(p) (=i + m)us(p)e |

=3 [ ) (1 ) )l
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where in the third line, we used [5]

(7'w)us(p) = (v'pi + m)us(p),

(=7 w)vs(p) = (—=7'pi + m)vs(p).
Then the Dirac Hamiltonian becomes

= > / @p, &yl d |0, (0') g ()7 + o (B (p') 7|

X [bs(p)<70w)us(p)eipx+di(p>(_70w>vs(p>€fipx

=2 / d*pr d'pl, d*x b (p')b4 (P () () (p)e )"

s, s==%
+ 0L, (p))dl ()i (D) (=7 w)vs (p)e =P+
+ dy (D)) (p) 0 (P') (7w ) (p) e P
+ dy(p)dl (p)vy (p') (= w)vs (p)e i@ P

= 3 [ o B0 p) (5 ) ()5~ )

+ 0% (p)dl(p) iy (P') (=7 w)vs(p)5* (¥ + p)
+ dy (p')bs(p) Vs (P') (7°w)us (p)* (¥ + p)
+ dy (p)dl(p) vy (P') (=7 w)vs(p)6* (' — p)

= [ g e e e)0 )

+ 0, (=p)di(p)iy (—p) (=7 w)vs(p)
+ dy (—P)bs(P) Vs (—P) (v'w)us(p)
+ dy (p) ] (P) (P)(—7 )5 (p)]

=D / d?’PLW[bL(p)bs(p)—dsf(p)di(p)}éys

s, s=%

=y / By w [bg(p)bs(p) - ds(p)dl(p)},
s==+
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hence

Ho =3 [ o o o) ~ o) p)] (1259

where we have carefully preserved the order of each term in anticipation for quan-
tization [5]. Imposing the Majorana condition x = Cx™ implies that d,(p) = bs(p)

so the Majorana Hamiltonian is

Hy = %; / dPprw [bi(p)bs(p) — bs(p)bl(p)]- (4.2.59)

Now the conjugate momentum 7%(x) for the Weyl field is

Lo
™) = B

— Z',l/}(];(x)a_Oaa7

so the Hamiltonian for the Weyl field is

HW:/d3JIH

, 1
= [ [~ wioiow + gm(wy + stuh)].
Finally, we now have our fermion Hamiltonians

o =3 [ o [Bio)p) - du(p)al(p)]. (1260
s==+
=3 [ dmelionm) -nene)]. @2

Hy = / &P [ — it o + %m(w + M;zﬁ)], (4.2.62)

where Hp, Hys, and Hy are the Hamiltonians for the Dirac, Majorana, and Weyl
fields, respectively [5]. With this, we conclude our derivation and analysis of
classical spinor fields and we proceed onward to quantize our classical theory into

a quantum theory.
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Quantizing the Classical Fermion Fields

It is rather obvious at this point that the Weyl, Dirac, and Majorana fields possess
spin-1/2. The astute reader familiar with nonrelativistic quantum mechanics
will know that quantizing half-integer fields and particles requires that we use
anticommutators rather than commutators since spin-1/2 fields and particles are
fermions. However for reasons of pedagogy and insight into the underlying physics
of fermions, we will present the quantization of the spin-1/2 fields in the incorrect
fashion by using commutators to show why this approach leads to incorrect results.
Since the Dirac and Majorana fields are built using Weyl fields, we promote the
left-handed Weyl field t),(z) and its conjugate momentum 7% (x) to operators ¥, ()
and 7%(x), respectively, then (naively) impose the canonical commutation relations

on the operators,

[a(x, 1), ey, )] =0, (4.2.63)

[tha(x, 1), 7y, t)] = i0,°6%(x — y). (4.2.64)

Relation (4.2.64)) can be further reduced by inserting the definition of 7¢(y, t) which

yields

~

W)a(xa t)? ﬁc(Y: t)] = i6a653<x - Y)
[a(x, 1), i} (y, £)5"] = i5,°0° (x — y)

~

[Dalx, ), Py, 1)]7" = 6,°0° (x — ).

We multiply on the right by 6%, and we get

[Da(x, ), Py, )] = 55:8° (x — ), (4.2.65)

[W(x,t), 91 (y, t)] = 66 (x — y), (4.2.66)
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where the second relation comes from lowering and switching the order of the

indices. The Weyl field commutation relations implies that for the Dirac field

[W,(x,t), ¥s(y, 1)] =0, (4.2.67)

(o (x, 6), @y, )] = (1°)as 0°(x — y)- (4.2.68)

where a and [ are four-component spinor indices.

Proof. Let ¥ and 67 be defined as

U= (éaa Xl)
The relation (4.2.67) immediately follows from relation (4.2.63|). For (4.2.68)),

[Rer €9 [Kes K]

(o, 0). yly. )] = |
[STC7 ga] [5T67 )A(iz]

0 o2
= 8 (x —y)
a2 0
- 7053 (X - Y)7

where we used relations (4.2.65) and (4.2.66)) in the second line and the definition

of the gamma matrix 7" in the last line. ]

Since the Dirac field is now an operator, we see that the Fourier coefficients

turn into operators with the following commutation relations following immediately
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from the Dirac commutation relations,

—

bs(p), d\,(p")] = 0. (4.2.69)
Hermitian conjugating the above trivially yields

[bi(p), bL, ()] = 0,
[di(p), dL(p)] = 0,

[bi(p), de (p')] = 0. (4.2.70)

Observe that,

~

&Pz d*y ye PPV (p)y (8 (x), B (y) ]y uy (p)

SR
w
—~
T
N~—
=
w —
—~
'U\
=
Il

d*z d*y e PP g (p)y"9°0% (x — y)7 ug ()

e "0, (p)y ug (')

I
—— —

(2w)(27)?650 0% (p — P'),

dPx Py ye PTG (p)y [ B (2), ¥ (y)]y ve (D)

=Y
w =¥
—~
T
SN—
QL
EI.)\
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.U\
P
Il

&’z dPy " PPV, (p)y 76 (x — )7 ve (D)

de Gi(p_p/)mﬂs (p),y()vsl (p/)

I
—— —

(2w)(27) 05 0%(p — ),

Bx dPyye PPy, (p )70[‘1’(95),@(9)]’70“3’ (p')
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[b(p). L (p)]
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where we have used the identities

(v9)? =1, (4.2.71)
s(p)Y us (P') = (2w)6ss, (4.2.72)
U5(P)7 vy (P') = (2w)dssr, (4.2.73)
s (p)y vy (p') = 0. (4.2.74)
Hence we have

[bs(p), BL, (p)] = (2) (27)*86500° (P — P'), (4.2.75)
[di(p), do (P')] = (2w)(27)*6,58° (D — D), (4.2.76)
[bs(p), d!, (p)] = 0. (4.2.77)

Along this, we also see that
[11,b](p)] = whi(p), [11,b,(p)] = —wb,(p), (4.2.78)
1, d{(p)] = wdi(p), [H,d,(p)] = —wdy(p). (4.2.79)

With these commutation relations, we see that the operators b and d each satisfy
separate harmonic oscillator algebras and they are decoupled which follows from
(@277). Thus, we can identify bf(p) and df(p) as creation operators and b,(p)
and ds(p) as destruction operators. Using these relations, the Dirac Hamiltonian

can be rewritten as

=Y [ @p[Hbhp) - dp)dp) + 2)E0P0O)]. @280

We have reached several serious issues. First, we have violated one of the most

important axioms of quantum physics, namely, unitarity. To see this, we first note
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that the coommutation relation (4.2.76]) can alternatively be written as

A,

[dy(p), dL, (p)] = —(2w)(27)° 3,6 (p — D), (4.2.81)

where we have multiplied (4.2.76)) by —1. Now like the real scalar field, we then
define a vacuum state |0) to be the state with no particles with the normalization

(0/0) = 1. Using the commutation (4.2.81)) with s = s and p = p’, we observe that

[1df()[0)]I* = (0K, (p)d](p)]0)
= (0 (p)d{(p) — 0/0)
= (0 (p)d!(p) — d!(p)d.(p)|0)
= (0[d.(p). d!(p)]|0)
= —(2w)(27)*5*(0)

< 0.

Another issue is that the Dirac Hamiltonian in its current form is unbounded
from below. To see this, the second term in ([£.2.80)), di(p)d,(p), is the Hermitian
number operator which can have values ngy = 0, 1,2, ... depending on the state
|ng). Thus for arbitrarily higher excited states, the energy spectrum of the Dirac
Hamiltonian is negative and can continue to lower indefinitely. Physically, this
would mean that since there is no ground state, a system can continue to create
an infinite amount of d-type particles to lower its energy, which is highly absurd.
Similar results also occur for the Majorana Hamiltonian as well. By now, it is
rather clear that the flaws of the Dirac Hamiltonian come from the troublesome

commutation relation,

[ds(p), dL(p')] = —(2w)(27)* 6. 0%(p — ),

which was the result when we naively chose to quantize the spin-1/2 fields using

commutators. Thus, our quantization procedure using commutators must be
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abandoned for spin-1/2 fields since they lead to absurd physical results.

To fix this issue, we must look into the nature of the field that we are trying,
and failing, to quantize. Recall that when we quantized the Klein-Gordon field,
we found that the quantum Klein-Gordon field and its excitations were spin zero
thus they obeyed Bose-Einstein statistics hence the Klein-Gordon field is a bosonic
field with excitations called bosons. Our mistake was that we treated the spinor
field and its excitations as bosons whose quantum state is symmetric under the
interchange of any two particles. As mentioned in the beginning of this section, the
spin-1/2 fields and particles are fermions hence they obey Fermi-Dirac statistics,
namely, their quantum state state is antisymmetric under the exchange of any two
particles. Quantizing fermions requires that we use anticommutators which are
defined as {A, B} = AB + BA. Thus the spinor fields, must be quantized using
anti-commutators. So we proceed with quantizing the Weyl field by imposing the

canonical anticommutation relations,

{a(x,1), e(y, )} =0, (4.2.82)

{tha(x,1), 7(y, 1)} = i6,56°(x — y). (4.2.83)

With this, all the other commutation relations that we derived earlier follow since
all the relation came from the Weyl field relations so all we have to do is simply
replace all the commutators with anti-commutators. Thus we have the canonical

anti-commutation relations for the Dirac field,

{‘ila(xv t)v \ilﬁ(yv t)} =0, (4-2-84)

{((%,), Ty, £)} = (19)as *(x — ). (4.2.85)
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and the anticommutation relations for the Majorana field,

{Xa(x 1), X5(y, 1)} = (C7")asd”(x — y), (4.2.86)

{Xa(x,1),X5(y, 1)} = (1*)as 8*(x — y). (4.2.87)

Similarly, the anticommutation relations of the Fourier coefficients of the Dirac

and Majorana field are

{bs(p), by (P)} =0, {bi(p), bL,(p")} = 0,
{d.(p),ds(p)} =0, {di(p),dL(p")} =0,
{i)s(p), 621’ (p/)} =0, {Bl(p)a Czs/(pl)} =0, (4'2'88)

along with

{bs(p), bL,(P")} = (2w)(27)%6,6° (P — P'),
{di(p),ds(p')} = (2w)(27)*6,s0*(p — P'),

{b:(p). dl,(p')} = 0. (4.2.89)
Then the Dirac Hamiltonian becomes [5]
H=)_ / dgpr[f)z(P)@s(p) — dy(p)di(p)|- (4.2.90)
s=+

Even though we are using anticommutation relations, we find that the Fourier

coefficient operators still obey the following commutation relations with the Dirac

Hamiltonian,
[H’ Ei(p)] = WBZ (p>7 [[:I’ Z;S(p)] = _WES(p)u (4'2'91)
[H,d{(p)] = wdl(p), [H,dy(p)] = —wd,(p). (4.2.92)

Proof. Since the d-type operators follow the same anti-commutation and commu-
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tation relations as the b-type operators, we prove, without loss of generality, the

commutation relations (4.2.91)). Observe that

_@ym<w4%%mem@mm
_ Z/d?’pr (2w)(27)%5,556° (p — /)by (P ))

= _Wbs(p)a

where in the second line we have used the commutator identity
[AB,C| = A{C,B} — {C, A}B. (4.2.93)

Complex conjugating the above yields the final relation, [f[ , Bl(p)] =wbl(p). O

The commutation relations (4.2.91) and (4.2.92)) once again allow us to associate

bi(p) and d!(p) as creation operators and b,(p) and d,(p) as annihilation operators.

We can use our anticommutation relations to rewrite the Hamiltonian as

%zg/wm@@MWMMM@—mmﬁﬂM

=2 / @*pr,w|b](D)hs() + di(p)ds(p)| ~ 4Es. (4.2.94)

The infinite zero-point energy value

1
Ey = §/d3pw53(0),

appears once again in the Dirac Hamiltonian. Unlike the Klein-Gordon field, the
energy is negative and is larger than the Klein-Gordon zero-point energy by four

times. This is because we have four particles that arise from the quantized Dirac
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field [5]. We can omit this infinity from our calculations by including the term
) = —4F), in the Dirac Lagrangian to cancel out this value in the same manner
as the Klein-Gordon field. In the real world, we measure energy differences thus
the infinite energy value does not concern us [8]. Now the quantized Majorana

Hamiltonian can be written as

Hy = %; / d3pr[l31(p)l35(p) — Es(p)él(p)]

=52 [ s (o) - 25

hence we have the quantized Dirac and Majorana Hamiltonians [5]

Ay = 2 / Ppr[B(0)b(0) + d}(p)d(p)]. (4.2.95)

Ay — %; / Ppr [Bl(p)bs(p)] (4.2.96)

where we have removed the infinite zero point energies. To definitively prove that
the spinor fields and its excitations have spin-1/2, we promote the spinor field-
theoretic total angular momentum from the symmetries chapter into a self-adjoint

operator which yields

J=L+S. (4.2.97)

Since we only desire to find the spin value, we move to the rest frame thus we can
neglect the orbital angular momentum operator component of the total angular

momentum operator. Then we have

~

J=S
_ / P ill 5

1 . .
= —/d%z'\lﬁzqf, (4.2.98)

[\
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where

3= . (4.2.99)

Operating with the z-direction angular momentum J, on the states created by
bi_,(0) and b'_,(0) yields j, = +1/2 and j, = —1/2, respectively [15]. Operating
on the states created by di_,(0) and d'_,(0) yields j. = —1/2 and j. = +1/2,
respectively. A boost in the z-direction leaves the spin values invariant so both the
b- and d-type particles possess spin-1/2 as expected [15]. Like in nonrelativistic
quantum mechanics, J commutes with both the Dirac and Majorana Hamiltonians
thus we can use the spin degree of freedom s to label our states and operators [7].

Using anticommutators has proven to be our salvation in that our Hamiltonian
(4.2.95)) is bounded from below and unitarity is preserved. Thus, we conclude
that anticommutators must be used for quantizing spin-1/2 fields. In fact, all
fields (and their excitations) with half-integer spin, namely, a spin value that is a
multiple of 1/2 are to be quantized using anticommutators. This is a consequence
of the spin-statistics theorem which states that integer spin particles obey
Bose-Einstein statistics and half-integer spin particles obey Fermi-Dirac statistics.
Like the quantum Klein-Gordon field, the quantum Dirac and Majorana fields
are, in an abstract sense, an ensemble of harmonic oscillators whose modes are
identified as excitations, or particles, of the fields. Namely, the excitations of the
Dirac, Majorana, and Weyl fields are spin-1/2 particles known as Dirac fermions,
Majorana fermions, and Weyl fermions, respectively. Because of the antisymmetry

of the operators, we have for a two particle state

bi,bl,10) = —b{ b, [0) (4.2.100)

|Dis 8i, Qi3 D, 85, G5) = —|pj, S, Q55 Di, Sis Qi) (4.2.101)

where q; ; are any other conserved quantum numbers that may be used to label
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the state. If i = j then we have

l;ll;i 0) = |pi, Si, ai; Di, Siy a;) = 0, (4.2.102)
which is the famous Pauli Ezclusion Principle which states that no two or more
fermions can have the same quantum numbers in a quantum system.

The quantum Dirac field is very interesting in the fact that we have two different
creation (annihilation) operators, namely, bf(p) (by(p)) and di(p) (dy(p)). This
means that l;l(p) creates b-type particles and dAl(p) creates d-type particles while
their respective annihilation operators annihilates them [5]. This physical and
mathematical outcome results from the U(1) symmetry of the Dirac Lagrangian.

By Noether’s theorem, the Noether charge corresponding to the U(1) symmetry is,

Q= [y
= / dx 670@

=y / &py, [b]()bs(p) — di(p)ds(p)], (4.2.103)

where we identify bf(p)b,(p) and di(p)d,(p) as the Hermitian number operators for
the b-type particles and d-type particles, respectively, and the Noether charge has
now become a Hermitian operator. By using the commutation relations ,
it is trivial to see that [lf[ , Q] = 0 thus the charge operator is a conserved value of
the system and we can use the eigenvalues q of Q to label the states of the Dirac
fermions. The Noether charge operator Q then states that the total number of
b-type particles minus the total number of d-type particles is conserved. To find
the eigenvalues of Q, let us first construct the Fock space by defining |0) to be the

vacuum state with the usual normalization (0|0) = 1 where

~

b (p)]0) = d.(p)[0) = 0. (4.2.104)
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Then we define the one particle states for both types of creation operators acting

on the vacuum as

bi(p)[0) = (2w)' b (p)[0) = [p, 5,4)  di(p)[0) = (2w)"/*BL(P)[0) = [p. 5, ¢),
(4.2.105)

with the normalization

{p,s,qp,s',q)= (21)*(2w)3* (p — P')ss Oy (4.2.106)

1/2

where w = (p? + m?)!/2, p is the four-momentum, s = 1,2 is the spin degree of

freedom, and ¢ is the eigenvalue of the U(1) charge. Then the multiparticle state is

P11, G133 P Sy ) = | [(205,) 205, (py) - - B, (p,,)]0). (4.2.107)
k=1

If we use the anticommutation rules of the creation and annihilation operators for

both types of particles along with the commutator identity
[A, BC| = [A, B].C F B[A, (4,
we get the following commutation relations

Q,b1(p)] = +b(p), Q. bs(p)] = —bs(p), (4.2.108)
[Q,d(p)] = —di(p), [Q, ds(p)] = +ds(p). (4.2.109)

Then we see that

QbL(p)[0) = +b(p)[0) = [p, 5, +1), (4.2.110)

Qdl(p)|0)= —d(p)|0) = |p, s, ~1), (4.2.111)

thus the b- and d-type particles create particles with +1 and —1, respectively. So

we see that the b- and d-type particles are distinguished from each other by their
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charge. Since charge conjugation is also a symmetry of the Dirac Lagrangian and
implies that both particles have the same mass, we call b-type particles fermions
and d-type particles antifermions |5]. Thus we stumble upon the existence of
antimatter in quantum field theory. It is rather remarkable that our derivation of
the quantum Dirac field naturally led to the concept of antimatter when compared
to the case of nonrelativistic quantum mechanics where Paul Dirac had to postulate
the existence of antimatter in order to explain the negative energy states of the
wave function that satisfied the Dirac equation [1]. The fact that the concept of
antimatter is effectively built into quantum field theory serves to showcase one of
the many triumphs of quantum field theory over nonrelativistic quantum mechanics
and implicitly shows the fundamental importance of the field over the particle.
The excitations of the quantum Majorana field does not admit a separate
antifermion as can be seen by the appearance of only one type of creation and
annihilation operator in its quantum Hamiltonian, due to the Majorana condition
x = x©. This is because the Majorana Lagrangian does not possess a U(1)
symmetry so there is only one type of particle, namely, the Majorana fermion.
Since the Majorana condition states that the Majorana field is its own charge
conjugate, the Majorana fermion is its own antifermion thus the Majorana fermion
possesses neutral charge [5]. Recall that the real scalar bosons did not possess
charge conjugation as well so the spin-0 real scalar bosons are their own charge
conjugates as well thus they have neutral charge. Current experimental data shows
that most, perhaps all, of the fermions of the Standard Model are Dirac fermions
[1]. The one possible exception to this could be the neutrino. In recent decades,
theoretical and experimental studies on the neutrino have revealed a plethora of
deep insights into the limitations of the Standard Model and the possibility of
discovering new physics beyond the Standard Model. One of these insights is
that the neutrino actually possesses a very small mass which was not predicted
theoretically [11]. This dispelled the possibility that the neutrino was potentially a

Weyl fermion and further studies are being conducted on whether the neutrino is
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definitively a Majorana fermion or a Dirac fermion.

4.3 Electromagnetic Field

Classical Electromagnetic Theory

In this section, we will briefly review classical electrodynamics and present the
procedure for quantizing the classical electromagnetic field. It is assumed that the
reader may have little to no experience with classical electromagnetic theory so we
will briefly reintroduce SI units (inserting % and ¢ whenever it is needed) to aid in
comprehension. We will resort back to using natural units once we have covered
the necessary materials from classical electrodynamics.

From classical electromagnetic theory, Maxwell’s equations are contained in an

elegant, compact format known as the field tensor (or Faraday tensor)

0 E./c E,/c E,/c

—E./c 0 B, -—B,
Fre = , (4.3.1)

-E,/Jc =B, 0 B,

~E.Jce B, -B, 0

where E and B are the electric and magnetic fields, respectively [2]. Now in

potential theory, the electric and magnetic fields can be written as

E=-V¢—A, (4.3.2)

B=VxA, (4.3.3)

where ¢ and A are the scalar and vector potentials, respectively [2]. Then we

define the four-vector potential, or gauge field, as

AP = (¢/c, A), (4.3.4)
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which then allows the field tensor to be written as

Fr = 9P AY — 9Y AF, (4.3.5)

which in this form is called the field strength. Next, we construct the charge density
four-vector

JH = (cp,J), (4.3.6)

where p and J are the charge density and the current density, respectively [2].
With these definitions, we start to see how Maxwell’s equations are encoded in the

field tensor F*V. First, we take the four-divergence of J* to get

0 J" = p+V-J =0, (4.3.7)

which is the continuity equation for the electromagnetic current which basically
states that the electromagnetic current must be conserved [2]. Now from the

components of F'*Y in equation (4.3.1)), we get

FY = E, (4.3.8)

Fi = cikp,. (4.3.9)
and furthermore,

O, F* = poJ". (4.3.10)

Then,
Ov 0 1
O F" =V -E = pugJ" = pocp = —p,
€0

which is Gauss’s law [2]

V-E=—p, (4.3.11)
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and analogously by combining p = 1,2, 3, we get

8UFMU = —/L0€0E+ VxB= ,U()J,

which is Maxwell’s correction of Ampere’s law

V x B = p1oJ + poeoE. (4.3.12)

The other two Maxwell’s equations can be written as

Eppe O’ M =0, (4.3.13)

which gives
VxE+B=0, (4.3.14)
V-B=0, (4.3.15)

which are Faraday’s law and Gauss’ law for magnetism, respectively [5].

The field tensor F* is also invariant under gauge transformations.

Proof. Consider the gauge transformation

AR = AR 9HT,

where I'(x) is an arbitrary function of spacetime. Then the field tensor transforms

as

P s !
— 9M(A” — O'T) — 0" (A" — O'T)
= (OMAY — 9P AM) — (0¥ — 9"OM)T)

= .
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Since the choice of I'(x) was an arbitrary, the field tensor is gauge invariant. [

The Lagrangian density is then written as
Ly 1
L= _ZF F,+J'A, (4.3.16)

where the current J* is treated as the external source |2]. Since the field tensor is
gauge invariant, it is trivial to see that F'*“F),, is gauge invariant as well. It is also
trivial to see that the field tensor invariant product F'*VF),, is Lorentz invariant.

The Lagrangian density exhibits the desired gauge, Lorentz, parity,
and time reversal invariance required for a classical field to be compatible with
relativity and quantum mechanics once we quantize it [5]. In order to see that our
Lagrangian density produces Maxwell’s equations as its equations of motion, we
vary the action § with proper boundary conditions which yields the equations of
motion

(g"0* — OMOV) A, + JH =0, (4.3.17)

which are Maxwell’s equations in tensor format [5]. Thus we have our desired

Lagrangian density.

Classical Electromagnetic Field

We now follow the same procedure of the previous sections of deriving the classical
Hamiltonian and other necessary components of the electromagnetic field. Before
we start our derivation, we must choose a gauge to work with so that we may

eliminate the gauge freedom. We will choose to work in the Coulomb gauge
V-A(x)=0. (4.3.18)

We will impose the stated conditions one by one for a smooth transition in
calculations.

Consider the source free Lagrangian with finite boundary conditions at spatial
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and temporal infinity [7]

1 14
EZ_ZFM FHV
2
1 (oA )
_1 - 2 2
—§PrﬂVXA|} (4.3.19)

Then the conjugate momentum is

oL .
II(x,t) = — = A. 4.3.20
(1) = == (4.3.20)
Recall that Maxwell’s equations are stated as

V-E=p, (4.3.21)

V-B=0, (4.3.22)

V xE = -B, (4.3.23)

VxB=J+E. (4.3.24)

From equation (4.3.22)), we see that by Helmholtz’s theorem, there exists a vector

potential A(x,t) such that B =V x A and inserting this vector potential into

equation (4.3.23)) gives us [2]

0
E _
V x +8t

VxA]:0

VX[E+Ay=m
which implies that there exists scalar potential ¢(x,t) such that

E+A=-V¢

E=—-A—-Vo. (4.3.25)
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Then equation (4.3.24]) becomes

o .
VXVXA—EI—A—V(b =J

A+vVe|l =T

0
. _— 2 —_—
V(V-A)-V A+3t

(A—V2A> +V(V-A+¢S) ~7J
Finally, inserting equation (4.3.25|) into (4.3.21)) yields

V-(—A—V¢>:p
)

—V2p — §<V : A) —p, (4.3.26)

which gives the potential formulation of classical electrodynamics

(A - V2A) + v(v A+ g&b) —J, (4.3.27)
V2 — %(v : A) — ). (4.3.28)

Now we impose the Coulomb gauge V - A = 0 and equation (4.3.28) becomes

~Vi=p

o(x, 1) = / iy P (4.3.29)

A |x — x|

We now impose the free field condition J = p = 0 which implies that ¢ = 0 and

using equations (4.3.21)) and (4.3.25)), we get that [7]

V-A=V-TI=0. (4.3.30)
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Then we are left with

A — VA =0, (4.3.31)
V-A=0, (4.3.32)
V-A=0. (4.3.33)

In analogy with the Klein-Gordon equation, equation (4.3.31)) admits plane wave
solutions [7]

A(x,t) = /dskL [a(k)eik'x—iwt + b(k)eik~x+iwti| '
Complex conjugating the equation yields

A* (X, t) _ / dgk[, [a* (k)e—ik-x—i—iwt + b*(k)e_ik'x_i"Jt:|

— / d3kL [a* (k)efik-eriwt 4 b*(_k)eik-xfiwt] ]

Since the vector potential A is real, we impose the condition A = A* then
comparing both sides of the equations yields the relation a(k) = b*(—k). Now we

are left with

A(x,t) = /d3kL -a(k)eik'x—iwt + a*(_k)eik-x+iwti|

— /dSkJL -a(k)eikx—iwt + a* (k)e—ik-x—i—iwt]

= /d3kL _a(k)eik“’ +a (k)e_“‘m]

where k° = w = |k| [5]. Taking the differential with respect to time on A gives us

the conjugate momentum hence we arrive at

A(z) = / &Pl [a(k)eikz+a*(k)e_ikx], (4.3.34)

II(x) = /d?’k:L (—iw) [a(k)eikm — a*(k)e‘ikx}, (4.3.35)

where it is implicit that both functions are functions of spacetime, namely,



126

A(x) = A(x,t) and II(z) = II(x,t) [5]. The Coulomb gauge V- A = 0 im-

plies that
V-1I =0, (4.3.36)

so imposing the Coulomb gauge and condition (4.3.36]) on the equations (4.3.34))
and (4.3.35)), respectively, yields the following relations

which implies that [7]

k-a(k) = 0. (4.3.37)

Condition (4.3.37) says that A(x) is perpendicular to the propagation direction
k hence it is a transverse wave (this is why the Coulomb gauge is often referred
to as the "transverse gauge”) [7]. Since a(k) and a*(k) are vectors with three
components, we can expand them at each point k using some set of basis vectors.
Due to the transverse condition of our wave in question, we strategically choose

our basis vectors to be the circular polarization vectors

(1,—i,0), (4.3.38)

with which we get the following relations

ex(k) - ey (k) = o, (4.3.40)

k-ex(k) =0, (4.3.41)

> enK)ein(k) = di; — k—2J7 (4.3.42)
s
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where it is evident that our chosen basis is perpendicular to the propagation vector

k [15]. Then we expand equations (4.3.34)) and (4.3.35]) in terms of the bases to get

A=Y / &k, [5§(k)a,\(k)ei’“ + 5,\(k)a§(k)e_i’“}, (4.3.43)

(z) = > / 3k (—iw) [5’;(k)aA(k)e““” — gA(k)a’;(k)e*ikx]. (4.3.44)

A=+
Now other than the fact that we have vector coefficients, it is clear that equations
(4.3.34) and (4.3.35)) have the same form as the Klein-Gordon field ¢(x) and its

conjugate momentum II(x) so we apply the same operations used on the Klein-

Gordon field to get the coefficients a(k) and a*(k) in terms of A,

a(k) = i/d% e‘ikx<8—o>A(x)

( Z erar(k) =i /d3:c ei’”(@_())A(x)) ex (k)

ax(k) = iex (k) / &Pr e 50 Az).

Complex conjugating ay (k) then gives us the other coefficient and we are left with

[5]
ar(K) = icy (k) / Bz e 9 Az), (4.3.45)
a (k) = —iet (k) / &z ¢ 5 A(x). (4.3.46)

Now we can write the Hamiltonian in terms of the Fourier coefficients a) (k) and
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ay (k) to get

H= | &PzH

:%/d%[m—way}

:%/d%[HtA-v?A}

- )3 / Pl a3 (K)ax () + ax(K)a (k)] (4.3.47)

where we have carefully arranged our coefficients in a noncommutative manner so
as to preserve the structure of the equation in anticipation for the quantization

procedure that is to follow [5].

Quantizing the Classical Electromagnetic Field

Instead of promoting A(x,t) and II(x,t) to operators A(x, ) and II(x,t), re-
spectively, and imposing the canonical commutation relations, we will instead
promote the Fourier coefficients to operators and impose the harmonic oscillator

commutation relations first then find the commutation relations of A(X, t) and

~

II(x,t) [15]. Thus we have

[d)\<k>7 &)\’(k,)] =0,
[a} (k), al, (k)] = 0,

lax(k), al, (K)] = (27)3 (2w)0an0° (k — K'). (4.3.48)



129

Then we use equations (4.3.43)) and (4.3.44) along with equation (4.3.42)) to get

the correct commutation relations for the field operators

[AZ (Xv t)? Aj (X/’ t)] = Oa

[ﬂ% (Xa t)? ﬂj (X/’ t)] = Oa

0 A / . vlv /
[Ai(x, 1), TL;(X, )] = z<5,~ - - x ))
. d3k ik-(x—x") klk]

To show why these commutation relations are correct, we impose the Coulomb

gauge on the third line

w

2 ~ d3k; ik / kk
A. (! ;| 2 k(x5 MM
[0;4;(x,1),11;(x, t)] z/ o) e ik; <5zj 2 )

=0, (4.3.50)

which satisfies the Coulomb gauge. Had we first imposed the standard commutation

relations on the field operators in the usual manner
[A(x, 1), T 1)] = i0;;0%(x — '), (4.3.51)

then we would have

A

[V - Ai(x,1), V- T1;(¥, )] = iV263(x — X)

40, (4.3.52)

which is not consistent with our choice of gauge.

Since we imposed the harmonic oscillator algebra on the Fourier coefficients, we
appropriately designate d;(k) and ay (k) as the creation and annihilation operators,
respectively. Indeed, our quantum Hamiltonian mathematically resembles the

continuous, field analogue of the quantum harmonic oscillator which can be seen
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in the following:

0= %; / @y w | (K)ir (k) + 2 () (K) |
- % Zj:: / @ w |} (K)ax (k) + i (k)i (K) | (4.3.53)
= % 3 / @y w |20 (K)ir () + (2m)° (20)8%(0)| (4.3.54)
A==

— Z/dz”kLw[d;(k)d,\(k) + Eo], (4.3.55)

where the infinite term

Ey = % / d*k wd*(0), (4.3.56)

is energy of the vacuum, namely, the sum of the zero point energies of all the
oscillators. Like the Klein-Gordon field, the vacuum energy cannot be measured
and while the electromagnetic vacuum energy does in fact have some physical
consequences, such as the Casimir effect, we will ignore the vacuum energy for our
calculations unless it is explicitly needed |1} 11].

From the form of the Hamiltonian along with the fact that we have used
commutators, it is clear that the wave function is a three component vector
describing a symmetric state thus it can be easily deduced that the excitation, or
particle, of the electromagnetic field is a spin-1 particle thus this particle obeys
Bose-Einstein statistics [7]. Due to the transverse condition , these particles
can only have spin values of +A parallel to its momentum vector [7]. Thus we
say that a particle has helicity =1 which is the spin component parallel to its
momentum vector [5]. In the formalism of quantum field theory, the creation
and annihilation operators @} (k) and ay(k) create excitations, or particles, of the
quantum electromagnetic field of definite helicity +1 (right-circularly polarized)
and helicity —1 (left-circularly polarized), respectively. To identify what these
particles are, let us first define the ground, or vacuum, state state |0) as the state

with no particles with the usual normalization (0|0) = 1. Similarly, we define the
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state |k, \) as the state with one particle with energy w and helicity A with the
normalization [5]

(B, A\E N = (27)% (2w)dx 6% (k — K). (4.3.57)

Now from classical electrodynamics, the momentum of the electromagnetic field is

P(x,t) :/d%S:/d% (E+B),

where S is the Poynting vector |2|. Using the potential formulation in the Coulomb

gauge, the momentum can be written as

mxw:/fx@+3)

dPr(—A) x (V x A)

&z (—II) x (V x A)

I
— — —

d’z (I1-V)A —II- VA,

which when quantized yields

P—é%/kiiw@&mﬂm, (4.3.58)

where k° = w = |k| [7]. Operator (4.3.58) is the total spatial momentum operator

and by applying the operator on some state |k, \), we get [7]
Plk,A) = wlk,\) = k|k, \).

By reintroducing A and ¢ into the correct places, we have that the energy of a single
particle is £ = hw, which is the Planck relation, and the total momentum is p = hk,
which is one of the De Broglie relations [7]. From the total momentum, it is clear
that an equivalent energy formula of the same particle in question is £ = pc = hke.

Then by rearranging the relativistic energy formula E? = (pc)? + (mc?)?, we get
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the following result

hence the particle created by the quantized electromagnetic field is massless.
According to relativity, a massless particle does not have a rest frame which means
that it must always travel at the speed of light ¢ (in a vacuum) [4]. By now, it
is very obvious from our thorough analysis that the excitation, or particle, of the
electromagnetic field is the photon which satisfies all of the results we have derived
above.

From the mathematical form of the quantum electromagnetic field, the electro-
magnetic field can be viewed as an infinite set of decoupled harmonic oscillators at
every point in space. In fact, the notion of a “vacuum” loses its meaning in the
traditional sense when we make the transition to quantum physics. Classically, a
vacuum is typically idealized as the state of a system with no matter or energy
thus there should be no dynamics or processes occurring. But in quantum physics,
the ground state of the electromagnetic field, which has no photons, has energy

therefore the “vacuum” is not “empty” [7].
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Chapter 5

Path Integrals of the Quantum
Fields

For this section we will apply the path integral formulation introduced in the
background chapter to the quantum fields we have constructed. As mentioned
before, the real scalar field will serve as a pedagogical tool and as the prototype

for which the other path integrals of other fields will be modeled on.

5.1 Real Scalar Field

Using the path integral formulation of the quantum harmonic oscillator, the path

integral of the free field theory of the real scalar field is constructed as

Zo(J) = (0[0) = /Dgpeis

— /DQD eifd4a: [[,0+Jg0]7 (511)

where J(z) is the source term, Dy o [[, dp(z) is the functional measure, and

1 1
Ly = —Ea“cpﬁucp — §m2<,02, (5.1.2)
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is the free field real scalar Lagrangian [5]. Note that we have implicitly multiplied

2 is actually m? — ie but we

the Hamiltonian density by (1 —i€) so the mass term m
will suppress this in our derivations. Also note that equations of motion, namely,
the Klein-Gordon equation now becomes (9% + m? —ie)@(z) = 0 [5]. In accordance
with the path integral formulation and the field formalism, the path integral now
represents the path in the space of field configurations. Recall that when we applied
the path integral formulation to the simple harmonic oscillator, we were able to

derive the Green’s function for the oscillator which led to the path integral to be

simplified as
“+oo

<wmzamg/ﬁ dtdt' FRGE— ) (1)), (5.1.3)
where G(t — t') = i(O[T X ()X (¢')|0) was the propagator for the harmonic oscillator.
This form of the path integral allowed us to easily compute the vacuum expectation

values using functional derivatives so we seek to derive a similar expression for

the real scalar field path integral. We first start by expanding the action § in the

exponential of equation ([5.1.1)),

S:/#ﬂQ+me

1 1 .
— /d4x [— 58“908“90 - §(m2 —i€)p? + Jga]

1
- /d% [— 5@(82+m2 —ie)g0+Jg0},

where we integrated by parts twice and imposed the boundary condition ¢ — 0 at
infinity to get to the third line [5]. Then we treat the field ¢ as the integration
variable and shift the field ¢’ = ¢ + I where the field I' is arbitrary. Since we
are essentially shifting by a constant, the functional measure remains the same,

namely, D¢’ = Dy thus
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Before we continue, note that

/d4x¢82F:/d4xF82gp, (5.1.4)

which is obtained by integrating by parts twice the left expression and imposing
the boundary condition for the field . With this in mind, we continue to simplify

the above path integral,

ZO(J):/Dcpexp[i/d4x< ;(QO—FF)(@Q +m —ZE)(QO—FF)—FJ(QO—FF))]
:/Dcpexp[i/d4x%( o(—0% +m?* —ie)p —T(=0° +m —ZE)F)

o(— +m —ze)F+J(¢+F)} (5.1.5)

To get equation (|5 into the same mathematical form as equation (5 , recall

that the field I' was arbitrarily chosen so we impose the condition that
(=0* +m? —ie)l(x) = J(z). (5.1.6)
Then we introduce the Feynman propagator which satisfies the condition
(—0* +m? —ie)Ap(z — o) = 04z — 2'), (5.1.7)

thus the Feynman propagator is the Green’s function of the (modified) Klein-

Gordon equation. With these two equations, we solve for I'(z) explicitly,

(( 0* +m? —ie)['(z) = J(a:))AF(J: — ')
/&x04¥+mﬁwqw@Aﬂx—yy:ﬂ@Aﬂx—ﬁ»

r@yi/#yAﬂx—yw@m (5.1.8)
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where we have switched the variables x <+ 2’ to get the last line. Now the path

integral becomes

- /D(p exp [i/d%«%( — p(— +m? —ie)p — D(—* +m? — ie)F)
(=02 + m? —Ze)F+J(g0—|—F)]
/Dtpexp 3/ ( — (0 +m? —ie)p + JF)]
/Dso exp —/ ( — (= +m? —ie)yp

+ / &'z’ J(z)Ap(z — x')m’)ﬂ

= exp|? / Az d'a’ J(@)Ar(e — )T (2]

X /Dgpexp [—%/d4mg0(—82+m2—i6)90]

Now recall that we must have Z,(0) = (0|0);—o = 1 so the second term must equal

NM

[\D

1 thus we finally get our desired path integral for the free Klein-Gordon field,
7o) = exp 5 / iz d's’ J(x)Ap(z — ) J(2)]. (5.1.9)

To get an expression for the Feynman propagator Ap(x — z’), we cleverly use the

Fourier transform of the Feynman propagator [5]

Ap(x) :/(37?46”” Ap(p), Ap(p) :/dA‘xe_ipIAF(x), (5.1.10)

then apply the operator (—9? + m? — ie) to get

(=02 +m? — ic) (Ap(x) - / %eipx AF<p))

5 (z) = / (3754 (p* 4+ m? —ie)Ap(p) P
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which implies that

(P* +m* —ie)Ap(p) = 1
_ 1

Aer) = o =i (5.1.11)

Thus the Feynman propagator for the Klein-Gordon field is

d4p eip(:rzfz’)
A — ) = . 5.1.12

rlz =) / (2m)4 p? + m? — ie ( )
Applying the Klein-Gordon equation (—d? + m?) on the Feynman propagator
(.1.12)) and taking the limit ¢ — 0 yields the the four-dimensional delta function
which confirms that equation ([5.1.12)) is indeed the Green’s function of the Klein-
Gordon equation. We can also evaluate the Feynman propagator by contour

integration by integrating in the complex p® plane to get the explicit form of the

propagator [5]. To do this, we can expand equation (/5.1.12))

d4 ip(z—x')
Ap(x—x/):/( b_°

2m)4 p?2 + m? — e

/ d3p b (x—x) / dp() e—iw(t—t/)
pr— —_— e e —
(2m)3 21 p? +m? — ie

d3p P dp®
:/(27r>36p( )/E (%),

where,
10°) S (5.113)
) = , 5.1.13
(p° — \/P? + m? —ie)(p° + \/P? + m? — ic)
where 7 = (t—t') and we have used the relation from special relativity p? = —(p°)*+p?.

For the case when 7 > 0, we integrate in the lower half plane where the closed

contour encircles the pole at p® = \/p? + m? — ie in a clockwise direction. Then
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by the residue theorem,

[ L 10 = e -2m) 3 Rest )
5 f () =5 (=2mi k es(f,ax
ie‘i\/‘mT
2/p? +m? —ie

s —IWT

€

—
e—0 2w

Y

where we multiplied by —27i since we integrating in the clockwise direction. If

7 < 0, we integrate in the upper half plane where the closed contour encircles the

pole at p® = —y/p? + m? — ie. Then by the residue theorem,

/d—poﬂ ) = L (2ri) " Res(f, )
5 [ (07) =5 (2mi k es(f,ap
PN e el

2\/p%+m? —ie

ie’LUJT

=0 2w
Combining our results yields

de 0 Z'efiw|7'|
| =5

Z'e—iw|t—t’|

=T o, 5.1.14
2w ( )
Thus the Feynman propagator is
Ap(r — x’) = i/d3pL P (x—x)—iw|t—'|
= {0 G ()()|0), (5.1.15)

where A(z — 2') = (0p(z)@(2")[0) = [ d®pr @) is the amplitude for a particle
to propagate from position 2z’ to position x [5]. Recall that we first introduced

Wick’s Theorem when we applied the path integral formalism to the quantum
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harmonic oscillator. Before we prove the theorem for fields, we will first introduce
some concepts that will aid us. For any free field (), we can decompose the field

into its positive and negative frequency parts [§]:

p(z) = ¢ (z) + ¢~ (), (5.1.16)
where
o = [ dmae,
b (@)= [ dpafer,
then we have
o7 (2)|0)=0,

(0lp~(z) = 0.

We define a product of creation and annihilation operators written with all the
creation operators to left and all the annihilation operators to the right, such as
al al ap,ap,, as to be in normal order and will have a vanishing vacuum expectation

value [8]. We also define the normal ordering operation N () that places operators

in normal order

N (ap, b, ap,) = a1, Gy, (5.1.17)

The order of the annihilation operators does not matter since they commute. We

define a contraction to be

P(r)p(x) = Ap(z —y), (5.1.18)

which is the Feynman propagator. Then for two fields

.
T{p()p(y)} = N{g(x)p(y) + @(x)p(x)}-
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When two non-adjacent operators are contracted, we will still assign the propagator

[
~ N o~

N{P1p203P4} = Ap(r1 — x3) - N{P2Pu}.

Theorem 5.1.1 (Wick’s Theorem). Let ¢(x) be a field operator with the prop-
agator Ap(x —y). Then

T{¢1...¢n} = N{¢1 ..., + all possible contractions},

or equivalently,

O e(oa) a0V = S 57T 570 T

Top) 0 J=0

1
— Z_TL Z AF(le — ZL’Z'Q) Ce AF(xizn_l — ZL'Z'Qn).

pairings

Proof. We follow the proof according to Peskin and Schroeder [8]. We proceed by
induction. The base case n = 2 was proved earlier so suppose the theorem is true
for n — 1 fields. Without loss of generality, we consider the case 29 > 29 > ... 20,

We use Wick’s theorem on the fields ¢, ... ¢, to get

T{p1...Pn} =Q1...¢n
=N {@2 c P F (all contractions not involving @1> }
At

= (o7 + cﬁf)N{nﬁg e P+ (all contractions not involving @1> }

(5.1.20)
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We can move ¢] inside N{} since it is in normal order. For ¢}, observe that

~

~

= N(@T@2...¢n) + N([8F, 03105 ... Pn

[ 1

The first term in the last line of combines with the ¢; term in equation
to form N{¢1$s...¢,} and other terms involving the contraction of ¢;
with another field. We also see that a contraction with one term in equation
(5.1.20)) will yield all possible terms involving both that particular contraction and
a contraction of ¢; with one of the other fields. Continuing this process gives
all possible contractions of all the fields including ¢; thus the induction step is

established therefore Wick’s theorem holds. OJ

Wick’s theorem will be used frequently when we construct Feynman diagrams

and for computing vacuum expectation values.

5.2 Spinor and Gamma Matrix Technology

Before we move onto the construction of the path integral of the free fermion field
and the derivation of its Feynman propagator, we will finally present and prove the
various identities and computational shortcuts for spinors that was first introduced
in the fields chapter. These identities and shortcuts will be used ubiquitously when

doing calculations involving spinors.

Spinor Technology

We begin with computations involving spinors specifically Dirac spinors since the

Majorana spinor is a specific case of the Dirac spinor. Recall that the general
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solution to the Dirac equation for the Dirac field was
V()= / &Epr [l;s(p)us(p)eipx + aZg(pm(p)e*im], (5.2.1)
s==+

where the spinors us(p) and vs(p) obey

(p +m)us(p) =0,

(—p +m)vs(p) = 0. (5.2.2)
and similarly,

us(p)(p +m) =0,

vs(p)(—p +m) = 0. (5.2.3)

Note that each of the spinor equations have two solutions based on their spin
values. To find the explicit solutions for the spinors, recall from special relativity
that a particle with m # 0 possesses a rest frame where p = 0 [4]. Let us move to

the rest frame where p = p, 7" then becomes p = o’ = —m~° [5]. Then equation

(5.2.2) becomes

(—=my® + m)u,(0) =0,

(mA° + m)v,(0) = 0, (5.2.4)
which yields
w0y = v | 71 w0y = v | M
+[1) +[4)
0a(0) = v | 7. v = v | . (5.25)
) +[1)
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and similarly we also get

where

)= : (5.2.7)
0
0

)= , (5.2.8)
1

are the spin-up and spin-down eigenkets of the Pauli matrices, respectively [11].
With , it is a simple matter of finding the spinors with an arbitrary three-
momentum p. To do this, we follow the rules of quantum mechanics and construct
the necessary one-parameter unitary operator U (A), whose generator is the boost
matrix K, parametrized by the rapidity 7 = sinh™'(|p| /m) in the direction of the

unit vector p which is [5]

U(A) = exp(inp - K). (5.2.9)

Then we apply the operator U(A) to equations (5.2.5) and (5.2.6) to get

us(p) = exp(inp - K)u,(0),

v.(p) = explin p - K)u,(0). (5.2.10)



Now we define the operation [5]

A= pATB,
and it is trivial to see that
y =9,
Swo= §H
i = 175,
Vs = Y5,

V5 = S

Recall that the boost matrix components are formed by

K= 217" = 577",

s it is trivial to see that Ki = K7 thus we get [§]

us(p) = us(0)exp(—in p - K),

Us(p) = vs(0)exp(—in p - K).

Now it is trivial to derive

gy (P)us(P) = +2mdys,

Uy (p)us(p) = —2mdys,

144

(5.2.11)

(5.2.12)

(5.2.13)

(5.2.14)

(5.2.15)

from equations (5.2.10) and ([5.2.14]) and the orthonormality of the spin kets and

bras. From here, we are in a position to derive the Gordon identities that we used
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in the fields chapter (we used the case = 0) [5]

2mity (p')1*us(p) = i (P) | (6 + p)* = 268" (1) = p) |, ().

2mvy (p')7"vs(p) = vy (P') [(p’ +p)t = 218" (p' - p)u] vs(P)- (5.2.16)

Proof. Consider the following identities

1 1 o
= S0t gt + shr gl = —p = 2i5p,, (52.17)

1 1 I
Pt =S+ S Pl = 208 (5.2.18)
We add the above identities to get

VP =—|0 +p)r =250 - p)y]. (5.2.19)

To get the first Gordon identity, we multiply the above expression by @y (p’) and

us(p) on the left and right, respectively, then use equations (5.2.2)) and (5.2.3).

Following the same procedure except with vy (p’) and vs(p) yields the second

Gordon identity. ]

A similar identity that can be derived is

2miiy (p')y"vs(P) = g (P') [(p/ —p)* = 25" (p' + p)u} vs(P),

—2my (p')7"us(p) = s (P') [(p’ —p)t = 25" (p’ + p)u] us(p). (5.2.20)

Proof. The proof is similar to the Gordon identity. Subtract (5.2.18]) from (5.2.17))

to get

VPP = [(p’ —p)t = 2iS8"(p' + p),,] : (5.2.21)

Then multiply the above by uy(p’) and vs(p) on the left and right, respectively,

and use equations (5.2.2) and ([5.2.3)). Using the same procedure with vy (p’) and

us(p) yields the second identity. O
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When p’ = p, the Gordon identities reduce to

Ugs (p)fyuu5<p) = 2pM53’sa

Uy (P)V"0s(P) = 2P"0ys. (5.2.22)
Similarly, when p’ = —p and g = 0 in (5.2.20)), we get

(% (p)’YOUS(_p) =0,

vy (P)Y us(—p) = 0. (5.2.23)

An incredibly useful identity that we will use for calculations in scattering cross

sections for fermions are the spin-sum identities

> us(p)i(p) = —p+m,

Z vs(P)Vs(pP) = —p — m, (5.2.24)

which is derived from the fact that in the rest frame

> u,(0)i,(0) = mA° +m,
s==+

Z v5(0)7,(0) = my® — m.

s==+

Summing over the eigenstates of S, allows one to rewrite the result in terms of the
four-momentum and gamma matrices with contracted vector indices so generalizing
the rest frame spin-sum to a frame with p # 0 yields the spin-sum identities above

B).

Gamma Matrix Technology

There many kinds of identities that can be derived using the gamma matrices along

with the Feynman slash notation for variables. Some identities will, of course,
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prove to be more useful than others so we will derive the most commonly used
gamma matrix identities. To begin our derivations, we start with the following

relations of the gamma matrices as our “axioms”

{0, 7"} = —2¢", (5.2.25)
=1 (5.2.26)
{1 =0, (5.2.27)
Trl=4, (5.2.28)

where 5 = i17%y!92+3 [5]. We claim that

Tr [product of odd number of 4*] = 0, (5.2.29)

Tr [y5(product of odd number of 4*)] = 0. (5.2.30)

Proof. Using the cyclic property of the trace and the above axioms, observe that

o)

Tr[y" ... 9"] = Tr [139"95 -5 7"]
=Tr[(=%7") - (=%7"")]

= (~1)"Tr [y ),

and similarly,

Tr [y5(y" .. ")) = Tr [ys(37"93 - - ver™)]
= Tr[ys5((—57") - (=57")]

= (=1)"Tr [ys (v ... )],



hence,

Tr[yHr .o oykn] = (=1)"Tr [y .. 4t

Tr[ys (v - )] = (=1)"Tr [ys (v ...

If n is odd then ((5.2.31]) equals its negative value which means that Tr [y ..

and Tr [y5(y#* ... y#")] = 0.

Now

Tr [y"9"] = —4g".
Proof. Observe that
Tr [y*"] = Tr [7"¥]
= Tr [y — 2¢"]

= —Tr [v*4"] — 2¢""Tr 1

= —Tr[y"4"] — 8¢",

then rearranging the terms gives us our desired result

2Tr [y'9"] = —8¢""

Tr [y'9"] = —4g"".

It is trivial to see that

Tr [75] = Oa

since,

-1 0

V5
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(5.2.31)

.f)/l"‘n] — 0

(5.2.32)

(5.2.33)

(5.2.34)



With this, we claim that
Tr [y579"] = 0,

and more generally,

Tr [y57"9"9P7] = —dig"?”

Proof. Observe that

Tr[ys7"y"] = Tr [y (=7"7" = 29™)]
= —Tr[y57"7"] = 29" 5]

= —Tr [vs7"4"],

which implies that Tr [y5v#9"] = 0.

Now consider

Tr [y57"9"7*7°]-
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(5.2.35)

(5.2.36)

If any of the indices have the same value, then the expression will always be zero.

Suppose all the indices are distinct. Because of {v#,v5} = 0, we see that switching

any two of the indices will change the sign of the trace and since we showed that

the trace equaled zero if any of the indices were the same, the trace must therefore

by proportional to e#*??. The proportionality constant is found by considering the

case 9123 = 3210 — 41 which is

Tr [(y5)7"7'7*?) = =iTr [(75) (—i7s)]
= —iTr 1]

= —4i.

Therefore

Tr [y5v#y P77 ] = —4ietP? = —4igh?e.



Now the definition of the Feynman slash notation was given as

= a, "

The generalization of this notation to two or more quantities is [5]

oy ., = Ay -y, YA A
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(5.2.37)

(5.2.38)

It will prove fruitful for future derivations to evaluate the anticommutator of two

Feynman slashed variables which is

{¢> b} = {aM7M> blﬁ/y}
= aub, {"",7"}
= —2a,b,9""

= _2(ab)7

where (ab) = a*b,,. This implies that [5]

dh = —pbd — 2(ab).

With equations ([5.2.40)) and (5.2.32]), we are able to write
Tr [¢h] = —4(ab).
Now we claim that

T [#¢d) = 4[(ab)(be) — (ac)(bd) + (ab) (cd)].

(5.2.39)

(5.2.40)

(5.2.41)

(5.2.42)
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Proof. Observe that

Tr [dpgd] = Tr [(—bd — 2(ab)) 4]
= —Tr [bgd] — 2(ab) Tr [¢d]
= —Tr [b(—¢4 — 2(ac))d] — 2(ab) Tr [¢d]
= Tr [Bédd] + 2(ac)Tr [bd] — 2(ab) Tr [¢d]
= Tr [B¢(—dd — 2(ad))] + 2(ac) Tr [bd] — 2(ab)Tr [¢]
= —Tr [bfded] — 2(ad) Tr [b¢] + 2(ac) T [bd] — 2(ab) Tr [¢d]

= —Tr [dbgd] — 2(ad)Tr [b¢] + 2(ac)Tr [Bd] — 2(ab) Tr [¢d],

where we have used the cyclic property of trace and equation (5.2.40)) [5]. This

implies that

2Tr [dbdd] = —2(ad)Tr [p¢] + 2(ac)Tr [pd] — 2(ab) Tr [¢4]
Tr [@h¢d] = —(ad)Tr [B¢] + (ac)Tr [pd] — (ab)Tr [¢]
Tr [#hgd] = 4[(ab)(bc) — (ac)(bd) + (ab)(cd)],

where we have applied ((5.2.41)) [5]. O

Throughout the course of this paper, we have considered four spacetime dimen-
sions for the metric ¢g"”. Suppose we generalized our metric to d-dimensions. Then

the inner product of two gamma matrices is [5]

YV = g
= g (=77 = 2¢")

= _/7;/7“ - 29;11/9“”7

which after rearranging yields

Yy, = —guwg"’ = —d. (5.2.43)
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Then we have

Vi = (d = 2)d, (5.2.44)
by, = 4(ab) — (d — 4)db, (5.2.45)
Vb = 2¢bd + (d — 4)dbe. (5.2.46)
Proof. We note that
{d, 7"} = —2a,, (5.2.47)

then [5]

Vi, = Y (=t — 2a,)
= ="t — 27" ay

= (d—2)¢t.

Now observe

Vb, = A (—b — 2b,
= —7"dub — 29" b,
— —(d - 2 — 27" — 20,
= —(d —2)dp + 2¢h + 4(ab)

= 4(ab) — (d — 4)dp.
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Lastly,

V' bty = VB (—uf — 2¢,)
= —Y"dbyuf — 2" dbe,
= —(4(ab) — (d = 4)db)¢ — 29" (= b — 2(ab))cy
= (d — 4)db¢ — A(ab)¢ + 29" bdc,, + 47" (ad)c,,
= (d — 4)db¢ — 4(ab) + 2¢bg + 4(ab)¢
= 2¢bd + (d — 4)db¢.

5.3 Fermion Fields

To construct the path integrals of the free fermion fields, we must account for
the antisymmetric nature of the fields along with the fact that the fields are
complex valued. We anticipate that the Dirac field, with its U(1) symmetry, will
need two complex valued, anticommuting source terms in its path integral [5].
We introduce the anticommuting source field n(x) and its Hermitian conjugate

equivalent 7(z) = n'(x)3 thus the path integral for the free Dirac field is [5)

Zo(n, 1) = /D‘I’ DW exp [i/d4x (Lo +7® + Wn)

= /Dqliﬁexp[@/d‘lx(—E(—z'aer)\Iz+77\I: +W¥n)|.  (5.3.1)

By using the equivalent methods in the derivation of the real scalar free field path

integral ((5.1.9)), the path integral for the free Dirac field is

Zo(n.1) = expi [ e d'y(e)Se(a ~ p)ato)]. (532)

where Sp(z — y) is the Feynman propagator for the free fermion field [5]. The

Majorana Lagrangian does not possess U(1) symmetry so we expect its path
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integral to be analogous to the real scalar path integral. We must also incorporate
the Majorana condition % = x*C in its path integral as well. With this, the path

integral of the free Majorana field is [5]

Zo(n) = /Dxexp [i/d‘lx (Eo—i-nTx)]

= exp[ - % /d4x d*ynt(z)Sp(x — y)C_ln(y)} : (5.3.3)

Much like the Feynman propagator for the real scalar field, the free fermion

propagator is defined as

A
A

= i0(z° — ) (0o (2) T (1)]0) — i0(5° — 2°) (O 5 () ¥ () 0)
(5.3.4)

where T is the time ordered product and « and 3 are four component spinor indices
[5]. Note that unlike the Feynman propagator for the real scalar field, we have a
negative sign in equation ({5.3.4)) since the fields must anticommute at spacelike
separations [5]. Along with this, it is important to note that the free fermion
propagator Sp(r — y)as is @ 4 X 4 matrix and is also the Green’s function for the

Dirac equation [5]
(=@ + m)apSe(T = Y)ay = 6 (€ = Y)day- (5.3.5)

It will prove fruitful in future calculations to find the more compact, Fourier
representation of the Feynman propagator of the free fermion field. To find the
free fermion propagator’s Fourier representation, we can compute the amplitudes
in equation by using the plane wave solution of the Dirac field and
combine the results to form the Fourier representation. This is a valid approach
albeit a very algebraically tedious method. Let us instead avoid this approach and

analyze how we were able to derive the general plane wave solution of the Dirac
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field. Recall that multiplying the complex conjugate Dirac operator (i@ + m) to

the Dirac equation yielded

(¢@+m)((—¢a+m)@ - o)
(@3 +m*) ¥ =0

(—=8% + m*)¥ = 0,

namely that the Dirac field satisfied the Klein-Gordon equation [5]. Now the
Feynman propagator Ap(z — y) for the real scalar field is the Green’s function for

the Klein-Gordon field thus it obeys the condition
(=0% + mH)Ap(z —y) = 0*(x —y). (5.3.6)
Now observe that,

(0% +m*)Ap(z —y) = 6*(z —y)
(—id +m)(id +m)Ap(x —y) = 64z — y)

(=id +m) (i + m)Ar(z ) = 'z ~ ),

N

SFEL:ZI)

thus the Feynman propagator for the free fermion field is

Sp(w —y) = (id + m)Ap(z —y)
d*p eP(z—y)

= (i + m)/ (2m)* p? + m? — e
_ / (d4p (—Iﬁ—i-m) eip(zj—y)’ (5'3'7)

2m)4 p?2 + m? —ie

or in component form, [5]

d4p (—]7) + m)aﬂ in(z—
Sp(T —Y)ap = / @n) p2+m2—ie€p( 2 (5.3.8)
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Notice that we have been referring to equation as the free fermion propagator
rather than the free Dirac propagator. As the reader may have deduced by now
from our derivation, equation is indeed also the Feynman propagator for
the free Majorana field since the Majorana field, whose equation of motion is the

Dirac equation as well, also satisfies the Klein-Gordon equation so

{0 Xa ()X (1) 10) = Sp(z = y)as (5.3.9)
_ d'p (—],75+m)a5 cP(r=Y)
_ / B . (5.3.10)

When computing the time-ordered amplitude of other field operators, there are
some subtle differences between the Dirac and Majorana fields. For example, we

have that for the Dirac field,

(O () W5 (y)[0)

(OIT ()W 5 (3)|0)

0, (5.3.11)

0, (5.3.12)

which can be easily proved by using the plane wave solution of the Dirac field into
equation and noting that the ordering of the Fourier coefficient operators
cancel with respect to the vacuum kets and bras [5]. For the Majorana field, the
above equations are not correct. To see this, recall that the Majorana field obeys
the Majorana condition % = x*C. This condition can be rewritten as x* = xC !
or iT = C~'x where we have used the property C~! = CT [5]. Thus, equations

(5.3.11) and (5.3.12)) become [5]

(0T Xa (2)x5()10) = (OITXa (2)3X, (1) |0NC )1

—%wﬂx—wCﬂw, (5.3.13)

(OTXa ()25 ()10) = (€™1)ar (X ()25 (1)10)

:%W”Sﬂx—mh@ (5.3.14)
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Now we must impose more rules on the functional differentiation of anticom-
muting variables before we move on. To analyze this further, it is clear that the
algebraic structure of anticommuting numbers (and variables) will have different
properties. To elaborate further, given any arbitrary anticommuting numbers 1);

that obey the condition

it is clear that

Vb = =iy, (5.3.16)

namely, switching the order of the numbers imparts a change in sign [5]. Even
more interestingly, if we let 1); = v;, then we have that ¢ = 0. Although we have
only just scratched the surface in the metaphorical sense, numbers that obey the
condition clearly have very different properties than the usual commuting
numbers that most people are familiar with. Indeed, numbers that obey the
condition are mathematical objects known as Grassmann variables [8].
With this notion in mind, we hypothesize that functionally differentiating the
anticommuting terms in the fermion path integrals will yield a negative sign. To

test this hypothesize, observe that

L/d‘ly [ﬁ\IJ(y) +$(y)n(y)] = /d4y 5775 W(y)"’?(y)}

on(x) (x)
= / d'y 577(21,) [—n(y) ¥ (y)]
= /d4y — 'z —y)T(y)
- W),

and similarly,

%(x) / d'y [ (y) + ¥ (y)n(y)] = +¥(z).

We see that our hypothesis is true thus whenever we functionally differentiate
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Grassmann variables, we must apply the appropriate sign changes [5].

5.4 Electromagnetic Field

In this section, we derive the path integral of the electromagnetic field as well as the
photon propagator. The path integral formalism shows its strength here because
deriving the photon propagator using the interaction picture is quite difficult in
practice but the path integral formulation allows us to derive the propagator rather
easily.

Following what we have done in previous sections, the path integral for the

electromagnetic field is

Zo(J) = (0]0); = /DAeiSO

_ /pAeXp [i/d‘lx (- iF””FMV + 4, (5.4.1)

where the functional measure DA = DA"DA'DA*D A3 [5]. Integrating by parts
and imposing vanishing boundary conditions to eliminate the total divergence

simplifies the path integral to [5]
. 4 1 v 92 v
Zo(J) = /DAeXp P/d x ( — 5Aug" 0 = P )A, + J"Auﬂ. (5.4.2)

Let us focus on the action integral Sy and expand it in momentum-space

1 [ d% [ - s o
Sy = —/(%)4[—Au(k)(k 9" — kPRY) A, (—k)

+ Tk A (—k) + jﬂ(—k)AM(k)]. (5.4.3)

Ideally we would like to follow the same procedure for the derivation of the real
scalar path integral and shift the field A to complete the square and solve for the

propagator as well. However, this is not possible because this requires that we
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invert the matrix (k*¢"” — k*k”) which is singular [5]. To see this, let

5 ., KMEY
PY(k) = 9" = =5~ (5.4.4)
then note that
y L, EMEY
P* k?,, = (g,u — ?)ku
S W
=0.

This means that one of the eigenvalues of the matrix P*”(k) is zero and this implies
that det(P)=0 [5]. Actually, the matrix P*(k) is a projection matrix which we

will prove.

Proof. Let P* (k) be defined as in equation ([5.4.4]). Then observe that [5]

PR ) = (0~ S5 ) (0 - k;ffA)

R KR RRR R
R T A TR

:gu/\ i

EH A
L2

:gw\_

= P (k).

Thus P* (k) is a projection matrix. O

From elementary linear algebra, projection matrices have eigenvalues 0 and 1

and we can see this by taking the trace of (5.4.4]),

5 5 krEY
g,uI/P# = g,uugu - guu?
=4-1
= 37

so the other three eigenvalues of P#*(k) are 1 [5]. Since the matrix (k?g" — k*k"”)
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is singular, the photon propagator D}’ (z — y) has no solution because we must
invert the operator

(k*g" — k"k") DY (k) = 0,”, (5.4.5)

“w

which is not possible thus it cannot be solved [5].
The root of these problems ultimately comes from gauge invariance. To fix
this problem, we will utilize a clever trick. We follow the derivation according to

Peskin and Schroeder [8]. We introduce a gauge-fizing function G(A*) defined as
G(A%) = 0" A (z) — w*(z), (5.4.6)

where w®(x) is an arbitrary scalar function and Af.(z) is the gauge transformed
gauge field defined as
Al(z) = Au(z) — Oua(). (5.4.7)

Before we continue, recall the property of the delta function,

1= /dyé(y). (5.4.8)

This result does not change if we shift the argument of the delta function so let us
shift the argument by y — y — f(x) [§]. Along with this, let g(x,y) be an arbitrary

function then we use the delta function identity

Sy —
5(Glx,y)) = % (5.4.9)
to turn equation into
1= /dy 2—55(9@,3;)), (5.4.10)

where we have assumed that dg/dy is positive when y = f(z). The generalization
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of equation (5.4.10|) for n-dimensions is then

1= /d"y det(Zij) [T6(). (5.4.11)

With this rather complicated form of the identity property of the delta function,

we generalize it to the functional form for G(A®), [§]

1= / Da det<§G5(;4a>) 5(G(AY)). (5.4.12)

We insert this functional identity into the path integral for the photon

= / DA
= / Da / DA det 5G(Aa)) §(G(A%)) &0

:dtéGA /D /DA(S (A%)) ',

where the functional determinant is pulled out since it is a constant [5]. Note that
the term [ Do is a constant as well. Let us treat A, as the integration variable
and change variables A, — A§ which leads to DA — DA and So[A] — So[A“].
Recall that A% is a gauge transformed field so in terms in functional calculus, we
have merely shifted the original field A, by a constant thus the functional measure
is invariant under this change of integration variables, namely, DA* = DA. Along
with this, we constructed the electromagnetic Lagrangian density Sy to be gauge
invariant so Sp[A%] = Sy[A]. Since A® is arbitrary, we relabel it as A then the path

integral is [§]

Zo(J) = det

/Da /DA(S %0

/Da /DA5 (0" A, — w(w)) e,

/\0’1

= det

The above equality holds for any arbitrary scalar function w(z) and since the path
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integral is independent of w(x), we multiply the path integral by

2

N(E) eXp[ / dz ﬁ} (5.4.13)

which is the functional generalization of the Gaussian function centered at w =0
and N () is the normalization constant [8]. Then we integrate over the functional

measure Dw,

Zo( /DwN exp —Z/d4I—
x de t(éG (4%) /Da) /DA5 (0" A, — w(x)) e

O(/DAexp[—z’/d‘lx%]eiSo

iSo+iS
x / DAe'*0™9f
where

S,p = /d4x Lys, (5.4.14)

Ly = (8"A )% (5.4.15)

%
are the gauge-fized action and gauge-fized Lagrangian, respectively [5]. Note that
the proportionality factor is due to multiplying the Gaussian function to Z, and
integrating it which simply multiplies a constant to the original path integral Zy(J).
This constant is removed when we normalize Zy(J). After properly normalizing

the path integral, we get

Zo(J) = / DA 'S0+ S

:/DAexp[i/d‘lx(—%F“”FV—i—J A, —2—5(3 A,) )] (5.4.16)
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and in momentum-space the action term is [8]

S = / de —Lpep, - Liora,)?

4 Y
1 [ Ak - , 1, Kk «
= 5/ (27T)4 [_ Au(k) (k Guv — (1 - Z)?)AM(_k)
+ MR A(—K) + j“(—k)%iu(k)]. (5.4.17)

Finally the matrix <k2 v — (1 — %) k;’;“) is nonsingular thus we can solve for the

propagator

INT A
(g — (1~ Bl ) Dit(h) = 5,7,

which yields [8]

Wg”). (5.4.18)

D) = o (9~ (1- 95
The free photon propagator D’}’é(/{;) is said to be in the generalized Feynman gauge
or Re gauge [5]. Choosing £ = 0 leads to the Lorenz gauge (or Landau gauge) and
choosing & = 1 leads to the Feynman gauge [8]. With the photon propagator, we
can now shift the field by a constant and follow the same procedure as the real

scalar field then the path integral for the photon is [5]

i v
Zo(J) = exp [5 / d*x d*y Ju(2) D (7 — y)J,,(y)], (5.4.19)
where
’ 'k ey 9" = (1= €)M
Die(z —y) = / o) ek(@=y) R : (5.4.20)

The choice of gauge will depend on the problem and we will see later on which
gauge to choose. Notice that this form of the propagator is rather useful due to its
generality since we did not have to quantize the electromagnetic field again in the

Lorenz gauge to determine the Lorenz gauge propagator.
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Chapter 6

Scattering

6.1 LSZ Reduction Formula

Let us use the real scalar field to calculate the probability for a scattering event
to occur. We follow the derivation according to Srednicki [5]. In the Schrodinger
picture, let |i) = |i,in) = |pyPs - - - P,,; ti) be the initial state ket of the incoming
particles with and let |f) = |f,out) = |py/Py - .. P,v;ts) be the final state ket of
the outgoing particles where p, # p; when i # j. If we consider the distant, or
asymptotic, past t — —oo, the interacting theory is expected to reduce to the free
theory which makes sense physically because the incoming particles will be far
apart from each other so that they cannot interact [11]. We expect the incoming
particles in the distant past to then behave as free particles that are localized
near p and the origin in momentum- and position-space, respectively [5]. So the
creation operator a'(p) is expected to be time-independent in the distant past and
is expected to create a particle with a wave packet wavefunction. Now recall from

the fields chapter that the creation and annihilation operators can be written as

WMZ%/fMW%ﬂu (6.1.1)

a(p) = i / P e 5 ¢(x), (6.1.2)
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respectively. Let us move to the Heisenberg picture and make our operators

time-dependent and localized in momentum-space

al(t) = / &’p fi(p)a' (p), (6.1.3)
fi(p;) o< exp [_(%QPZ')Q] : (6.1.4)

where f;(p;) is the Gaussian wave packet with its width ¢ in momentum-space [3].
Now in the distant, or asymptotic, past ¢ — —oo, the initial state can be described
as a wave packet with a well defined momentum

liy= lim al(t)ab(t)...a’ (t)|o) (6.1.5)

t——o0

and similarly in the far, or asymptotic, future ¢t — +oo, the final state is

|f)= lim al(t)ad(t)...a ()0 (6.1.6)

t——+o0

Using the postulates of quantum mechanics and the fact that we can build multi-
particle states from the vacuum state |0) by acting on the vacuum state with the
appropriate creation operators a;(p;), the scattering amplitude for the scattering

event is

(fli)= (PyPy - - - Pw|P1P2 - - - D), (6.1.7)

where p; and p) represent the initial and final momenta of the n particle states.

The probability for the scattering process to occur is

(i) = 1(prp - - pwlpap2 - - pa)l- (6.1.8)

This makes physical sense because in a real scattering experiment, the atoms are
prepared in the momentum eigenstate which is clearly measured beforehand. Then
the particles are sped up and eventually they collide with one another and the

detector measures the cross section and the final momenta of the particles which
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means that the final state of the particles is once again a momentum eigenstate
[8]. The particles in the initial and final states essentially behave as free particles
localized in momentum-space since at these two asymptotic times, the particles
are not interacting with each other or with any potential that might influence each
particle’s wavefunction. We know that between these two asymptotic times, the
particles will interact with each other, namely, scatter off each other which results
in their wavepackets overlapping [5]. Now observe that for an arbitrary creation

operator a (t)

i

+o0
( lim — lim )a}(t)_/ dt 9yl (t)

1500 tmoo0 o
_ /_ :O dt ,(p,) / d*p 9y (a' (p))
- — / &p fi(p;) / a0y (7 B ()
_ / &p fi(p,) / d'z e (9 + w?)p()
_ / &p f(p,) / d*z e?" (92 + p? + m?)p(x)
— / &p f.(p,) / d e (82 + V2 + m?)g(x)
_ i / & f(p) / 0 €708 + V2 + m?)p(z)
— i / &p fi(p;) / d'we™(=0" + m*)p(x),  (6.1.9)

where we used the expansion of the Fourier coefficient operator in terms of the field
operator which was derived in the fields chapter and integrated by parts to shift
the Laplacian to act on the right [5]. In a free theory, the last term above equals
zero since the equation of motion is the Klein-Gordon equation but we want an
interacting theory so the Klein-Gordon equation will equal some interaction term

from the interaction part of the Lagrangian which makes the above expression
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nonzero. Then we have

lim al(t) = lim al(t)+i / &k fi(p;) / d'z e* (=82 + m?)o(z),  (6.1.10)

t——o0 t——4o00

lim al(t) = lim al(t)+i / &k f(p,) / Bz e (—0% 4 m?)p(z). (6.1.11)

t——+00 t——o00

and the scattering amplitude becomes

(fli)= t-glzloo (0Tay (ty) ... an(ty)ay(t;)...al(t;)|0). (6.1.12)

tp—>fo00
When the n particles come within vicinity of each other so that their wavefunctions
can interact, the wavepackets lose their significance since the state of each particle
changes so we let ¢ — oo which then results in the Gaussian wavepacket to become

delta function normalized f;(p) = §*(p — p;) [5]. Thus we finally get

(Fli) = / dhay P (=2 £ m?) ..
d*e e T (=02 +m?) ...

% (0@ (z1) ... ¢(x)) ... |0, (6.1.13)

which is called the Lehmann-Symanzik-Zimmermann reduction formula, or LSZ
formula [5]. Although we derived the LSZ formula under the assumption the free
field operators would work in a noninteracting theory, the LSZ formula that we
derived is valid for the interacting theory as well provided that the field operator

obeys the following normalization conditions

(015 (x)]0) = 0, (6.1.14)

(pkp(x)|0) = ™77, (6.1.15)

since these conditions ensure that the field operator creates mostly one particle
states and the contributions from multiparticle states can be made as small as we

like by waiting long enough for the multiparticle wave packet to go to zero [5].
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We can use the exact same arguments to derive the LSZ reduction formula for
the fermion and electromagnetic fields as well. For fermion fields, both the Dirac
field and Majorana field share the same LSZ reduction formula which is given by

o)

<f|2> = Z-n—i—n’ /d4$1 d4332 c. d4ZL‘1/ d4l‘2/ e

X eiipllxll [asl/ (pl’) <_i$1’ + m)]al/

X eiipéwé [ﬂsgl <p2’)<_i@2’ + m)]CMQ/ o

~
A

X (O[T, (22) Vo, (217) .. Wy (21) Wy (22) . . . |0)
X (101 + M)ty (py)]oy ™™

% [(19 2+ m)tus, (Po)]ag €272 . . . (6.1.16)

The LSZ reduction formula will hold for a Dirac field given that we impose the

following conditions

(O (2)|0) = 0,
(p, 5, +1%¥ ()[0)
<p7 S, —’\i’(l‘)‘(» = US(p)eiiva

—ipx

us(p)e )

0,

(p, 5, +]¥(2)|0)

~

(p, s, —[¥(x)|0)

0, (6.1.17)

while for a Majorana field,

(O («)|0) = 0,
(p. st (2)]0) = vs(p)e™ ",

(p, si(x)|0) = us(p)e ", (6.1.18)

and as usual the single particle states obey their Lorentz invariant normalization

stated in the fields chapter and (0|0) =1 [5].
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For the electromagnetic field, to work directly with four-vectors instead of the
three-vectors we derived for the creation and annihilation operators, we can rewrite
the incoming photon creation operator and outgoing photon annihilation operator

as

il (K)m = i€ (k) / d*z e (—9%) A, (2), (6.1.19)

i (K)ot = i (K) / dhz e e () A, (x). (6.1.20)
where €9(k) = 0 [5]. Then the LSZ reduction formula for photons is [5]

(Fliy = i e ()" (k) . e (k) () -
/d4x1 dixy .. d*zy drro ...
x e kT (92 ) e kaT (—02)) |
x emthim(_ghyeTikerz(_g2y

X (O[T Ay (27) A,y (25) - .. Ay (22) Ay, (22) .. O). (6.1.21)
The LSZ reduction formula is valid provided that we impose the following conditions

(0A’(z)|0) = 0,
(k, NAT (2)]0) = &4 (K)e~ ™, (6.1.22)

along with the Lorentz invariant single photon state normalization [5].
Now from nonrelativistic quantum mechanics, we know that the scattering

amplitude will give us a general term of the form

(fli)= (27)°0° (Pin — Pou )i T , (6.1.23)

where the three-dimensional delta function represents momentum conservation and

T is the scattering matrix [L1]. We expect this to be the case for quantum field
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theory as well and indeed later on, we will see that this is the case. One could
also note that up to now, we have the necessary tools and knowledge needed to
compute the vacuum expectation values and in doing so will yield a result similar
in appearance to equation . Since we are working in Minkowski space, we
anticipate that the scattering amplitude in quantum field theory will be of the

form

(fliy= (27)*6* (Pin — Pou)i T, (6.1.24)

where the four-dimensional delta function represents the conservation of four-
momentum. We now wish to relate the scattering matrix 7 to the differential cross

section so that we are able to derive results that pertain to real life results.

6.2 Differential Cross Section

We now turn to more concrete ideas and seek to apply everything we have developed
up to now to real life applications. In particle physics experiments, particle
accelerators are used to speed up atoms to ultrarelativsitc speeds and make them
collide with each other which results in the atoms exploding into their elementary
components for a fraction of a second [1]. The quantities that are measured in
these experiments are the cross sections ¢ and decay rates I'. Let us derive the
differential cross section formula [§].

We follow the derivation according to Srednicki [§]. In scattering experiments,
the two most commonly used frames are the center-of-mass frame, or CM frame,
and the fized target frame (lab frame) or FT frame [§]. Let us consider the case
of two incoming particles and two outgoing particles. In the CM frame, the total
momentum of the incoming particles is zero p; + p, = 0 with p; chosen in the
z-direction. Then we have that the total energy of the incoming particles in the CM
frame is just Ey + Ey = —(py + p2)?. For notational brevity, we let s = —(p; + p2)?
which is a Lorentz scalar that is equivalent to s = (E; + F5)? in the CM frame [5].

By the conservation of momentum and energy, the total momentum and energy of
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the outgoing particles are p} + p5 = 0 and (E] + E%)? = s. To specify the angle 6
between p; and p}, let us define the Lorentz scalar ¢t = —(p; — p/)? which is equal

to the frame independent [5]

t=m3+m3 —2E,E; + 2|p,||p}| cosb. (6.2.1)
The Lorentz scalars
s = —(p1+p2)’ = — (0} +1b)°, (6.2.2)
t=—(pr—p))* = —(p2 — ph)*, (6.2.3)
u=—(p1 =)’ = —(p2 — p)°, (6.2.4)

are the Mandelstam variables that are related by the relation [5]

s+t+u=m?+mi+mi +mi. (6.2.5)

In the CM frame, we see that

1

py| = 2—\/5\/82 —2(mi + m3)s + (mi —m3)?, (6.2.6)
1

|p/1| = 2_\/5\/52 - 2(777,%/ + m%’)‘s + (m%/ - m%/>2' (627)

In the FT frame, a particle, say particle 2, is set at rest which means that p, =0

then we see that

Ip.| = E\/sz —2(m3 +m3)s + (m? — m3)? (6.2.8)

and [5]

mo |p1|FT = \/g |p1|CM- (6-2-9)

The Mandelstam variables and these identities will prove to be extremely helpful

in reducing cross section formulas and transitioning between frames as we will see
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in the subsequent sections and chapters.
From the previous section, we found that the scattering amplitude was given

as, in its most general form,
(fli)= (2m)*0" (pin — Pout )i T - (6.2.10)

Using the postulates of quantum mechanics, the probability for the initial state |i)

to transition to the final state |f) is

Pi— f) = Bt (6.2.11)

(f1fXiliy

Much like scattering theory in nonrelativistic quantum mechanics, we wish to
compute the probability rate P [11]. We will assume that the experiment takes
place in a big box of volume V' for a large time 7" [5]. Then the volume of the box
1S

(27)8%(0) = V.

and we see that

(2m)*6%(0) = VT.

Then the norm of the single particle states implies that the inner product of the

initial and final states are

(i|i) = 4B, B, V2, (6.2.12)

(F1)=T] 2V, (6.2.13)
j=1
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where n’ is the number of outgoing particles |5]. Then

<f’2> = [(27{.)454(pin - pout)]2 ‘T’2
= (2m)"6" (Pin — Pour) (27)"6°(0)

= (271')454(])11(1 - pout)VT- (6214)

Then the probability rate is

a54( 2
_ @m) 0 (i — Pout)VIT] (6.2.15)

pP= ,
4E1E2V2 H?:l Qp;OV

= llav

We sum this expression over all possible discrete momenta of the final particles

and in the limit of large V', we get

> = (2‘;3 /d?’p;, (6.2.16)

’
n’
J

thus

- 2 454 in ou
p— 0 ff;lEQp JITT Hd3 (6.2.17)

We divide P by the incident flux to get the differential cross section do which in
the FT frame is |p;| /E1V [5]. In the FT frame, we also have that Ey = ms and
dividing by the incident flux will yield the term |p;|ms in the denominator which

we can convert to /s [py|cy SO we get

P
do= ————
pi| /EXV
— (277)454(])111 Pout ‘T| Hd3
4E; |p, |

_ (27r)454(p1n Pout ‘T| Hd3
4‘p1’CM
1

= |7 dLIPS, (p1 + p2). 6.2.18
4|p1ICMx/§‘ | o1+ 22) ( )
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where dLIPS,,(p; + p2) is the n’-body Lorentz invariant phase space measure

dLIPS,, (p) = (27) 454< Z pz> H s (6.2.19)
j=1
where p = >"" | p; [5]. Let us consider two outgoing particles so we must evaluate
dLIPS,(p) = (2m)*6*(p — P, — pb) d°p), 1 APl (6.2.20)
where p = p; + py. In the CM frame, p = p; + p, = 0 and p° = /s thus

dLIPSy(p) = (2m)'6"(p — P} — 1) d°p1 &Pl
1
= Torzg g (Pt P)O(EL + By = V5) dpr d'p

1
1+2

where we have integrated over the spatial delta function which yields E} = /p? + m?,

and Efy = \/p? +m2, [5]. We now write d*p, = |p’|> d|p}| dQcy where
dQcn = sin 0dfdo,

is the differential solid angle with the angle 6 being between p/ and p, [5]. We use
1 1

the delta function identity

/dm Z|f (z)| ", (6.2.22)

where z; obeys f(x;) = 0 to integrate equation (6.2.21)) over the last differential to

finally get
dLIPS, (k) = | (6.2.23)
2 1672/5dQcn -
which yields the differential cross section in the CM frame
d 1 /
7 = Pil (6.2.24)

dQom  647%/5 |py |
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If we take the differential of the Mandelstam variable t at fixed s, we get

dt = 2|p,||pi|dcosf

dSdcnm
=2 ! 6.2.25
il It 2, (62.25)
then we get a frame-independent differential cross section [5]
d 1
= = — T (6.2.26)
dt G4rs |p|

To get the differential decay rate dI" for n’ outgoing particles, we repeat the same

derivations for the differential cross section except with (i|i) = 2,V which yields
1
dl' = — |T* dLIPS,. (p1), (6.2.27)
2F,

where s = —p? = m? [5]. To compute the total cross section and total decay rate,

we compute

S /da, (6.2.28)
r=— /dF, (6.2.29)

where for n, outgoing identical particles of type @
S =] (6.2.30)

which is the symmetry factor [5]. This concept will become clear when we introduce

the Feynman diagrams and we will see why we must divide by the symmetry factor.
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Chapter 7

Quantum Symmetries

Recall from the symmetries chapter that we presented Noether’s theorem along
with its main results which were the Noether current and Noether charge. Despite
the fact that these concepts are rooted in classical physics, we liberally applied
its results to our quantum fields. It is natural to consider a quantum equivalent
version of Noether’s theorem so that we may have the theoretical justification to
apply these results to quantum field theory. Thus we seek to generalize Noether’s
theorem to quantum physics. Based on the derivation of Noether’s theorem in
classical field theory, the natural place to start for our quantum Noether’s theorem

will be the path integral [8].

7.1 Schwinger-Dyson Equations

To begin our discussion on the symmetries of a quantum field theory, let us see how
the quantum equations of motion can be derived from the path integral. Consider

a general set of fields ¢, (x) with the path integral
Z(J) = /Dweiw”d%”’“%]. (7.1.1)

In analogy with classical mechanics, let us consider a infinitesimal variation of the

fields pq(z) = @ () = pa(x) + dpa(x) [8]. This is merely a shift by a constant so
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the functional measure remains invariant Dy’ = Dy under this change. Then we

have

04 =0

i/Dgp S+ dy T /d4x (5@5‘?@ + Ja(x)>5g0a(:c) = 0. (7.1.2)

If we take n functional derivatives with respect to .J,, (zx) and set J = 0, we get

the following [§]

. 0S
1S 4 ; P b
/DSO € /d x |:Z 6(,DQ(ZE) Splll (I1> e Qoan ($n>

+ 3 G (1) - Gaa, 0 (@ — 1) - - Gay (w0) | 0pa(w) = 0. (7.1.3)
k=1

The variation dp,(x) was arbitrary thus the term in the brackets must equal zero
but since the functional derivatives compute the vacuum expectation value when

used on the partition function, we get

. S .
Z<O\Tm%l (@1) - - - Pa, (20)]0)
+ ) (0T @a, (21) - . Oua, 0 (& — 24) - - Pa, () ]0) = 0, (7.1.4)

which are called the Schwinger-Dyson equations [5]. To understand the meaning of
these equations, consider the free field theory of a single real scalar field. From our

derivation of the real scalar field in the fields chapter, we have

05 2 mHo(x
m:@c )P(x),

so for n = 1, the Schwinger-Dyson equations reduce to [5]

(=02 +m?)i(0|Tp(z)p(x1)]0) = 0. (7.1.5)
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Recall that (0| To(z)p(x1)]|0) = Ap(z — x1) which is the Feynman propagator of

the Klein-Gordon equation thus we have
(=02 + m*)Ap(xr — 1) = 0. (7.1.6)

Then for n real scalar fields, we get the more general form [5]

(=0 + m2)<O|T#‘iE>@al(1’1) o Pan (24)]0)=0 forz # z1_,. (7.1.7)

Thus we see that the classical equations of motion for classical real scalar field are
also obeyed by the quantum real scalar field inside a correlation function as long as
the spacetime arguments of the fields are different from each other [5]. Otherwise,
we get contact terms. In general, as long as the functional measure is invariant
under an infinitesimal change of variables, this process can be repeated for any of
the fields we have considered and will yield the appropriate equations of motion
for the propagators of the corresponding quantum field theory [§]. In this respect,
the Schwinger-Dyson equations are the quantum analogue of the Euler-Lagrange

equations.

7.2 Ward-Takahashi Identity

Now consider a theory that possesses a continuous symmetry with a corresponding
Noether current. We repeat the derivation of the Schwinger-Dyson equations
except with an infinitesimal variation in ¢,(z) that results in 6L(x) = 0 [5]. Then

we sum over the index a and use

0S
- 0pa() Oa(@);

0,j" (z) = 0L(x)
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to get

Ou (O Tj* (%) Par (21) - - - Pa, (€0 0)

n

+0 > (01 T¢a, (11) .. 600, ()0 (@ — @) .- Pa, (€)[0)=0,  (7.2.1)

k=1

which is the Ward-Takahashi identity [5]. Thus we see that Noether’s theorem and
consequently the conservation of the Noether currents hold in quantum physics
as well up to contact terms that depend on the form of the infinitesimal variation
that leaves the Lagrangian invariant [5]. We see that the Ward-Takahashi identity

is the quantum analogue of Noether’s theorem for continuous symmetries.

Ward Identity

We will apply our results to derive a crucial identity that will aid us in computing
scattering amplitudes for quantum electrodynamics. We will state and introduce
results from the next chapter to facilitate our discussion.

The scattering amplitude for quantum electrodynamics is given as
T =e'M,, (7.2.2)

where ¢/ is the external polarization vector and M, is a matrix [5]. We expect that
the scattering amplitude should be gauge invariant under gauge transformations of

the external polarization vectors of the form
et — et + ckt, (7.2.3)

where k* is the four-momentum of the photon and c¢ is an arbitrary constant [5].

Thus if we replace e* with k*, we expect to have

kM, =0, (7.2.4)
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which is called the Ward identity. We now prove the Ward identity.

Proof. Recall that the general form of the scattering amplitude was
(Fliy= (2m)*0* (D ki) F(K ki - ky),

where f(kZ, k; - k;) is a function of the Lorentz scalar k7 and k; - k;. If f is of the

form

iT
(k2 +m2) ... (k2 +m?2)’

then f has contributions to the scattering amplitude 7. Otherwise, f will not
contribute to T [5].

The Schwinger-Dyson equations were derived as

. s .
Z<0|Tm%1 (21) -+ Pa, (2)[0)

+) (0T Ga, (21) - . B0 (@ — 1) - - - P () ]0) = 0.
k=1

If we Fourier transform one of the contact terms, we get

/d4x d*xy, etk thzy) 54($ — xp) f(x, xp)

/d4$ ei(kl’-l-kk):c f(l', T = xk:)

= f(k+ k),

so f(k + ky) is a function of k + ky hence it is independent of k — ky, thus it cannot
contribute to the scattering amplitude. Therefore, contact terms do not contribute
to the scattering amplitude 7~ [5].

Recall that the LSZ reduction formula for outgoing photons in the Lorenz gauge

(f|i)=ie" / d*z e**(—5%) ... (0|TA,...|0),
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which yields the equations of motion (from the renormalized QED Lagrangian)
— Z30°A, = Zyj", (7.2.5)

where Z; and Z3 are the renormalization factors and j* is the electromagnetic
current [5]. Then we use the Schwinger-Dyson equations along the fact that the

contact terms do not contribute to the scattering amplitude to get

(Fli) = iaﬂ/d% e (—3?) .. (0|TA, ... |0)

YA )
= i—ls“/d4x e~k (0| Tju(x)...|0)
Z3

= ' M,,.
Then

Z )
M, = 22 /d”‘xik“ e~ (0|Tju(x)...]0)

T Z

=2 [ e (—ome (0T 0
=5 (=0")e™™ . {0[Tju(x) ... 0)
3

_ Zl 4 —zkx o

== d*x ... (0]T0"j,(z)...]0)
3

=0,

where we integrated by parts to get the four-gradient inside the correlation function
in the third equality and used the conservation of the Noether current 03, = 0 to

get the last equality. Thus the Ward identity holds. O

With the gauge invariance of the scattering amplitude firmly established, we
can now compute the useful identity that will aid us in the next chapter which is

the summation of the polarization four-vectors

Z eh* (k)ek (7.2.6)
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Recall the identity from fields chapter for the electromagnetic field

D (k) (k) = bi; — k—; (7.2.7)
A==+

To generalize this to the four-vector case, let us introduce the unit four-vector in

the time direction [5]

t* = (1,0). (7.2.8)
Then we see that #k, = —k° and
k' 4 (f - k)" = (0,k), (7.2.9)
which leads to
k> = k> + (t"k,)>. (7.2.10)

Now we define a new unit vector in the k direction [5]

) Kt (- k)t
s — TEEWERATITY (7.2.11)

Then we can extend the summation to the four-vector case which leads to

(k" + (- k)Y (R? + (¢ - k)iP)
i k)

> k) () = g o i
et k2 + (

= g -t — 22 (7.2.12)
Now since the scattering amplitude is gauge invariant due to the Ward identity,
when we sum over the photon polarizations to calculate the scattering amplitude

we can drop the k* and k” terms since the photons will couple to a conserved

current [5]. Thus

A t-
D R (k)L (k) = g+ Y — ——— PP (7.2.13)
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We will see later that for external photons, we have k> = 0 which makes sense

since photons are massless so we reach another simplification [5]
3 ek (ke (k) = g (7.2.14)
A=+

This result will be extremely useful for calculating scattering amplitudes in quantum

electrodynamics.
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Chapter 8

Interactions and Feynman

Diagrams

8.1 Constructing Interaction Lagrangians

We explained earlier in the chapter of symmetries on how to build appropriate
Lagrangians for quantum field theory. The criteria was that all Lagrangians must
be Lorentz invariant and possess C'PT symmetry. When constructing Lagrangians
that model interactions, we must impose more conditions so that the interaction
Lagrangian is consistent with the framework of quantum field theory and does
not produce absurd results. We typically add to the free field Lagrangian £y an
interaction term L;,; which, of course, must obey Lorentz and C'PT symmetry so
we are able to eliminate a fair amount of the number of possible terms we could add.
However, even with these conditions there are still many ways to construct the
interaction Lagrangian and clearly all of them cannot be physically correct. One
more condition must be imposed and it is that the theory must be renormalizable
[8]. Renormalization is the generic term for systemically cancelling out divergent
integrals that frequently appear in higher order perturbations in a mathematically
well defined way [1]. Not all theories are renormalizable thus there are certain

criteria that must be met for a theory to be renormalizable. We will present only
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the simplest criteria since we will not delve into renormalization techniques in this
thesis.

Recall from the section on natural units that the action S must be dimensionless
and [£] = d in d spacetime dimensions. Now the interaction term will have a
coupling constant g and assuming that free field Lagrangian has the required
Lorentz and CPT symmetry along with [£y] = 0, the dimension of the coupling
term determines whether a theory is renormalizable [§]. The scattering amplitude
that involves the coupling g must be parameterized as a ratio of the particle mass
m in the low energy regime or the Mandelstam variable s in the high energy
regime [5]. The parameter is gs~9/2 [5]. If the dimension of the coupling is
positive or dimensionless, the perturbation expansion does not break down at
high energies and the theory is renormalizable [8]. Generally, we desire that the
coupling be dimensionless. If the dimension is negative, the perturbation expansion
blows up at high energies and the theory is nonrenormalizable. Thus when we
construct interaction terms, we seek dimensionless couplings so that our theory is
normalizable, although an exception will be given for the ? theory for pedagogical

reasons.

8.2 ¢’ and ¢* Theory

We present ¢? and ¢* theory of the real scalar field. These theories are almost
always presented for pedagogical purposes yet ¢* actually has physical relevance
in the fact that the self-interaction of the Higgs boson, a spin-0 particle, can be
described using the p? theory. We will begin with the ¢? theory and then present
the ©? theory.

The Lagrangian for the ¢* theory is

1 1 A
_ A T2 2 4
L= 28 00, 5@ + A (8.2.1)

where A is the coupling constant [8]. Using dimensional analysis, we see that
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[¢] = 1 and it is trivial to prove that terms of the form ¢™ are always Lorentz
scalars [5] but are not allowed for n > 4 since it would result in [A\] =4 —n [§].
Using dimensional analysis reveals that [A] = 0, namely, the coupling constant A is
dimensionless thus the ¢? theory is renormalizable. Now the path integral for this

theory is given as
Z(J) = (0]0); = /Dgoeifd“m[ﬁﬁﬁim”ﬂ, (8.2.2)

where Ly is the free field real scalar Lagrangian and L;,; = (\/4!)p* is the

interaction term. Once again, we assume the following normalizations

(0kp()]0) = 0,
(plp(2)|0) = e~

(v'lp) = (27°)(2w)0°(p" — p), (8.2.3)

for our interacting theory. Recall that the expression for the four-point vacuum

expectation value for the real scalar fields was given by Wick’s theorem,

(O3 () (02)0(23)(010) = 5 [Arir = 22) Ar(as — )

+ AF(Il - !E3)AF($2 - 954)

We can represent this expression diagrammatically by drawing a line with ver-
tices labeled with the propagator’s spacetime positions to represent an individual

propagator in the following manner:

1
“Ap(a—y)= Te————V (8.2.5)
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Then the four point vacuum expectation value can be drawn as [§]

1 To 1 o T )
o ———O
(0T p(21)p(w2)p(w3)P(24)[0) = + +
o ———O
T3 Ty T3 Xy X3 Ty
(8.2.6)

Thus we see that the four point vacuum expectation value is the sum of these
three diagrams which are called Feynman diagrams. The diagrams provide a rather
interesting interpretation of the underlying physics involved. For each term in
, two particles are created at the spacetime points x; and x5 and each particle
propagates to the their corresponding spacetime points x3 and x4 where they are
annihilated [8]. Each term in the expansion above represents the different ways in
which the particles can do this process. Along with this, each term in the expansion
represents the amplitude for the process to occur in the particular fashion specified
by the Feynman diagram [§]. The sum of all three of these diagrams ultimately
represents the total amplitude for this process. The Feynman diagrams we have
drawn for the four-point correlation function can easily be generalized for any
n-point correlation function as long as the number of fields ¢ is even since the
vacuum expectation value vanishes for an odd number of fields ¢ [5]. Although it
seems as though the Feynman diagrams seem applicable only to the propagators,
we have just scratched the surface in terms of the utility and applications of the
diagrams. We will now derive the Feynman rules for the ¢* theory and how it will
aid us greatly in calculations and interpreting the underlying physics.

Following the procedure for the path integral of the harmonic oscillator, we can

write the path integral as

4
Z(J) _ eifd‘*zl:mt(%gjiz)) /D(peifd‘lx[ﬁo—&-(](p}

4
el (i) 7, (8.2.7)
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where Zy(J) is the path integral for the free real scalar field [§]. The second line
is proportional to some normalization constant that is fixed by the normalization
of the path integral Z(0) = 1 which we impose by hand [5]. Assuming that the

coupling constant A is small, we make a dual Taylor expansion in powers of A and

J [l

.S i' E / dyd*z J()Ar(y — 2)I(2)] (8.2.8)

To keep things simple and less cluttered, let us focus on the first few terms of the

expansion for V =P =1,

2 (5) [Parten - w9 Ar(s - 2
7

+iAp(21 — x2) (5 (/d4z Ap(zs — 2)J(2) + /d4’y J(y)Ar(y — x3>)>
o _ 1 _
X (2(/d 2 Ap(rs — 2)J(2) +/d yJ(y)Ar(y x4))> +} Zy.
To organize these terms, we will draw a blob with a line to represent the term

i [ d*z J(x), a vertex joining four line segments to represent i\ [ d*z, and of course

a line with two endpoints to represent the propagator tAp(z —y) [8]:

1
1. Propagators : € e *Y  =-Ap(z—y);
7
2. External lines : ‘ = i/d% J(z);
3. Vertices : " = i)\/d4x.

To explain our specific choice of labels, F stands for external lines (for now it will
refer to source terms, namely, blobs), P stands for propagators, and V' stands
for vertices. Hence, the labels E,V, and P count the number of external lines

(sources), vertices, and propagators, respectively and their relationship is given by
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the graph equation
E=2P —4V, (8.2.9)

which also gives the number of nonvanishing sources. The graph equation provides
an easy way to draw and check if a diagram has all the necessary components given
some restrictions and/or parameters on the values of £,V and P. The overall

phase factor is

iV (1))l =V TEE (8.2.10)

where the exponential term of the overall phase factor is the famous Fuler char-
acteristic. Now the 4V functional derivatives can act on the 2P propagators in
(2P")/(2P — 4V)! different ways but it is clear that we will have many identical
terms in the expansion [5]. This means that if we were to draw every single diagram
for each term in the dual Taylor expansion, there would actually be a small number
of truly different configured diagrams that would yield different answers. However,
each of these diagrams would have a large multiplicity, namely, different ways
of rearranging parts of the diagram without changing the answer. Thus we see
that we only have to draw a few diagrams to count these identical terms and
each of these distinct diagrams will be multiplied by some constant [5]. Finding
these constants is essentially a combinatorics problem of finding all the possible
ways we can rearrange the vertices, propagators, and sources. The vertices can be
interchanged in V! ways and the propagators can be rearranged in P! ways. Along
with this, the functional derivatives for each vertex can be rearranged in 4! ways
without changing the diagram. The two sources at the ends of a propagator can
be interchanged in 2! ways [5]. Thus, each vertex and propagator has a counting
factor of 41V! and 2! P!, respectively. When added onto the diagrams, the counting
factors cancel the numbers from the Taylor expanded path integral [5].
If the reader was curious about the inclusion of the 4! factor in the interaction
term, it is now clear that the inclusion of the 4! cancels the counting factor of

the functional derivatives that come from contracting the ¢* terms [8]. This is



190

essentially the reason why the vertex term is ¢\ [ d*z instead of (iA/4!) [ d*x.

Despite the cancellation of the numbers in the expansion, the overall constant
of each diagram is too large because we have over counted the number of identical
terms. This is due to the fact some rearrangement of the derivatives give the same
configuration of sources as the rearrangement of sources. This occurs when there
is an underlying symmetry associated with a diagram so the factor by which we
have over-counted is called the symmetry factor [5]. Thus another rule that we
must add is that after assigning the appropriate factors to a diagram, we divide by
the symmetry factor of the diagram, provided it has one.

Even with all these rules, there are still quite a bit of diagrams we must draw

and calculate. Along with this, consider the following diagrams [§]

Figure 8.1: Disconnected diagrams

Diagrams such as the ones in fig. [8.1] are disconnected diagrams meaning that
the diagram is not connected to an external point [8]. A connected diagram is a
diagram where a path can be traced from any two points on the diagram. From
equation , we see that some of the terms in the expansion consists of a
product connected diagrams that are disconnected from each other. In fact, the
most general diagram will consist of a product of connected diagrams. Let D be

an arbitrary general diagram then

1
D= & H o™, (8.2.11)

where C} is a connected diagram with its specific symmetry factor included, n; is
an integer that counts the number of C} in D, and Sp is the additional symmetry

factor for D not accounted for by the symmetry factors that are already present in



191

the connected diagrams [5]. This unaccounted symmetry factor Sp will then involve
interchanges of propagators and vertices between different connected diagrams [5].
Exchanges made among different but identical connected diagrams and exchanges
that involve all of the propagators and vertices in a connected diagram leave the
overall diagram D unchanged [5]. Since there are n; factors of C then there are

ny! ways for these types of rearrangements. Thus the value of Sp is

Sp=]] i‘ (8.2.12)

nr.
T 1

Since the path integral of the ¢* theory is diagrammatically the sum of all general

diagrams D, we have [5]

Z(J)x Yy D

{nr}

S9N | (et

{nr} I
Cp)
I
I {n;}

o' Hexp [CI}
~ eXp[Z CI} (8.2.13)

With this, we impose the normalization condition Z(0) = 1 which means that the

value of vacuum diagrams in (8.2.13]), such as fig. , are omitted thus we have

the elegant result

Z(J) = exp [z’W(J)} , (8.2.14)
where
W => (8.2.15)
1£{0}

and I # {0} means to omit vacuum diagrams such that W(0) = 0 [5]. This result

holds for all other theories that we will consider throughout the subsequent sections.
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With this, we see that the propagator becomes

(0T @ (1) P(22)]0) = 0102 iW (J)| =0

1

and more generally, Wick’s theorem becomes

(0T (1) () - .. (1)@ (0)|0) = 8165 . . . G Z(J)‘JZO

— 516, .52niW(J)‘J:0

1
— Z—n Z AF‘(I‘“ — ,I‘iz) .. AF($i2n71 — ZL’Z'%L).

pairings

where §, = 1

57 1)

Now we will shift our attention from ¢* theory to ¢? theory so that we can
derive additional properties of iW (.J) and other necessary properties. We will use
the ? theory to derive the Feynman rules so that we can introduce key ideas that

arise from the ¢? theory that will appear frequently in the other theories we will

cover. The Lagrangian for ¢* theory is

1 1 A
L= —§Z¢8“<p0u<p - §me2902 + gZASOB + Yo, (8.2.18)

where it is expected that Y — 0 and Z) ,,, — 1 as A — 0 [5]. The reason for the

inclusion of Y and 7, , , will be clear shortly. Now the path integral is

) 4z 1 li
2() e " (“”(“’)ZO(J), (8.2.19)
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where

A
L= gzw?’ + Let, (8.2.20)
1 1
Lo = —5(Zy = 10000 - §(Zm — D)m*¢* + Y. (8.2.21)

The second term above L is called the counterterm Lagrangian and it will play an
important role in keeping our normalization consistent. If we were to momentarily
ignore the counterterm Lagrangian, the diagrammatic rules for ¢® theory would

remain the same as ¢* theory except that the graph equation would be
E=2P -3V, (8.2.22)

and the vertex would join three line segments for a vertex factor of iZ\\ [ d*z [5].
Repeating the derivations from the previous analysis will lead to the same result

Z(J) =exp [ZW(J )} . Now consider the following expression

which is the vacuum expectation value of the field ¢(x). Diagrammatically, this

expression is sum of diagrams such as

Oo—0 OO

Figure 8.2: Tadpole diagrams

with the source removed [5]. In ¢* theory, the vacuum expectation of a single
field would be zero since from the graph equation £ = 2P — 4V, there is no
way to draw a diagram with a single source which agrees with our normalization

condition (0|4(z)]|0)= 0. Let us see what happens for the ¢* theory. Ignoring the
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counterterm Lagrangian, we get

012(2)10)= 307 [ d'a S Ap(@ = 1)3 Arly —9) + OOV)

where the 1/2 comes from the symmetry factor and we have set Z, = 1 since at first
order Zy =1+ O(A\?) [5]. This is a problem because we must have (0|4(x)|0)= 0.
So, we add back the counterterm Lagrangian which introduces a new vertex term

1Y [ d*z where a single line segment ends. The Feynman diagrams for this are

shown in fig. [8.3]

Figure 8.3: Tadpole diagrams with one source removed

2
N

Up to order O(A), the first diagram above yields the vacuum expectation value

of a single field

Olp()I0)= (1Y + 5037 4(0)) / 2T Ap(e —y) + OV,

We now take advantage of the coefficients to correct and fix our normalization. It

is clear that we should choose
1
Y = 5z‘AAF(o) +O(N?), (8.2.23)

for first order O(\). For higher orders, we employ the exact same scheme and
simply choose the proper value of Y that corrects the vacuum expectation value.
It is obvious by now that Ag(0) is divergent for large p hence Y is infinite but
parameters like these will cancel out when calculating cross sections [5]. Along
with this, infinite parameters such as Y are not directly measurable hence they
have no physical relevance. Since we are constantly fixing our Y value so that
(0]¢(x)]0) = 0 for every order, we see that the sum of of all connected diagrams

with a single source equals zero. Like the vacuum diagrams, we can ignore any
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diagrams where when a single line segment is cut into two pieces, one of the two
pieces has no sources. These types of diagrams like in fig. are called tadpole
diagrams, or tadpoles for short [5]. Thus iW (J) is the sum of connected diagrams
with no sources.

We see that from equations and , a functional derivative 9y
strips off a source and labels it with the spacetime position coordinate x; which
brings us back to the original diagrammatic four-point correlation function (8.2.6)
we introduced earlier. We see that we must modify our rule for external lines.
Recall that the rule for external lines for the ¢* and ¢* theories was to draw a line
segment with a blob at one end which was then assigned a factor of i [ d*z J(z).
The functional derivatives dy strip off the blobs and relabel them with a spacetime

coordinate xj. Mathematically, we see then that the source factor becomes

1 5 . 4 _ 4 4
;5J<xk)2/d yJ(y) —/d Yo (zp —y)

=1. (8.2.24)

Thus the new rule for external lines for the ¢ and ¢* theories is to draw a line
segment with one end labeled with a spacetime coordinate z; [5]. The rules that
we have outlined up to now for the ¢* and p? theories are called the position-space

Feynman rules which are given as [§]:

—_

1
Propagators : e °Y = -Ap(r —y);
i

2. External lines : =1

ry —— :
; . _ 4, ..
Vertices : X{ = z/\/d x;

4. Divide by symmetry factor.

b

In practice however, the momentum-space Feynman rules are used to calculate the

Feynman diagrams because of computational ease and since in real life scattering
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experiments, it is the momenta of the particles that are measured rather than
the positions [8]. To derive the momentum-space Feynman rules; we could simply
replace the position-space values with their Fourier transformed counterparts in
momentum-space. However, since we will ultimately be computing cross sections
from scattering theory, we should consider any additional rules that would arise
from the context of scattering so that we can create a full set of Feynman rules, in
momentum-space, that gives us all the necessary information to draw and compute
scattering diagrams.

Let us start with the simplest case of scattering which is the scattering of two
(real) scalar particles written as o — @p. As we outlined in the previous chapter,

we wish to compute the LSZ formula for scalar fields

(fliy=* / d*zy d*xy dial d*o, e"(p”ﬁp”?’p/lx/l*p/?zé)(—8? +m?)

x (=03 +m?) (=05 +m?) (=05 +m*) (0T (1) p(w2) (74 )(x5)[0),

(8.2.25)

where ¢(z1) and ¢(x2) represent incoming particles and ¢(z}) and ¢(x}) represent
outgoing particles [5]. By Wick’s theorem, the vacuum expectation value is

diagrammatically [5]

(O T @) () ) (25)]0) = dudodydo Z(J) -0
— 51856116 z'W(J)‘JZO
— [(515251,52, iw)
+ (8105iW) (81,820 W)
+ (6161iW) (89521 W)

(6182 iW) (2811 | o (8.2.26)

In practice, one would first draw the necessary Feynman diagrams but there is a

key subtlety that we have not considered with our current rules. To avoid clutter,
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let us insert the second line of the last equality of equation (8.2.26)) into the LSZ

formula and use (0|T¢(z)$(y)|0)= 1Ap(z — y) to get

(fli)=d* / d*zy d*zy d*s) d*o ei(plxﬁp?“_p,lx,l_p/?xé)(—6? +m?)
172
% (=05 +m?) (=% +m?)(=05 +m?) (=) Ao — 22)Ar(a) — )
= /d4x1 diazy dia, dial e PreitPeze—PhTmRe) P ) F(290)

= (2m)*6*(p1 — p}) (27)*6* (D2 — PL) F (Pr1) F (P22 ), (8.2.27)

where F(z;;) = (=07 + m?)(=07 + m*)Ap(z;), F(p) is its Fourier conjugate,
Tijp = x; — f, and pyr = (p; + pj;)/2 [5]. Of course, this result along with the
other terms could also have been deduced by drawing the position-space Feynman

diagrams for the three terms
I T2 T T2 T )

(8.2.28)

corresponding to (9109iW ) (81/09iW), (8101/iW ) (52024W), and (6102 iW)(02d1/iW),
respectively. The first diagram represents two particles created at spacetime
positions z; and ', propagating to spacetime positions xs and x5, then annihilating.
The second diagram shows two particles created at spacetime positions x; and
T2, propagating to spacetime positions x| and =), then annihilating. The third
diagram shows two particles created at spacetime positions x; and x5, propagating
to spacetime positions zf, and ], then annihilating. In summary, the particles
do not interact at all which is not what we want to calculate. So, we omit these
diagrams from our calculations [5].

The only term in equation left to consider is (01020102 iW) which
represents a diagram that is fully connected meaning that a path can be traced

on the diagram from any endpoint to another endpoint on the diagram [5]. Since
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we are only considering one term of (8.2.26]), we define a new vacuum expectation

value called the connected vacuum expectation value which is

(0| T (1)@ (22) (2 )P () O)e = 81020185 iW | s (8.2.29)

From the graph formula £ = 2P — 3V, diagrams with one vertex V' = 1 which
is a first order O(\) approximation, would result in tadpole diagrams which we
concluded earlier would be omitted from our calculations. Thus the lowest order
approximation is the second order O(\?) approximation which are diagrams with
two vertices so V' = 2. Now from equation , the four functional derivatives
indicate that we will need a diagram with four sources which will be stripped off
and relabeled with the position labels so £ = 4. This leaves us with P = 5 thus
the lowest order diagram will need five propagators. The corresponding diagram

that matches these parameters is given in fig. 8.4}

S =38

Figure 8.4: Graph with E=4, P=5, and V=2

Now when the functional derivatives strip off the sources and label them
with the position coordinates, we have 24 position-space Feynman diagrams since
the four functional derivatives can act on the four sources in 4! ways [5]. As
mentioned previously, we luckily do not have to draw and compute all 24 diagrams
because many of the diagrams are identical to each other. The 24 diagrams can be

categorized evenly into three distinct groups of diagrams which are [5]
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, T %) X T
x1 xy
i) ilj'/
2 / /
Zy Ty T @

Figure 8.5: Position-space graphs of fig. (8.4))

Each of the three diagrams are assigned a factor of eight thus the symmetry
factor of each diagram is neatly cancelled. Diagrams such as these are called tree
diagrams and they do not contain any closed loops and have a symmetry factor of
one [5]. Many of the Feynman diagrams that are actually computed in quantum
field theory are tree diagrams and they often serve as the basis for which further
corrections are considered. Reading the above position-space diagrams from left to

right and using the position space Feynman rules, we get [5]

(O (1) (e2) () ) 0k = (i) () / diyd'z Ap(y - 2)
X |Ap(an = P Ap(r: — y)Ar(@l - 2)Ap(h — 2)
+ Arp(z1 — y)Ap(@) — y)Ar(zs — 2)Ap(2y — 2)

4 Ap(ar — Y)Ar(@h — y)Ap(zs — 2)Ap(a — Z)} OO, (8:2:30)
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Then the LSZ formula with the connected four-point correlation function is

(fliy=* / d*xy d*xy d*al d*o, e"(plxl*p?“’p/lx/fpéxé)(—af +m?)
x (=05 +m?) (=0 +m®) (=0 + m*)(0ILG(z1)(x2)(x}) @ (25) [0k
= i\’ / d'yd'zd'zy d'y d's) d'zh Ap(y — z)e!Prortrerepiol —rrs)
X (=08 +m*)(=05 + m*) (=05 + m*) (=0 + m”)
X [Ar(es = »)Ap(es — y)Ar(al - 2)Ap(ah - 2)
+ Ap(z1 — y)Ar(@) — y)Ar(z2 — 2)Ap(rs — 2)
+ Ap(r1 — y)Ar(zy — y)Ap(2 — 2)Ap(7) — 2)| + O(\Y)
_ Z-)\Q/dz;y 4z Ap(y — 2) |:ei(P1y+P2y*P/12*PIQZ) + i(Pry+p2z—piy—p52)

I ei(p1y+pzz—p’12—péy)} +O(\Y), (8.2.31)
where we used the property of the Feynman propagator
(=07 + m?*)Ap(z; — y) = 0" (2 — y),

to get the last equality [5]. To derive an expression for the LSZ formula in

momentum-space, we use the Fourier conjugate of the propagator

d*p eP(y—2)
AF(Z/ - Z) = / (

2m)t p2+m? —ie

When we integrate over the last two spacetime variables y and z, we get

d*p 1
(2m)* p2 + m?

(fliy= N(zw)g/ — [54(291 +p2 +p)o* (P + Py + D)

+ 8% (p1 — P + )5 (P + p2 +p) + 6 (p1 — Pl + ) (P} + P2 +p)] +O(\Y)

= (21)6"(p1 + p2 — P} — Ph)iT + O(\Y), (8.2.32)
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where

T =X\

1 1 1 ]

+ —+ 8.2.33
(p1+p2)2+m?  (p1—py)2+m?2  (pr — ph)? + m? ( )

where we have suppressed —ie into m? [5|. The delta function §*(p; + p2 — p} — ph)
says that the four-momentum is conserved during the scattering process which
is in full agreement with the conservation of the stress energy tensor from the
spacetime translational symmetry of the Lagrangian. Since the unprimed and
primed four-momenta represent the momenta of the incoming and outgoing particles,

respectively, we can abstract equation (8.2.32)) to
(fli)= (2m)'8" (pin — Pou)iT, (8.2.34)

where p;, and p,,; represent the total four-momenta of the incoming and outgoing
particles, respectively [5].

Let us analyze what we have done thus far so that we can extract patterns that
will lead to the momentum-space Feynman rules. In deriving equations
and , the coupling constant appears as (iA)? which makes sense given that
all the diagrams in fig. have two vertices. Since we have been using Z, = 1,
we will return back to using Z, thus each vertex will be assigned a factor of 1Z\.
Along with this, we see that the momentum-space Feynman propagator appears
in equation except that the momentum component is replaced with the
combined momenta of the particles in a way so that momenta is conserved. To
explain this further, let us focus on the physics of just the first term of equation
which corresponds to the first diagram in fig. The four-momentum
components p; and py correspond to the incoming particles at the spacetime
positions x; and x,, respectively. Since we already labeled unprimed and primed
variables as incoming and outgoing particles, respectively, we will read the diagram
from left to right. If we imagine two incoming scalar particles with four-momentum

components p; and ps that collide at the first vertex and travel as one composite
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scalar particle, this composite scalar particle will have four-momentum p; + po,
which appears in the propagator of the first term. The composite particle would
break up and separate into two outgoing scalar particles with four-momentum
components p} and p,, at the second vertex. Diagrammatically, we can draw this

as

Figure 8.6: Tree-level s-channel diagram

If we were to imagine the momenta as rivers, we see that the incoming momenta
rivers “flow” into the first vertex, combining their channel strength, then separating
the channel at the second vertex as two outgoing momenta rivers. From our
reasoning, we see that we should label all incoming particles as solid lines with
arrows pointing towards the vertex with unprimed momentum labels p; and all
outgoing particles as solid lines with arrows pointing away from the vertex with
primed momentum labels p;. These lines will be the momentum-space external
lines and will be assigned a factor of 1 for each line. By following the arrows,
the four-momenta will be conserved at each vertex and the internal lines will be
labeled with the combined four-momentum that corresponds to the contribution of
the four-momenta at the first vertex. The internal line will be assigned a factor
of —i/(p* + m? — i€) where of course the four-momentum p will be replaced with
combined four-momentum labeling of the internal line. Now the momentum-space

diagram for the second term in equation (8.2.33) is given in fig. [8.7|
P p/l
p1—p)

D2 Y%

Figure 8.7: Tree-level t-channel diagram
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Here the combined four-momentum on the internal line is p; — p| which is just
the conservation of momentum. The four-momentum labeling on the internal line
matches the four-momentum of the propagator of the second term as well thus
our rules are consistent. We should point out that when drawing the necessary
Feynman diagrams, one should fix the ordering of the labels of the four-momenta
on the external lines for all of the contributing diagrams. This will standardize
the process of labeling the four-momentum of the internal line because there will
be no ambiguity in deciding which vertex will contribute to the four-momentum
of the internal line. We will use the labeling scheme that we have been using for
every diagram thus far. Depending on the configuration of the diagram, the first
vertex will refer to the very first vertex when reading the diagram either from left
to right or from top to bottom. We now present the momentum-space Feynman

rules for the 3 and p* theories according to Srednicki [5].

Feynman Rules for ¢® Theory (Real)
1. The external lines for incoming scalar particles are solid lines with an arrow
pointing towards the vertex and are labeled with its four-momentum p;. The

assigned factor is 1.

Di

|

2. The external lines for outgoing scalar particles are solid lines with an arrow
pointing away from the vertex and are labeled with its four-momentum p!.

The assigned factor is 1.

%

3. For internal lines, draw a solid line with an arrow in an arbitrary direction

with an assigned factor of —i/(p* + m? — ie).
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11
i p24+m2—ie

. Construct each vertex from three solid lines. One of the solid lines must have
an arrow pointing towards the vertex while the other must have an arrow
pointing away from the vertex. The arrow on the third line can point in
any direction. Draw all topologically inequivalent diagrams using the vertex,
external lines, and any extra internal lines when needed. The assigned factor

is ZZ)\)\

. Arrange every diagram so that the ordering of their four-momenta labels are
the same for each diagram. Depending on the configuration of the diagram,
read the vertices from left to right or from top to bottom.

. Conserve four-momentum at each vertex by following the arrows of each
external line. This fixes the momenta on all the internal lines for tree
diagrams.

. A diagram with L closed loops will have L internal momenta not fixed
according to rule (6). These loops will be labeled as ¢; and will be integrated
with measure d*¢;/(2m)*. If a looped diagram has symmetry factors associated
with the exchange of internal propagators and vertices that leave the diagram
unchanged, divide the value of the diagram by this symmetry factor.

. Include diagrams with counterterm vertices that connects two propagators,
each with four-momentum p. The counterterm vertex will be assigned a
factor of —i(Ap® + Bm?) where the O()\?) coefficients are A = Z, — 1 and

B=7,—-1
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9. Sum all the values from the contributing diagrams to get the value of i7T.

Feynman Rules for ¢p* Theory (Real)
1. The external lines for incoming scalar particles are solid lines with an arrow
pointing towards the vertex and are labeled with its four-momentum p;. The

assigned factor is 1.

Di

|

2. The external lines for outgoing scalar particles are solid lines with an arrow
pointing away from the vertex and are labeled with its four-momentum p!.

The assigned factor is 1.

};

3. For internal lines, draw a solid line with an arrow in an arbitrary direction

with an assigned factor of —i/(p? + m? — ie).

i p24m2—ie

4. Construct each vertex from four solid lines. Two of the solid lines must have
arrows pointing towards the vertex while the other two must have arrows
pointing away from the vertex. The arrow on the third line can point in
any direction. Draw all topologically inequivalent diagrams using the vertex,
external lines, and any extra internal lines when needed. The assigned factor

is 7.
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A

5. Arrange every diagram so that the ordering of their four-momenta labels are
the same for each diagram. Depending on the configuration of the diagram,
read the vertices from left to right or from top to bottom.

6. Conserve four-momentum at each vertex by following the arrows of each
external line. This fixes the momenta on all the internal lines for tree
diagrams.

7. A diagram with L closed loops will have L internal momenta labeled as
¢;. Integrate each loop with measure d*/;/(2m)*. If a looped diagram has
symmetry factors associated with the exchange of internal propagators and
vertices that leave the diagram unchanged, divide the value of the diagram
by this symmetry factor.

8. Sum all the values from the contributing diagrams to get the value of i7T.

Now the momentum-space diagrams of fig. are

P11+ D2
P2 Py

(a) s-channel (b) t-channel (¢) u-channel

From left to right, the three tree diagrams are called the s-, t-, and u-channel
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diagrams which is in reference to the Mandelstam variables [5]

s=—(;m +p2)2 = —(p} +P12>2,
t=—(p1 —p))? = —(p2 — ph)*,

u=—(p1 —py)* = —(p2 — p\)". (8.2.35)

which satisfy the relation

s+t +u=mi+ms+mi +my. (8.2.36)

At last we finally have our first set of Feynman rules to draw our first Feynman
diagrams. Note that the rules we have outlined will refer to tree diagrams. The
Feynman rules that we will derive later on will also refer to the tree diagrams of
the corresponding theory as well. However, tree diagrams are the most commonly
calculated diagrams with loop corrections only being needed in cases where extreme
accuracy is paramount. In fact, the results from a tree diagram can provide
extremely accurate results on its own. Indeed, we will see in subsequent sections
how to compute the scattering and decay processes from tree diagrams and the
results will be extremely accurate when compared to experiments.

We will finish this section by computing the differential cross section of the

scattering amplitude [5]

T =X ! + ! + ! ]
(pr+p2)?2+m?  (pr—p)?+m?  (p1—ph)* +m?
1 1 1
_ A?[ ] 8.2.37
—s—l—m2+—t+m2+—u+m2 ( )
We then have
1 1 1
2 4
=\
T =X e T e T e
9 9 )
+ + + (8.2.38)
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After integrating over ¢, = —(s —4m?) and ty. = 0 with S = 2, we get the total

cross section [5]

A1 [ 2 s — 4m? 2
o= = _
32mws(s —4m?) Llm? (s —m?2)?2 s —3m?
4m? s — 3m?
= 1 O(\%). 8.2.39
(s —m?)(s —2m?2) n( m? )] +O() ( )

In the ultrarelativistic limit s > m?2, the total cross section becomes

O' = —m—
16mm2s2

Al 7m?
[ +§m?+...] +0(9), (8.2.40)

while in the nonrelativistic limit s — 4m? < m?, we get [5]

g

25\ [ 79 (s — 4m?

S _ 6
- [1- = (" )+ o000, (8.2.41)

m

8.3 Yukawa Theory (Dirac)

In this section we will explore and derive the Feynman rules for Yukawa theory in
four spacetime dimensions which is the interaction theory of a Dirac field and a

real scalar field given by the Lagrangian

L=Lkga+Lp+ Lin

1 1 _ _
= —50"p0up — §M2g02 + U (i) — m)W + gV, (8.3.1)

where ¢ is the dimensionless coupling constant and M and m are the masses of the
real scalar particle and Dirac fermion, respectively [5]. To differentiate between
the momenta of the scalar particles from the Dirac fermions, we will use k and p

to denote the momenta of the scalar particle and the Dirac fermion, respectively.

Now the partition function of (8.3.1)) is

271, J) oc exp [z’g / d's <%5J(z:c)) (%(5775(3:)) (%(5775(30))} Zo(m,m, 7). (8.3:2)
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where

Zo(11,m, J) = exp [z / d'zd'y n(z)Sp(x - y)n(y)]

X exp [% /d4x d*y J(z)Ap(x — y)J(y)] : (8.3.3)

is normalized by the condition Z,(0,0,0) = 1 [5]. Upon inspection, we see that
the interaction Lagrangian L;,; is invariant under a U(1) transformation, namely,
¥ — e W, Thus Lagrangian ([8.3.1)) possesses U(1) symmetry so by Noether’s
theorem, the Noether current of the Dirac field j* = ¥~+*W¥, and hence the Noether
charge @, is conserved [5]. Recall that the Noether charge for the Dirac field was
interpreted as the total number of b-type particles (matter) minus the total number
of d-type particles (antimatter). Thus when we construct the Feynman diagrams
of Yukawa theory, we must be mindful in keeping the Noether charge () conserved
for fermions. Recall that real scalar field does not possess U(1) symmetry thus the
scalar particle possesses a neutral charge (it is its own antiparticle).

Yukawa theory was originally formulated by Hideki Yukawa to describe the nu-
clear force between nucleons mediated by spin-0 particles called pions [1]. However,
Yukawa theory can apply to other types of interactions between fermions and other
spin-0 particles as well so for this section, we will consider the Dirac field ¥ as
electrons. Then the Noether charge () becomes the conservation of electric charge
thus the b- and d-type particles will be electrons e~ and positrons e, respectively
[5]. Under this interpretation, the scalar particle will be electrically neutral.

To begin our derivation of the position-space Feynman rules for Yukawa theory,
we first note that since we have Dirac fermions and real scalar particles, we
distinguish the two by drawing solid lines for fermions and dashed lines for the real
scalar particles [5]. Following from this, the fermion propagator %S r(x —y) will be
represented by solid internal lines while the real scalar propagator %A rlz—y) will
be represented by dashed internal lines. We must also differentiate between the

W source i [ d*x7j(x) and the ¥ source i [ d*zn(x). To do this, an arrow drawn
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on a solid line pointing towards a source is ¢ [ d*z 7j(x) while an arrow drawn on a
solid line pointing away from a source is ¢ f d*zn(z). The interaction term L;,;
contains one ¥, one W, and one ¢ so the vertex must be constructed with two
solid lines and one dashed line. We draw one solid line with an arrow pointing
towards the vertex and the other solid line with an arrow pointing away from the
vertex [5]. The vertex will contribute a factor of ig [ d*z. It is clear that many of
the Feynman rules for the real scalar field will carry over to Yukawa theory but we
must also derive the rules for interaction of the scalar particle with electrons and
positrons. To do this, we shall consider the scattering processes e~ ¢ — e~ and
ete™ — ete™ so that we can generalize and abstract the position-space Feynman
rules to derive the momentum-space Feynman rules for Yukawa theory.

Let us begin with the scattering process e~ — e~ which is the scattering of
an electron and a scalar particle. The source diagram to lowest order in g is given

by [5]

Figure 8.9: Source diagram for e~ — e~ .

The scattering amplitude that we wish to calculate is

(fliy = (OTa(p’)by (p")b (p)a' (p)|0)

= (1)* / d*z diy diz dizy e 72 (=07 + m?) e P [ay (p') (—id + m)]a

, ~ o < ,
x e (=0 +m®) (0T o (2) P s (y)p(21)@(22) [0) (@ @ + m)us(p)e™]s.
(8.3.4)

We use the functional derivatives to strip off the sources and label them with the

spacetime coordinates to produce [5]
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Yy w1 Wy X Yy w1 Wo X
—— T ——————
! ! ! !
: : + : :
! ! ! !
| | | |
?1 Z2 Z2 21

Figure 8.10: Position-space diagram of fig.

Then we use fig. [8.10| along with our position space rules to calculate

A

O T o)1) o) 0k = (1) (190 [ e e[Sl = 2)
xSﬂm—wﬁ&@h—wM%Aﬂq—wQAﬂ@—wQ

+ Ap(z2 — w1)Ap(2z —w2)>. (8.3.5)

Then we insert equation (8.3.5)) into (8.3.4]) and follow the same computations that

was done for the scalar fields to get the scattering matrix

_p_k+m+—p+}é'+m

-5+ m? —u + m?

oy = 310010 Juto),  (330)

where s = —(p+ k)? and u = —(p — k')? are the Mandelstam variables [5]. With
our scattering matrix, the spacetime diagram is now relabeled with its momentum
components to form the momentum-space Feynman diagrams for the scattering

process e~ — e [9]

P p+k 7 p p—kK P
e e e e s e e e e
‘ | + | ‘

TR VY i Ay

Figure 8.11: Momentum-space diagrams for e"¢ — e~ ¢

Now we consider the scattering of an electron and positron mediated by a scalar

particle ete™ — ete™. The source diagram to lowest order for this process is



212

Figure 8.12: Source diagram for ete™ — ete™.

The scattering amplitude for this process is [5]

(fli)= (0Tby (p')dy (p")bl(p)d!(p)|0)
= (i)* / dzy dizy dyy dhys
x e~ hr'm [ES’(I)/)(_@ + m)]me_ipm [ES(I))(_Za + )]s

A A

X (0] T, (1) W, (1) Wa, (22) ¥ (1) 0)

X 119 + m)og (0], (G @ + m)uy(p)] sy ™. (8.3.7)

We use functional derivatives to strip off the sources in fig. and label them

with spacetime coordinates to get the position-space diagrams [5]

U1 w1 1A Y1 w1 T2
— —
| |
| |
| — |
| |
| |
—
Y2 W2 T2 Y2 Wa T

Figure 8.13: Position space diagram of fig.

Now we use the position-space diagrams to calculate the vacuum expectation

value

(OITW 0, (1) W, (1) Wy (22) W (12)[0) = (%)5@9)2 / dwn d*ws Ap(wn — w)
x (11 = w)Se(r = y1)layn [Sr(ws = w2)Se(ws = ) s

- [SF(x2 - W1>SF<W1 - yl)]al/BQ [SF<x1 - wQ)SF(w2 - y2)]a2ﬁ1)' (838)

Note the negative sign that appears is due to applying the functional derivative

with respect to 77 which is a Grassmann variable [5]. Then we insert equation
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(8.3.8)) into equation (8.3.7) and after simplification, we get the matrix

: 1o (Uhun)(Vavy) (Vo) (uyvy)

L T L TR
where we have suppressed the momentum argument and s = —(p; + ps)? and
u = —(p; — p})? [5]. Now we relabel the spacetime diagrams to get the following

momentum diagrams for the scattering process ete™ — ete”

D1 Y41 b1 —P2
— —
‘Yp1 — Pl - Yp1 + Do
— —
—p), —P2 —Ph 2

Figure 8.14: Momentum-space diagrams of fig. |8.13

From our calculations, we now recognize the patterns that allow us to formulate
the momentum-space Feynman rules for Yukawa theory with Dirac fermions. We

now present these rules according to Srednicki [5].

Feynman Rules for Yukawa Theory (Dirac Fermion)
1. Incoming electrons are solid lines with an arrow pointing towards the vertex

and are labeled with its four-momentum p;. The assigned factor is us,(p;).
pi
—>——e  =u,(p)
2. Outgoing electrons are solid lines with an arrow pointing away from the

vertex and are labeled with its four-momentum p}. The assigned factor is

Uy (P7)-

3. Incoming positrons are solid lines with an arrow pointing away from the

vertex and are labeled with its four-momentum —p;. The assigned factor is

1_}31' (pz> .
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e =0.(p)
4. Outgoing positrons are solid lines with an arrow pointing towards the vertex
and are labeled with its four-momentum —p;. The assigned factor is vy (p;).
—_ﬁ—o = vy (p})
5. Incoming scalars are dashed lines with an arrow pointing towards the vertex

and are labeled with its four-momentum k;. The assigned factor is 1.

6. Outgoing scalars are dashed lines with an arrow pointing away from the

vertex and are labeled with its four-momentum k. The assigned factor is 1.

7. Construct each vertex from two solid lines and one dashed line. One of the
solid lines must have an arrow pointing towards the vertex while the other
must have an arrow pointing away from the vertex. The arrow on the dashed
line can point in any direction. Draw all topologically inequivalent diagrams
using the vertex, external lines, and any extra internal lines when needed.

The assigned factor is 1g.

8. Conserve four-momentum at each vertex by following the arrows of each
external line.

9. Assign the appropriate propagators to each internal line:
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o Internal scalar:

- - p -0
11
= i p?em2—ie
- -<----o
e Internal fermion:
o ——>hr—0
1 —ptm
= i p?4m2—ie
- <«

10. Arrange the diagrams in standard form: all fermion lines are horizontal
with their arrows pointing from left to right and label the left endpoints
of the contributing diagrams with the same, arbitrarily fixed order from
top to bottom. Contract the spinor indices by starting at the fermion line
with the arrow pointing away from the vertex, follow the complete fermion
line backwards, and write down from left to right the assigned factors that
correspond to the vertices and propagators. The first factor should be either
@ or v and the last factor should be either v or v. Repeat for other fermion
lines if necessary.

11. To determine the sign of a tree diagram, draw all the contributing diagrams
in standard form. If the ordering of the right endpoints are an even (odd)
permutation of the fixed ordering then the sign is positive (negative). This
method can be reversed to so that we fix the right endpoints and observe
the left endpoints instead.

12. Sum all the values from the contributing diagrams to get the value of i7T.

Let us continue further with the two scattering processes we have constructed. For
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the e — e~ process, we calculated the matrix

—p—k+m  —p+F+m
-5+ m? —u + m?

7;*Lp—>e*g0 = 9263’ (p/) ]Us(p) (8310)

We now wish to compute \’7']2 so that we can insert it into the differential cross
section formula. It is a bit cumbersome to directly calculate 7T* so we will apply

a clever trick. First, observe that we can immediately apply the spinor equation

(p +m)uy(p) to get [3]

—F+2m ¥ +2m
+
m2 —s m2 —u

Te-pse—p = gQﬂs/(p/)[ us(p)- (8.3.11)

Now upon close inspection, equation (8.3.11]) is essentially, by reading from left to
right, a row vector times a 4 x 4 matrix times a column vector. Let us abstract

this idea and let [5]

A—g2[_k+2m+ k,”m], (8.3.12)

m2 —s m2 —u

then suppress the spin state and momentum argument to get the matrix form of
equation (8.3.11])
T = u'Au. (8.3.13)

Now we can easily calculate 7 which is

— wAY, (8.3.14)
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where in the last equality we have used the identity A = A. Then we have

TP =TT
= (o' Au)(uAu’)

= 3" @Ja)alAlB)Blualy ) IAISYSk

aByd

= > (OW'@ XA B)Bluuly ) vIAl6)

afyd

= (W't AunAls)

)

= Tr [(v'@')A(uu)A]. (8.3.15)

From here, we could use the spinor and gamma matrix identities for the spin
state but usually this is not done because knowing the spin states of the scattered
particles is not the main focus. In fact, it can be extremely difficult to measure
experimentally or to prepare particles in a certain spin state [5]. Since we will
know the momentum of the particles after scattering but not the spin states, we
will sum 72 over the final two spin states and average over the initial spin states

[8]. Mathematically, we will calculate

(|72)) = % ST (') Aui) A]

_ %Tr [(—f +m)A(—p +m)A] (8.3.16)

Now observe

—f+2 "+ 2
3 m+k m

T [(—p' +m)A(—p + m)A] = g"Tr [ (= + m) ( )(=p+m)

m2 —s m2 —u
—Fk+2m K +2m
x(—p’—l—rn)( m?2 —s +m2—u>}

_ 4 <(I)55> <q)su>+ <(I>us> <(I)uu>
=g |:(m2_3)2 (mQ—s)(mQ—u) <m2_u)2i|7

(8.3.17)



218

where [5]

(Bue) = ST (= + m)(—k + 2m)(—p+ m) (—K + 2m)].
(@)= ST (- m)(— + 2m) (—p )+ 2m)],
(@)= ST () + m)(K + 2m)(—p -+ m)(—k +2m)],

(Do) = %Tr [(—p' + m)(F + 2m)(—p + m)(F +2m)]. (8.3.18)

To solve the above equations, we apply our knowledge of spinor and gamma matrix

identities and make liberal use of the Mandelstam variable identities [5]

s=—(p+k)?=—-0+k),
t=—p—p)=-(k—FK)
u=—(p—k)?=—(k—-yp),

s+t +u=2m>+2M? (8.3.19)

which also imply the following identities

1
pp = §(t—2m2),
1
kk/ — §(t—2M2),
S 1 2 2
pk' = p'k = —§(u—m — M?). (8.3.20)

Before we hastily attempt to solve all four spin averages, note that if we make the
replacement k — —k’ in (Py,), we get the transformation (®g;) — (D, ). Similarly,
making the same replacement k — —k’ in (®y,) results in the transformation
(Dgy) = (Dys) It is obvious that we can make this transformation in the reverse
direction as well thus we see that k <> —k’ is analogous to s <> u [5]. This
significantly relieves our computational burden since we only have to compute

(Pss) ((Puy) and (Dg,) ((Pys) then make the appropriate transformation to get
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the other terms. Thus we have

(B = ST [ m)(—K -+ 2m)(—p -+ m) (—F + 2m)]
— % [Tr [ kpk] + 4m>Tr [ p| + Am>Tr [P K] + 2m Tr [pk]
+ m*Tr [f}] + 2m>Tr [fp] + 4m*Tr [1]

= —su +m*u + 9m?*s + Tm* — 8M*m? + M*, (8.3.21)

where in the last step, we rewrote the entire expression in terms of s and u using

t =2m?+2M? — s — u [5]. Similar computations yield
(®y) = su+ 3m*u + 3m?s + 9Im* — 8M>*m?* — M*. (8.3.22)
Then applying the Mandelstam variable change s <+ u finally yields [5]

(Dgs) = —su + m2u + 9m2s + Tm* — 8M?*m? + M4,
(D) = —su + m2s + 9m2u + Tm* — 8M?*m? + M4,
d,,) = su+ 3mu + 3m?s + 9m* — 8M?*m? — M*,

(

(Pys) = su + 3m?2s + 3m2u + 9m* — 8M>*m? — M*. (8.3.23)

Now let us compute (|7|°) for the process ete” — ete”. Recall that the

Tt e yete— matrix was

(8.3.24)

2

where s = —(p; + p2)? and t = —(p; — p})?. Since the T is not in an abstract

matrix form, we proceed directly with calculating 7~

7

M2 —t¢ M? —s

2[(U1U'1)(U§U2) (Ulv2)(véui)]

gg[(U’lm)(vaé) (U2U1)(Uﬁvé)]

M2 —t¢ M? —s

9 (8.3.25)
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Then
o 4 [(@hur)(0205) (U uh ) (Thve)  (huy ) (D205) (U1 v2) (V5u)
TF =9 [ (M2 — t)? (M2 =) (M2 —s)
 (vou) (whvy) (W) (Vyv2) | (V2w ) (W) vy) (Urv2) (Vau))
G gar Or =7 . (8.3.26)

To evaluate the above expression into something more meaningful, observe that

the numerator of the first term can be rewritten as [5|

(@) (Bp0) (@) (Thvs) = ) @ la)ahunval B) Bl [y )y ke, T 16Xl

afyd

= > (et )k aa) Byt §Xolets|5)

afyd

- Z (acfuy iy uy @y |a) Blhvgveda| B)
af

= Tr [uytuy@y] Tr [V v5veDs], (8.3.27)
and similarly the numerator in the fourth term can be written as
(Tguy ) (U vh) (g ve) (Thu’) = Tr [uytigvas] Tr [vhThu} uy]. (8.3.28)
The numerator in the third term is [5]

(o) (@yv) (T ) (Tyve) = ) Dolecrkuntty | BY Bl [y e, Bl 6) Sz

afyd

= > (ahutm )yl ah | BY BRI ) st )

afBvyd

= Z {acfuy Ty ) T vy U5V g |r)

«

= Tr [uy @y u) @y vy U509 1s), (8.3.29)
and similarly the numerator in the second term is

(yur) (ovh) (Urve) (Vhuy) = T [ugtivaUavhUyu’ Y] (8.3.30)
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Thus |7]* becomes

2 4 q)ss (I)st + (I)ts (I)tt
Tr=9\ar—sp " ar-—sar-u " or- t)z]’ (8:3.31)
where [5]
O, = Tr [ugugu)a)] Tr [vhvhveTs],
Oy = Tr [y iy uy Uy vy Uy Us),
(I)ts =TT [ulﬂlvgﬁgvéﬁéuiﬂﬁ],
Oy = Tr [ug iy vaUs) Tr [uyThu) )] (8.3.32)
Now we average the initial spins and sum over the final spins
(1TP =5 3 ITP
L) @)@ (@
=9 [(M2 — 2 P —s) AP —1)  (M? t)z]’ (83.33)
where [9]
(Dss) = iTr [(=p, + m)(=p, = m)] Te [(—p, — m)(—p; +m)],
(®.) = JTY[(~p, + m)(—p, + m)(—, — m)(~p, ~ m)],
(B) = {T [, + m)(—p, — m)(—p, — m)(~, +m)],
() = T (o, + M), — M) T [, —m)(—p, —m). (8334

Once again we notice that making the change ps <> —p| results in the transfor-

mation s <> t thus we reduce our workload to calculating () ((P4)) and (Pg)
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((®4s)). The Mandelstam variables for this process is

= —(p +p2)2 = —(p} +P,2)27
t=—(p1 —p))? = —(p2 — ph)*,
u=—(p1 —ph)* = —(p2 — p})?

s+t +u=4m? (8.3.35)
which implies

1
P1pP2 = pﬁplz = —5(3 - 2m2),
1
Py = pory = 5t = 2m?),

1
pIpy = Pip2 = é(u —2m?). (8.3.36)
Next

T [(—p, + m)(—p, — m)] T [(—, — m)(—p, + m)]
[ (Tr [ ) — T [1]) (T[] — 2T [1])|

4(p1p2) (—4(pyp}) — 4m )]

—~
K
vy
«»
~—

.hlb—wblr—wblb—*

l—l

4[(]91}?2) + 2m?(pips) + }

= 4((p1p2) + m*)?
= (s —4m?)*, (8.3.37)

and similarly [5]

(®) = JTY(~p, + m)(—p, + m)(~, — m)(~p, — )
= [T )+ T ] T )
— m*Tr [ p,] — m*Tr [p ] — m*Tr [p,p,] + m*Tr [p ] +m*Tr [1]

1
= —5st+ 2m2u. (8.3.38)
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Thus we have [5]

(Dys)= (s — 4m?)?
1

(Py) = —§st + 2m?u,
1

(D) = —§st + 2m?u,

(D)= (t — 4m>)?. (8.3.39)

From here, it is a straightforward application of (|7]?) into the formula for the
differential cross section to get the spin averaged cross section or, depending on the
nature of the problem at hand, we can compute the decay rate. The two processes
that we have covered here, namely e ¢ — e ¢ and ete™ — ete™, will serve as a
template and guide on how to approach calculating <|’T|2> using Feynman diagrams
for interactions in Yukawa theory involving Dirac fermions. We will cover one more
example of a process in Yukawa theory to demonstrate the utility of the Feynman

diagrams.

Yukawa Potential

Consider the scattering of distinguishable fermions (we will continue to use electrons)
in the nonrelativistic limit e"e™ — e~ e™. The Feynman diagram for this process

is

Figure 8.15: Yukawa potential e”e™ — e~e™ process



The scattering amplitude is

1 1
. = - i
27;*6*—%*6* - Ul(lg)U1Z. (pl . p/1)2 + M2 — e
]_ i ﬂ/ U1 ﬁ, UQ)
_ _.(29)2[( 1) ( 22 ]
1 —t+ M

ig” 5 5
= m@m s,s')1(2m s,s')z
where t = —(p; — p/)?. In the nonrelativistic limit, we have
P11 = (m7p1)7 pll = (mvpll)a
P2 = (m7p2)7 p,2 = (mvpé)v

thus

2
t=—(m —p)’=-1Ip — P,

and the scattering amplitude reduces to

2

o g
T = or St a2 2O (2mse):
- 2
ig
= W@m@,s')l(?m@,s')z,

Uy (ig)ug
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(8.3.40)

(8.3.41)

(8.3.42)

(8.3.43)

where p = p; — p} [8]. From nonrelativistic quantum mechanics, the scattering
1 1

amplitude is [§]

('|iT|p) = iV (p)(27)8( By — Ep)-

(8.3.44)

By comparing with the Born approximation, we see that the potential for this

process in momentum-space is

(8.3.45)
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The potential in position-space is

hence

9
Vi) = ——9 Lo (8.3.46)

4 7

which is the Yukawa potential. We see that the scattering of fermions is attractive
from the minus sign.
Let us now consider the scattering of a fermion and an antifermion. The

Feynman diagram for this process is

—D2 —7h

Figure 8.16: Yukawa potential ete™ — eTe™ process

The scattering amplitude is

1 1
. =l - ) /- _
iTeteSete = ul(zg)uli (P 2+ M Z_61)2(29)1)2
1 i ! 5
= ——(ig)* [(uiul)(vﬂf)}
i t+ M

2

ig
= —m<2m53’s/)1(—2m65,3/>2
ig” 5 5
= m@m 575/)1(271’1 575/)2, (8347)
where t = —(p; —p})? and the minus sign comes from the exchange of antisymmetric

operators. We see that the scattering amplitude is the same as the case for the
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scattering of two fermions thus we get the same attractive Yukawa potential

_921 —Mr

with range 1/M = h/Me¢, namely, the Compton wavelength of the force carrying
boson [§]. If we consider the scattering of two antifermions, we will get the same
scattering amplitude therefore the same attractive Yukawa potential because we
are switching wu with vv which cancels the minus sign. Thus the Yukawa poential
is a short range interaction that is universally attractive [15]. By studying the
diagrams we have computed, we see that the interaction is mediated by a massive

boson which carries the force to the other particles.

8.4 Quantum Electrodynamics (Spinor)

At last we finally arrive at the piece de résistance, quantum electrodynamics.
Specifically, we will explore the theory of the electromagnetic field interacting
with Dirac spinor fields which is what is most commonly referred to when the
term quantum electrodynamics is used. Thus when we invoke the term quantum
electrodynamics, or QED for short, we will actually refer to quantum spinor
electrodynamics. When constructing the proper Lagrangian, we impose the extra
condition that the Lagrangian preserves the gauge symmetry of the electromagnetic
field so that it produces the correct equations of motion [5]. We also require that
the Lagrangian preserves the conservation of the electromagnetic current j#. Thus
we let j* be proportional to the Noether current from the U(1) symmetry of the
Dirac field, namely,

G = eWy', (8.4.1)

where e is the elementary charge which is dimensionless in natural units and makes

the theory renormalizable [5]. Then the interaction part of the Lagrangian is

Line = e WA, (8.4.2)
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thus we have the Lagrangian for quantum electrodynamics [5]

L=Lgy+Lp+ Lin
1

== F'WE,, +U(id —m)® + ePy' WA, (8.4.3)
We showed earlier that the electromagnetic field tensor and hence the Lagrangian
for the electromagnetic field was gauge invariant but the Dirac field has not been
accounted for in terms of gauge transformations. To see that Lagrangian (8.4.3)) is
gauge invariant, we must consider gauge transformations on the Dirac field of the

form

U(x) = W'(z) = exp[—iea(z)]¥(z), (8.4.4)

T(x) — ¥'(x) = explica ()] ¥ (x), (8.4.5)
along with the usual gauge transformation on the four-potential
Al(z) — AM(z) = AM(z) — O"a(), (8.4.6)

where the phase angle a(z) now depends locally on spacetime [5]. Before we prove
that Lagrangian (8.4.3)) is invariant under these gauge transformations, we rewrite

the Lagrangian in the following form
1 = .
L= _ZLFWF’“’ + W (i) —m)¥, (8.4.7)

where D, = 0, — teA, is the gauge covariant derivative or covariant derivative.
For those familiar with differential geometry, the vector field A,(x) in the covariant

derivative is called a connection [8]. Now we prove that (8.4.7)) is gauge invariant.

Proof. Let £ be defined as in equation (8.4.7]) and consider the gauge transforma-
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tions

U(x) = ¥'(z) = exp[—iea(z)]¥ (),
W(z) = W' (z) = expliea(z)]¥ (),

At(z) = A" (x) = A¥(z) — 0" a(x).
Under the gauge transformations, the covariant derivative transforms as

D, ¥ — D, ¥
= (8, — ie(A" — 9"a)) (exp[—iea] ®)
= exp[—iea](0, — ied, o — ie(A" — 9"a)) W
= exp|—iea (0, — ieA,)¥

= exp[—tea|D,W.

Thus
L— L
1 —
=~ F"Fu + (i) —m)w
1 —
= _ZFWFW + expliea] ¥ (iexp[—iea] ) — exp[—iea]m)¥
1 = .
= _ZFWFW + W (i) —m)P
=L
Therefore the Lagrangian is gauge invariant. ]

To see that our Lagrangian produces the correct equation of motion that
describes the interaction of fermions and the electromagnetic field, we vary the

action S with respect to ¥ and impose the stationary action principle to get

(i, —m)¥ =0, (8.4.8)
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which is the Dirac equation for a Dirac field coupled to the electromagnetic field.
The coupling of the electromagnetic field to the Dirac field involves the replacement
0, — D,, which is called the minimal coupling prescription [15]. Now we vary the

action with respect to A" to get

(g"0* — 0"0")A, + e¥y' T =0

8, " = ej”, (8.4.9)

which are the inhomogeneous Maxwell’s equations with current density j* = U~y .
Thus our Lagrangian produces the correct equations of motion that describe
fermions coupled to the electromagnetic field.

Recall that the U(1) symmetry of the Dirac Lagrangian was an invariance under
a phase rotation by a constant, arbitrary phase angle o € R. Physically this means
that if we were to shift the phase of all Dirac spinors in the universe by some phase
angle «, the physics of the Dirac spinors would not change meaning that the U(1)
symmetry is a global symmetry. When we imposed the gauge transformations
(8.4.4) and , we allowed the phase angle a(x) to be a function of spacetime
thus the value of the phase angle depends locally on its spacetime coordinates. We
say that the global U(1) symmetry has been promoted to a local U(1) symmetry
thus the gauge transformation is a local U(1) transformation |5]. Since Lagrangian
(8.4.7)) is invariant under this local symmetry as well, this means that physically,
if the phase angle changed in some arbitrary region of spacetime, the physics of
spinors would not change. Recall that a local symmetry implies an equivalent

global symmetry which is the U(1) symmetry. Then by Noether’s theorem, the
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Noether charge operator of quantum (spinor) electrodynamics is
@szMO

—ez / Ppr [B(0)b.(p) — d}(p)d(p)]. (8.4.10)

We see that the the inclusion of the elementary charge e makes Noether charge
operator the electric charge operator which means that the electric charge is the
generator of the U(1) gauge symmetry [15]. Since the Dirac field also possesses
charge conjugation as an additional symmetry, which implies that the b-type
particles and d-type particles have the same mass, the electric charge operator
counts the number of negatively charged fermions (b-type) minus their positively
charged antifermion counterparts (d-type) [5]. Hence, the Noether charge physically
translates into the conservation of electric charge. Like Yukawa theory, we will
treat the b-type particles as electrons and the d-type particles as positrons.

The path integral for quantum electrodynamics is given by

Z(7., J) o< exp e / d's <%5Jf(x)> (iénj(x)wu)aﬁ (%5%5(%))}

X ZO(ﬁv U J)? (8411)

where

Zo(7,m,J) = exp l/d zd'ym(z)Sr(z — y)n(y)}

X exp ;/ Yo dly JH(x DW(x—y)J”(y)], (8.4.12)

where D, (v —y) = D, (z — y) is the Feynman propagator for the photon in the
Feynman gauge [5]. In accordance with virtually every concept we have covered
thus far, we have chosen the Feynman gauge £ = 1 for the photon propagator since

the photon propagator is Lorentz invariant with this choice of gauge [§]. Since we
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were able to establish the Feynman rules for fermions in Yukawa theory, it is easy
to see that the Feynman rules for fermions from Yukawa theory will generalize
to quantum electrodynamics except that we must consider the Feynman rules for
the photon. From the path integral , we see that the vertex term will be
tey”. In our derivation of the Fourier coefficient operators of the electromagnetic
field and the LSZ reduction formula for photons, we see that the external lines
for incoming and outgoing photons should be assigned the polarization vectors
eh™ (k) and e (k), respectively [5]. The internal lines for photons will obviously
be assigned the Feynman gauge photon propagator. Thus, the Feynman rules for

quantum electrodynamics are in accordance with Srednicki [5]:

Feynman Rules for Quantum (Spinor) Electrodynamics
1. Incoming electrons are solid lines with an arrow pointing towards the vertex

and are labeled with its four-momentum p;. The assigned factor is us, (p;).

Di
—>———o  =u,(p;)

2. Outgoing electrons are solid lines with an arrow pointing away from the

vertex and are labeled with its four-momentum p}. The assigned factor is

3. Incoming positrons are solid lines with an arrow pointing away from the
vertex and are labeled with its four-momentum —p;. The assigned factor is
—Di _
e =7,(p;)
4. Outgoing positrons are solid lines with an arrow pointing towards the vertex

and are labeled with its four-momentum —p;. The assigned factor is vy (p;).



232

. Incoming photons are wavy lines with an arrow pointing towards the vertex

and are labeled with its four-momentum k;. The assigned factor is 5" (k;).

ki

N N e s’;\bj(kz)

. Outgoing photons are wavy lines with an arrow pointing away from the
vertex and are labeled with its four-momentum k. The assigned factor is

5’;; (ki).

k!

. Construct each vertex from two solid lines and one wavy line. One of the
solid lines must have an arrow pointing towards the vertex while the other
must have an arrow pointing away from the vertex. The arrow on the wavy
line can point in any direction. Draw all topologically inequivalent diagrams
using the vertex, external lines, and any extra internal lines when needed.

The assigned factor is iey*.

= jey#

8. Conserve four-momentum at each vertex by following the arrows of each

external line.

9. Assign the appropriate propagators to each internal line:

o Internal photon:
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[ QVAVAVAN “oVaVaVaV )
_ 1 g"
= i kZ2—je
AV VU UNVINY
o Internal fermion:
o———hr—0
_ 1 —ptm
= i p24m2—ie
<«

10. Arrange the diagrams in standard form: all fermion lines are horizontal

11.

with their arrows pointing from left to right and label the left endpoints
of the contributing diagrams with the same, arbitrarily fixed order from
top to bottom. Contract the spinor indices by starting at the fermion line
with the arrow pointing away from the vertex, follow the complete fermion
line backwards, and write down from left to right the assigned factors that
correspond to the vertices and propagators. The first factor should be either
@ or v and the last factor should be either u or v. For each vertex, the vector
index is contracted on either the propagator or the photon polarization vector
if the attached photon line is internal or external, respectively. Repeat for
other fermion lines if necessary.

To determine the sign of a tree diagram, draw all the contributing diagrams
in standard form. If the ordering of the right endpoints are an even (odd)
permutation of the fixed ordering then the sign is positive (negative). This
method can be reversed to so that we fix the right endpoints and observe

the left endpoints instead.

12. Sum all the values from the contributing diagrams to get the value of 7.

Now we will do a thorough computation of a QED process to demonstrate how
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to successfully apply the Feynman rules. Let us consider the famous instance of
matter-antimatter annihilation in the context of fermions, namely, electron-positron
annihilation ete™ — v called pair annihilation. The diagrams for this process

are shown below:

/ /

P1 1 P1 2
—Pp NP — 7 NPy
Yo — k) + Yo — K
—g— AP —g— AP N
—D2 ks —D2 k1

Figure 8.17: Pair annihilation ete™ — vy

With our Feynman rules, the scattering matrix is

(— 37)1 + kl +m) y
(pl ) m (Zelyu)gl’ul
(

(

. . 1
(Tt ey = vg(ze%)eg,;

pl—l—kz—irm)

)Y ] et
+ va (e ey - Kb+ (@e%) 2 U1

1
1

Ahem

72# v —
=ie“ele ,v2[7 <
2 PNt m?2 —u +m?

(8.4.13)

where we have suppressed some indices for brevity and suppressed ie into the mass

term. The Mandelstam variables for this process are

—(p1+p2)? = — (k] + Kk5)?,
t=—(p1—k1)? = —(p2 — k3)?%,

u=—(p1 — k3)* = —(p2 — k1), (8.4.14)

where as usual the Mandelstam variables obey the relation s + ¢ + u = 2m? [5].



Also note that we can easily derive the following identities

1
pip2 = —5(8 —2m),

1
k’iké = —58,
1

1
pky = okl = §(u —2m),

from the Mandelstam variables. Now let

—p, + K +m —p, + Ky +m
= (P e (P
=\ T e )7 + —u + m? k

then we have

T = €T/€g/ (1_)214“”1,61),

and similarly

T = ET?E:gﬁ(ﬂlApa’UQ) = 55)7(83/*(711140[,’02),
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(8.4.15)

(8.4.16)

(8.4.17)

(8.4.18)

where we have used our knowledge on spinor and gamma matrix identities to get

A_p(, = Asp. Then we have

TP = eheh el ed (B A (i Agyr)

== 87;5;5??83? Tr [AHV(Ulﬂl)Aop(’UQ@Q)] .

(8.4.19)

Now we average over the initial and final spins of the electron and positron and



sum over the final photon polarizations to get

(71) Z D ITP

)\ + 51,52
— %L Z Z elelyelred Tr [Au (uitih) Agp(v202)]
A==+ s1,52
= 1070 T [Au (=, +m) Agy(—p, — m)]
= T2 (A, + A, m)
_ 64 <(I)tt> <q)tu>+ <q)ut> <Q)UU>
- [mﬂ—oz (m? — £)(m? — u) mﬂ_uy} (8.4,

where [5]
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20)

(Pu) = %Tr (=, + K+ m)w(=py +m)y (=, + Ky +m)y" (—p, —m)],

(@)= Ty + 4 )+ m)r () m)y (= ),

(@) = ST [y (=, + K+ m)p(—p, + M)y (=, + K, + my(—p, —m)],

4

(D) = iTr o (—p, + Ko+ m)yu(—p, + m)y"(—p, + K5+ m)y" (—p, — m)].

(8.4.

21)

Similarly to how we computed the scattering processes in Yukawa theory, we make

note of the fact that we only need to compute (@) ((®y)) and (Dy,,) ((Py)) since

the other two terms can be gained from t <+ u. We apply the spinor and gamma

matrix identities along with Mandelstam variable identities to finally get

(By) = 2[tu — m*(3t +u) —m1],
<(I)tu> = 2m2(3 — 4m2)7

(@) = 2[tu — m*(3u +t) —m?],

(By) = 2m*(s — 4m?). (8.4.

22)

To give a real application of pair annihilation, we will compute the lifetime of a

exotic particle called positronium which is the bound system of an electron and
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a positron [11]. Specifically, we will find the decay rate of positronium in its S
state, namely, the ground state of the positronium. Rather than using the rather
complicated expression to compute the decay rate, we will instead use
computational tricks on the scattering amplitude using our knowledge on
spinor and gamma matrix identities to derive a simpler expression to use. We will
assume that the electron and positron are initially at rest thus we will work in the
nonrelativistc regime. Then the spinors u,(p) and v3(p) become u;(0) and v,(0),
respectively. We will omit the argument of the spinors to reduce computational
clutter. The photons that are produced after the annihilation event will propagate
in opposite directions so we have the freedom to choose the z-direction as the

direction of propagation |17]. Thus we have

P1= (m707 070)7 ki = (m70707m>7

p2 = (m,0,0,0), Ky = (m,0,0,—m), (8.4.23)
and the Mandelstam variables become

t=—(m— ki)Z =m?,
u=—(p, —kb)*> =m?>. (8.4.24)
Now we rewrite our scattering amplitude (8.4.13) as

—p, + K +m
_t+m2

—p1+%/2+m

T == 6262 |:’}/N5J2L/ (

s
)7“52/i| u17
62

= 5502 [¢2,( —p i Am)d, i (—p R+ m)¢2,]u1.

)71,5{, + VE7 (

Now recall that the polarization vector ¢* only has spatial components so it is
trivial to see that p;,ef, = 0 for 4,7 = 1,2. Along with this, we also have that

polarization vector must be perpendicular the direction of propagation so k| uef, =0
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for i,4 = 1,2 [17]. Then observe that

Pite = —tob, — 2vice)
= {1,

Ky = —F. K — 2(key)
= —¢. ki

for i,7/ = 1,2. Then
(—p,+b+m)ty =2, (—p, — K +m), (8.4.25)

for 4,i" = 1,2. We now multiply u; on the right side of equation (8.4.25) and use
(p +m)u = 0 to simplify the right hand side of equation (8.4.25) to get

( —pt %; + m)¢i’u1 = ¢¢/%;U1> (8.4.26)
for 4,i" = 1,2 and the scattering amplitude reduces to
ez , ,

T = T oy ? Pk + ¢1/¢2/k2} uy. (8.4.27)

To simplify the above amplitude even further, we use equation (8.4.23)) and the

definition of the Feynman slash notation to get

KL ="k,
=m(="+7%),
Ky = 7"k,

= m(_70 - 73)7
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where

A = : (8.4.28)

where o = (I,0) and o = (I, —0o) [17]. Along with this, we will also use the

Pauli matrix identity [7]

(0-a)(oc-b)=a-b+io-(axb). (8.4.29)
Then we get
e? 0 3
T = 5= |{f 217" — [ #u17” (8.4.30)
Now note that
g=""eu
e _P)/O _|_ 7 - £
0 o€
= , (8.4.31)
—o-e 0
thus [17]
0 o-cy 0 oy
¢1/¢2' =
—0 ey 0 —0 - &y 0
B (g -cv)(o-cy) 0
0 (o -e1)(o-eo)
€y €y + 10 - (81/ X 82/) 0
0 €1 Ey + 10 - (51/ X 52/)

= —(61/ '62/)[4 — i(&lf X 62/) . E, (8.4.32)
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where 1 is the 4 x 4 identity matrix and

Similarly, we also get
Fody = —(ex -ev)ly —i(ey x ev) - 2. (8.4.33)

Then we evaluate the terms in the parenthesis of equation (8.4.30) to get

{32(2”32(1’} = _232(2/ : ?—‘1/]47
[¢2H¢1/} = 2i(¢2' X ¢1/) -3,

and finally our scattering amplitude becomes

2
T =——70s|ev -e27° — i(ey X egr) - E’yg] ;. (8.4.34)
m

@

Before we continue further, note that since the positronium is a two particle system
that consists of an electron and a positron, the Hilbert space of the positronium
is a direct product space He-+ = He- Q He+, namely, the direct product of
the Hilbert spaces of the electron and positron form the Hilbert space of the
positronium. Furthermore, recall from nonrelativistic quantum mechanics that the
state vector of a system that consists of two spin-1/2 particles can exist as either
a spin-0 (singlet) or a spin-1 particle (¢riplet) [7]. Then the Hibert space of the
positronium is equivalent to Hs—1/2 @Q Hs=1/2 = Hs=1 @ Hs—0, namely, the direct
product space of two spin-1/2 particles is the direct sum of a spin-1 and spin-0

Hilbert space. The singlet state vector in the S state is

|s=0,m=0)= M, (8.4.35)

V2
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while the triplet state vector in the S state is

ls=1,m=0)= M (8.4.36)

V2

From the form of the state vectors, rather than averaging the spins for the scattering

amplitude, we must instead compute for the singlet state |17]

T — T
ﬂinglet = \/5 s (8437)
or for the triplet state
T+ T,
ﬁriplet - u (8438)

V2

The S state vector of positronium expanded in terms of free particle states is

|Ps)=V2M / (;lwljg@b(k) \/;_m \/;_m|e_>|e+), (8.4.39)

where M and m are the masses of the positronium and electron, respectively. By
using M = 2m as a close approximation, we can easily identify the scattering

amplitude of the singlet positronium as

0
To = 1/’;%) Tngiet (5.4.40)
and similarly
=0
7}’8 = %\/—m)ﬁm‘plet- (8441)
where
am?\1/2
Y100(T) = (—87T ) e (8.4.42)

is the ground state wavefunction of the electron [17]. By using the spinor identities

0(0)7"u5(0) = 0,

91 (0)Zv%uz(0) = F2m,
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we get

2

e .
T = e ~e9” —i(er X e) - 273]u1+
= —27:62(61/ X 82/) (8443)
and similarly
62 _ 0 . 3
71T = _EUQ—F €1 - Eqy — 2(51/ X 62/) . 2’7 :|U1_
= 2ie* (e X ey), (8.4.44)

so we see that Ty, = =T+ [17]. The triplet scattering amplitude is then

T+ 7T,
ﬁriplet = %
_Tu-=Ty
V2
—0, (8.4.45)

so we see that a triplet S state positronium cannot decay into two photons [15].

For the singlet S state positronium, the scattering amplitude is

T -
7;inglet = %
Tty

V2
= —2\/§i€2(61/ X 82/),

so the singlet S state positronium can undergo a two photon decay process [15].

To calculate the photon polarization, recall from our derivation of the quantization
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of the electromagnetic field the right- and left-handed circular polarization vectors

-5
N}

e_(k) = E(l,i,()).

Using the explicit form of the polarization vectors yields (e1: X €o/) = iv/2k hence

97
7?9inglet = 4e’k

= 16mak. (8.4.46)

Thus we finally have the matrix element for positronium

0
<’7;35‘2>: —|w0§;)7g )‘ |7;inglet‘2
— 16ma’m?. (8.4.47)
The decay rate is
= 1/dF
2
1 1 37/ 31./ 5, .2 454 ! !
=51 A’k kg (16a°m?)(2m) 6" (pps — k] — K5)
1
_ §a5m, (8.4.48)

where the 1/2 comes from the fact that photons are identical particles [§]. Then
the lifetime of positronium in the singlet S state is
1 2

T = — =
I o®m.

~ 1.25 x 107" sec, (8.4.49)

which is off from the measured value by a 0.5% discrepancy [8]. This result is one
of the many instances of the extreme accuracy that is characteristic of quantum
electrodynamics. Applying radiative corrects results in even more accurate values

however, we should note that the Feynman diagrams that we have used are the
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second order terms of the perturbation expansion for this result. The fact that
a second order approximation is able to give such a remarkably precise value
demonstrates the success of quantum electrodynamics and quantum field theory in

general [1]. From here, we will explore other examples of QED processes.

Quantum Electrodynamics (Spinor) Applications

Coulomb Potential

As a simple application, let us consider the first diagram of the scattering process
e~e” — e~ e~ and the first diagram of the scattering process ete™ — ete™

/

2 P p 2
p1— P P — P
P2 Py —Ps P2

Figure 8.18: Coulomb potential diagrams

For the first diagram, the scattering matrix is

g

. L L
e“e~—e"e” — L : . 8.4.50
iTe - i (26) (U’l/y ul) (pl — p/1)2 e (UZ’Y UQ) ( )

Now in the nonrelativistic limit, we have that [§]
a(p )Y u(p) = ul, (p")us(p) = 2mdys, (8.4.51)

5(p')7 v(p) = v}, (p')vs(P) — 2mdys, (8.4.52)



245

while v* — 0 so the scattering matrix in the nonrelativistic limit becomes

ie?

—|p; — P
—je2

= —|2 (2m63’5)1 (2m58’8)2

2‘7;*6*—>6*e* — (2m53’3)1(2m55’s)2

/

|P1 — b1

—ie?

‘p‘2 (2m53/5)1(2m68’5)27 (8453)

where p = p; — p} [§]. By comparing with the Born approximation from non-
relativistic quantum mechanics, we see that the potential in momentum-space is

8]

62

V(p) = el (8.4.54)

and in position-space

d3p 6ip-r
V(r)= 62/— —
(2m)® |p|?

62

— (8.4.55)

= Anr

We see that the sign of the potential for the scattering process of two fermions,
which have the same negative charge, is positive which means that the potential
is repulsive. If we had considered etet — ete™, we would have derived the same
potential with the same sign. Thus we conclude that fermions with like charges
repel. Let us now do the same calculations, in the nonrelativistic limit, for the
scattering process ete™ — eTe™. Using the Feynman rules, we get for the second
diagram

1 w

i Totesete- = —=(i€)* (W 7" uy) ( — (Vhy*vg). (8.4.56)
1

pL—ph)? — e
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In the nonrelativistic limit,

ie?
—Ip, — P/
ie?
= W(2m(55/s)1(2m5s/3)2, (8457)

i7—e+e*—>e+e* — (2m55/5)1(2m53’3)2

where p = p; — p} and the negative sign comes from the ordering permutation

rule. Then the potential in momentum-space is

2
V(p) = _#(27%63’5)1(2771/55’3)27 (8458)

and in position-space,

d3p 6ip-r
V(r)= —62/
(2m)% |p|”
o2

=——. 8.4.59
4rr ( )

We see that the negative sign of the potential for the scattering of fermions and
antifermions yields an attractive potential. Since these two results apply for all
fermions and antifermions interacting with the electromagnetic field, we conclude
that when a vector particle (in this case, the photon) is exchanged, oppositely
charged fermions attract while like charged fermions repel [15]. By now, the
reader will have noticed that we have derived the Coulomb potential from classical
electrodynamics. If we study the diagrams we have computed, we see that the
interaction is mediated by the exchange of a massless boson, namely, the photon
and the potential is a long-range interaction since the mediator of the interaction
is massless [15]. It is now well known that there exist fermions that actually
possess fractional charges with the most famous example being quarks |1]. Thus
to generalize the Coulomb potential we have derived for any kind of fermion and
antifermion, we make the replacement e — q where ¢ is the charge magnitude. So

g = —1 and q¢ = +1 for electrons and positrons, respectively. Then we can combine
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the repulsive and attractive Coulomb potentials into the more compact version

_ q1G2
Anr’

V(r) (8.4.60)

where ¢; is the charge magnitude. If we take the gradient in spherical coordinates

with no angular dependence, we get

q192 . G192 .
F = 8.4.61
(r) Arr2t Ameor? b ( )

which is Coulomb’s law [2]. This brings us back in full circle to the starting point

of classical electrodynamics.

Compton Scattering

We now present the scattering process e”y — e~y called Compton scattering.
Compton scattering is when a photon is shot at an electrically charged particle
resulting in both the photon and the particle scattering inelastically |7]. This
experiment was important in demonstrating the particle nature of light and its
results were used in the development of quantum mechanics [1]. Since Compton
scattering was first demonstrated with the electron, we will use the electron for
this example. The tree-level diagrams for Compton scattering are presented below

o)

D1 1+ kY y2 P1 D1 — Ko 21

ks K,

Figure 8.19: Compton scattering e™y — e~ v
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The scattering matrix is

| o 1(=p, — Ko+ m)
27;*7—%*7 = U/1(Z€'Yu)5lzl/; (p j'_ké)Q 4 2 (Z€7V)82 Uy
1(—p, + by +m)
—! (7 vk 1
+ 3 (ie, )y i (p1— K2 + 2(26%)52'1’4
, - —p, — KL +m —p, + Ky +m
= icteyeytn [7"< pis + m? >% * 7”( piu + m? >7"] b
(8.4.62)
where s = —(p; + k5)? and u = —(p; — k5)?. Hence
T = ehey* (W Apur),
T = ehe§ (A pul). (8.4.63)
Following along the same route of calculations, we get
2 4 <(I)ss> <(I)su>+ <(I)us> <q)uu> ]
- 8.4.64
T = =t e — s — 2+ 2 —wp )’ (8.4.64)
where [5]
(D)= —2(su —m?(3s + u) —m*),
(g = —2m>(t — 4m?),
(ys) = —2m>(t — 4m?),
(Pyu) = —2(su — m*(3u + s) —m?). (8.4.65)

Then we can rewrite (|77]%)in terms of the dimensionless coupling o = e /47w ~ 1/137

called the fine-structure constant [5|

m* +m*(3s+u) —su  m*+m?(3u+s) — su

(1T = 827%2 |

(me — 57 (m —wp?
2m?(s + u + 2m?)
mﬁ—sﬂm?—uﬂ' (8.4.66)
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Let us go further with this example and assume that in the FT frame, we have the

following

p = (m7 0’ O’ 0)7
k= (w,0,0,w),
E = (' ,w'sin6,0,w cosb), (8.4.67)

where it is implied that # = 07 and we have dropped the numbered subscripts

from the four-momenta p and k [§]. Then our Mandelstam variables reduce to

s=—(p+k)?=m*+ 2mw, (8.4.68)
u=m?—2muw'. (8.4.69)
By the conservation of momentum, we have that p’ = p+k—&" and also (p')? = —m?

thus

—m?=(p+k—K)?

= —m? — 2mw + 2mw’ — 2ww'(cos ) — 1),

which reduces to
1 1
1 - cosf = m<— - —), (8.4.70)

wow

which is Compton’s formula for the shift in the photon wavelength [§]. Now

by using equations ({8.4.68]), (8.4.69), and (8.4.70)), our scattering matrix reduces

further to

/

2\ _ 2 2 .2 w W
(|T| >—327TO(|: sin 0+w’+w] (8.4.71)

In the F'T frame, we have that s |k1|éM = m?w? so our frame independent differen-
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tial cross section is

do 1 )
= ——— (TP
At 64ms |k |2y,
1 2
= Samman 1)

To get the above differential cross section into the FT frame, we use equation

(8.4.70)) to solve for w’ which yields

, mw
= A4.72
“ m+ w(l — cosf)’ (84.72)

then we get

2

dw' = dcosf
“ (m+ w(1 —cosf))? o8
/2

= —dcos@.
m

Since t = 2m? — s — u = 2m(w’ — w), the differential of ¢ is [§]

dt = 2mdw’

= 2w'%dcosh

w/2

= — dQFT
™

Finally, the differential cross section in the F'T frame is

do o2 Virw W
T = o L g S e (84.73)

which is the Klein-Nishina formula [8]. If we consider the limit w — 0, we see that

W' /w — 1 so the differential cross section reduces to

do o?
pToR Q_m?(l + cos® fpr) (8.4.74)
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which when integrated yields
2

7= 3m2?’

(8.4.75)
which is the Thomas cross section for Thomas scattering [17]. We should note that

it is remarkable that we are able to glean much information from just a second

order approximation of Compton scattering.

Mgller Scattering

We will explore the QED process of electron-electron scattering called Myller
scattering named after theoretical physicist Christian Mgller. The simple Mgller
scattering serves as the basis for modelling other, more complicated interactions
that involve electron repulsion [17]. The leading order diagrams for this process

are given below:

P1 P P1 Do
p1— P — 1 — Dh
P2 Ph b2 Pl

Figure 8.20: Mgller scattering e"e™ — e~ e~

In the first diagram, which is a t-channel diagram, we see that the electron
with four-momentum p; emits a virtual photon with four-momentum p; — p} to
the electron with four-momentum p,. The electron that emitted the virtual photon
then scatters with four-momentum p} while the other electron absorbs the virtual
particle and scatters with four-momentum pj. In the second diagram, which is
a u-channel diagram, the physical process occurs except with four-momenta p)
and p), switched. Thus we see that Mgller scattering can occur according to the

t-channel diagram or the u-channel diagram with a probability assigned to both.
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By using the Feynman rules, the scattering amplitude is

_ o 1 g e
i Tet e sere- = U, (ze’yy)m; (i —p )2 — ieug(ze%)uz
— @y (iey,)u 1 g wy(iey,)u
I (py = e
= (3) G [ ) (T )Wt )] g 7
7 — —Uu
and similarly
T — 2 [(ulfyyull)(tUQ'YquQ) . (17" uz) (Ugy,ui) 7 (8.4.77)
— —U

where we have suppressed i€ and t = —(p; — p})? and u = —(p; — p5)?. Then the

spin-averaged scattering amplitude is

4 <(f2tt>_'_ <‘I)tu>;; <(I)ut>_'_ <<i;“> , (8.4.78)

(ITP)=e

where [5]

(D) = 2(t* + 2tu + 2u”® — 8m*u + 8m*),
(B, = —2(s* — 8m?s + 12m?),
(Bye) = —2(s* — 8m?s + 12m*),

(Byu) = 2(u? + 2tu + 2t* — 8m?t + 8m?). (8.4.79)

Using the Mandelstam relation s + ¢ + u = 4m?, we can rewrite (®4) and (®,,) to

include the Mandelstam variable s for uniformity so we get [5]

(By) = 2(s* +u? — 8m?>(s + u) + 24m*),
(Br) = —2(s* — 8m?s + 12m*),
(@)= —2(s* — 8m?s + 12m*),

(Byy) = 2(s% + 12 — 8m?(s +t) + 24m*). (8.4.80)
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Then the spin-averaged matrix element is [5]

(2 + u? — 8m?(s +u) + 24m*)  2(s* — 8m?s + 12m*)
<|T’2> = 2¢* 2 B tu
N (82 +t* —8m?(s+1) + 24m4)}

u2

(8.4.81)

Working in the CM frame, we have that k| = |k;| and s = (E; + E5)?* so the
differential cross section is
do 1K)

_ 2
dQcy  64m2s |k1|<|T| )
et [(82 +u? — 8m?(s +u) + 24m*)  2(s* — 8m?s + 12m*)

~ 32n2s 12 tu
(s + 12 — 8m?(s + t) + 24m?)
N u? }
o [(52 +u? — 8m?(s +u) + 24m*)  2(s* — 8m?s + 12m*)
2 12 tu
(s? + 12 — 8m?(s + t) + 24m?)
* u? } ’
hence
do  o? [(82 +u? — 8m?(s +u) + 24m*)  2(s* — 8m?s + 12m*)
dQCM - 2s 12 tu
(2 + 12 — 8m?(s + t) + 24m?)
+ 2 , (8.4.82)

where o = €2 /4 . Suppose that the incoming electrons are prepared in a state
with the same four-momentum in the +z direction. Then by simple kinematics,

the four-momenta of the incoming and outgoing electrons are [§]

D1 :(Ea0707p)7 p2:<E70707 _p)7

py = (E,psiné,0,pcosh), py = (E,—psinf,0, —pcosb). (8.4.83)
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Then our Mandelstam variables become

s =4E* = Fgy,, (8.4.84)
t = 2p*(cosf — 1), (8.4.85)
u = —2p*(1 4+ cosf) (8.4.86)

and our differential cross section becomes

do o?
dQCM N E(QJM p4 sin4 0

[4(m2 +2p%)% + (4p* — 3(m* + 2p*)?) sin® 0 + p* sin? 0.
(8.4.87)

In the nonrelativistic regime m > p, the differential cross section reduces to [8]

do m*a?
dQcm E2%\, ptsin* @

(14 3cos?6). (8.4.88)

In the ultrarelativistic regime m < p, the differential cross section reduces to [§

do a?
dQcm B2\ sin* 0

(3 + cos® 0)2. (8.4.89)

Bhabha Scattering

In this section, we will explore the electron-positron scattering process called Bhabha
scattering named after theoretical physicist Homi Bhabha. Bhabha scattering is
used in accelerator physics to measure luminosity which measures the ratio of the
number of results after a fundamental interaction, which are called events, in a time
interval to the cross section of the interaction process [1]. In summary, luminosity
is a measurable quantity that quantifies the ability of a particle accelerator to
produce the number of interactions and maximizing this value along with a related
quantity called the integrated luminosity maximizes the performance of a particle

accelerator. The leading order diagrams for this process are given below:
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D1 D1 1 —P2

p1— D) — p1+ P2
o _ o /
1% b2 Do D1

Figure 8.21: Bhabha scattering ee™ — ete™

In the first diagram, which is a t-channel diagram, the electron with four-
momentum p; emits a virtual photon with four-momentum p; — p) to the positron
with four-momentum —py. The electron then scatters with four-momentum pj
while the positron absorbs the virtual photon and scatters with four-momentum
—ph. In the second diagram, which is a s-channel diagram, the electron with
four-momentum p; and the positron with —p, annihilate to create a photon with
four-momentum p; + py which then recreates the electron and positron except with
four-momenta p} and —p),, respectively. The physical interpretation of both these
Feynman diagrams is that Bhabha scattering can occur according to the ¢-channel
diagram or the s-channel diagram with a probability assigned to both. Using the

Feynman rules, the scattering amplitude for this process is

1 g™

. = - — - /
T Tote ete— = ul(ze%)uli T 2,61)2(@6%)1)2
. 1 gt —y - /

— Blier ) i (e o}

i (p1+p2)? — e

_ <1>(i6)2[(a/ﬂ”ul)(@ﬂuvé) _ (V27" ) (W y,v5) (8.4.90)
; = = , 4.
and similarly
— v/ —/ — v —/ !/
T2 (a1 U1_)(tU2’YuU2) . (a1 U2_)(8712%U1)]’ (8.4.91)

where we have suppressed i€ and s = —(p; + p2)* and t = —(p1 — p)®. Then the
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spin-averaged scattering amplitude is

(I)tt> <q)ts>+ <(I)st> <(I)ss>
5+ - > (8.4.92)

(7= et [¢
where [5]

(By) = 2(1* + 25t + 257 — 8m?s + 8m*),
(D) = —2(u* — 8m*u + 12m*),
(D)= —2(u* — 8m*u + 12m*),

(By) = 2(s® + 2st + 2t* — 8m?t + 8m?). (8.4.93)

Now in the CM frame, if we work in the limit Fcy > m where m is the mass

of the electron (and positron), we can treat the electron as massless so equation

(18.4.93)) reduces to

(By) = 2(t* + 2st + 25%),
<¢t8> = —2U2,
<(I)st> = —2u2,

(Bge) = 2(s* + 2st + 2t7).

In this limit s + ¢ 4+ © = 0 so we can solve for ¢ in terms of s and u then insert it

into (®;) and similarly, we can solve for s in terms of ¢ and u then insert it into

(Dgs) to get [8]

(@)= 2(t* + u?). (8.4.94)
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Then (|7]%)in the high energy limit is [§]

130G e S )

—327r2a2[t + 4 <1+1>2} (8.4.95)
_ y —+2) ] 4.

In the CM frame, |k}| = |k;| so the differential cross section in the high energy

limit is
do 1K)
= —— LT
dQcv 64725 k|
B [t2+52+ (1+1>2]
T 2s 12 s t/
hence [§]
do 2 s? .2 1 1\2
= — -+ - . 8.4.96
dQcom 23[ +t2+ (s+t)] ( )

Electron-Muon Scattering

In this section we will explore electron-muon scattering ey~ — e~ p~. This
example is rather unique compared to the other examples we have considered thus
far because we are now considering the reaction of two different fermions, namely,
an electron and a muon. Also, this process is considered a pedagogical example
because since the muon is an unstable particle, it is not realistic to consider the
muon as the target in a scattering experiment |1]. This process has only one

contributing tree diagram at leading order which is given below [8]:

. h Py B
e e
P1— P
I I
D2 p/2

Figure 8.22: Electron-muon scattering e"u~ — e~ u~

For this diagram, we have labeled the external lines according to the particle it

belongs to for clarity. The diagram above is a t-channel diagram so we see that
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the most probable way an electron and muon might scatter is when the incoming
electron with four-momentum p; emits a virtual photon with four-momentum p; —p}
to the incoming muon with four-momentum p,. The electron then scatters with p)
while the muon absorbs the virtual photon and scatters with four-momentum p.
For our calculations, we will use m and M to denote the electron and muon mass,
respectively, and the charge of the muon will be Ze where Z is the atomic number

[8]. The scattering amplitude for this process is

~ iy 1 g o
T pse—p = U (ze’y,,)mz (=Pl = Z,eu’Q(ZZe%)UQ
i —t o
and similarly
7_' — ZeQ [(alryuu,l)(QQVVu/2> (8 4 98)
— ; 4.
where we have suppressed i€ and t = —(p; — p})?. Then the matrix element is
1

AT

(1717 = =5

[32M*m? — 4t(M? — m?) 4+ 2(s + t)* + 2(M? +m* — 5)%]. (8.4.99)

For this scattering process, we will work in the F'T frame. Now the mass of a muon
is roughly 200 times that of an electron, M =~ 200m, so we will treat the muon as
the stationary particle and assume that the recoil is negligible after an electron
scatters off the muon which is an accurate approximation [17]. We then have that

Ip;| = |P)| = |p| which implies that p, - p} = |p|’ cosf and

pe = (M, 0), Py = (M,0). (8.4.101)

Since the recoil is negligible, the muon hardly moves after the collision so the

Mandelstam variable s is essentially the same for both the CM and FT frames and
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is approximated as s = —(p; + p2)? & —(pa)? = M? [17]. Then our Mandelstam

variables become

s~ M?,
t = —4|p[*sin?(9/2),

uw=2EM + 4|p|*sin?(/2), (8.4.102)
and the scattering matrix element reduces to

(T1)

Ze*M 2, 2 4
(m) (m” + |p| (0/2))

draZ M 2. 4 2 9
(m) (m? + |p[* cos*(6/2)). (8.4.103)

To get the differential cross section in the F'T frame, we take the differential of ¢ to

get

dt = 2|p|* dcos®

dQpr

=2|p|®> =2L
Ip| o

o dQp

= |p|” —,

™

then we use our approximation s ~ M? and the frame independent differential

cross section to get

do 1 9

dQFT N 647T2M2<‘T| >
= 6/2 8.4.104
(Gipararg) ( + f o 0/2), (8.4.104)

which is the Mott formula [17]. The Mott formula is the approximated differential

cross section for electron-proton scattering. In the nonrelativistic regime |p| < m,
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the Mott formula reduces to

do Z%a? 2
dQpr 4 |p|*sin?(9/2)
Z*a?
= 8.4.105
4m2visin®(0/2)’ ( )

which is the famous Rutherford scattering formula [17]. The Rutherford scattering
formula was derived from the Rutherford scattering experiment of alpha particles
and gold nuclei. This experiment along with its derived formula gave strong
evidence that most of the mass of an atom was concentrated in an interior region
called the nucleus. This was instrumental in further developments in the study of
atomic structure and ultimately quantum mechanics as well [1]. Interestingly, the
Rutherford scattering formula was correctly derived using only classical physics
despite the fact that atomic systems are to be treated using quantum mechanics.
Indeed when nonrelativistic quantum mechanics was fully developed, the Rutherford
scattering formula was derived quantum mechanically and the resulting scattering
formula was exactly the same. It is perhaps one of the greatest coincidences
of nature that the Rutherford scattering formula agrees with both classical and

quantum physics.
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Chapter 9

Conclusion and Afterwards

We conclude this thesis with an overview of what we have covered. We briefly
reviewed the key concepts from the three theories that make up quantum field
theory, namely, special relativity, classical field theory, and nonrelativistic quantum
mechanics. Then we analyzed the topic of symmetries and their relation to
conservation laws using Noether’s theorem. From this, we built a mathematical
framework that explained how quantum fields should be constructed in accordance
with Lorentz and CPT symmetry. With this knowledge, we slowly constructed the
quantum fields based on the field representations of the Lorentz Lie algebra and
proceeded to quantize each field according to their particle statistics. Concurrently,
we also provided the physical interpretation on the mathematical and physical
results that were derived each time. Then we utilized the path integral formulation
to construct the appropriate path integrals for each quantum field and derived the
propagators for each equations of motions. Then we derived the LSZ reduction
formula along with the scattering and decay formulas using scattering theory that
incorporated relativity and quantum mechanics to ensure that the formulas obeyed
the principles of both theories in a mathematically and physically consistent way.
We explored how classical symmetries can be generalized to quantum symmetries to
provide a deeper insight into how classical symmetries arise in quantum fields. We

then introduced interacting theories which led to the introduction of the Feynman
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diagrams and derived the Feynman rules for each quantum field theory. We then
gave both pedagogical and real life examples to demonstrate the power of the
Feynman diagrams and the remarkable accuracy of quantum field theory.

The next step forward would be to formally introduce the renormalization
through the renormalization group to account for the divergent integrals that
appear in looped Feynman diagrams. Renormalization would also provide a deeper
insight into the many kinds of infinities that appear in quantum field theory
such as the ultraviolet divergences. Renormalization would also allow us to gain
even more accurate results thus it would be beneficial to explore this route for
a deeper understanding of quantum field theory. From here, one could explore
the application of the Feynman diagrams and the mathematical tools of quantum
field theory to other branches of physics such as condensed matter physics. The
renormalization group has been increasingly utilized in condensed matter physics
over the past several decades with great success [8]. One could also explore the
mathematical structure of the Feynman diagrams in the context of graph theory
and combinatorics as well.

If one were to continue quantum field theory after learning about renormaliza-
tion, the next step would be to explore gauge theories, in particular Yang-Mills
theory, which would naturally lead to the electroweak theory along with symmetry
breaking processes and quantum chromodynamics which is the quantum field
theory of the nuclear strong force. The study of gauge theories is an extremely
rich field with many physicists and mathematicians conducting research on the
full scope of gauge theories from its physical aspects to its mathematical aspects
such as differential geometry. Feynman diagrams continue to play an important
role in gauge theories and beyond thus the study of Feynman diagrams for more
complicated theories also presents another research ground. From gauge theories,
the next path is an open ended one because as of the date of this thesis, a Grand
Unified Theory (GUT), namely, a theory that unites the electroweak force and the

nuclear strong force, has not been successfully formulated nor tested. Along with
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this, a quantum field theory for gravity has not been successfully formulated as
well thus another path to follow is the study of quantum gravity. The study of
such topics can lead to nonabelian gauge theories using higher dimensional gauge
groups such as SU(5) or one could approach these problems using string theory

and/or loop quantum gravity.
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Appendix

A

In quantum theory, Dirac notation, or bra-ket notation, is used ubiquitously due

to its simplicity. We will present a brief overview on the use and application of

this incredibly useful notation. Excellent sources for further study are |7} [11].
The idea of this notational scheme comes from noticing that one can rewrite

the inner product notation as follows
(u,v) = (ulv), (A.1)

where (u|v)is now the new notation for the inner product. In this notation, |v) is
a vector in a complex vector space C". Note that the following rules can be easily

generalized to a real vector space R” as well. Adding two kets is simple:
)+ [0} = |w), (A.2)

where |w) is the resulting ket from the addition of the two kets |u) and |v). Multi-

plying by a complex scalar ¢ € C is defined as
clv) = |v)e. (A.3)

Note that it is a common convention to express the linearity of the kets in the
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following manner:

lcru + cov) = |eyu) + |eav) = c1|u) + ealv), (A.4)

however one must be careful to distinguish between which notation represents a
scalar and which notation represents the labeling of the ket. The other axioms of a
vector space easily generalize.

Equipping our vector space with an inner product makes our vector space an
inner product space. The axioms of the inner product expressed in Dirac notation

are
1. Skew-symmetry: (u|v)= (v|u)",
2. Positive-semidefinite: (u|u)> 0, (u|u)= 0 if and only if u = 0,
3. Linearity in second argument: (u|c;v + cow) = ¢ (ulv)+ c&(u|w),

for any |u), |v),|w) € C* and any c¢;,c2 € C [7]. From the axioms of the inner

product, one easily prove the antilinearity of the first argument as well.

Proof. For any ¢y, co € C, observe that

(cru + cow|v) = (v]cru + cow)
= ci{vlu) + c(v|wy

= ci{ulv)+ c3{wlv).

The norm of column vector |v) generalizes as

lo)* = [{vlo)?, (A.5)

and the Cauchy-Schwarz inequality is

[ {ulo)l < ) [[o) - (A.6)
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Now we can separate the bra-ket (u|v)into the ket |v) and the bra (u|which are
column and row vectors, respectively. In this manner, the inner product (u|v) gives
a scalar value. The vector space we have been using has been for the ket which is
called the ket space. The vector space for bras is called the bra space spanned by
the basis vectors {(i[}_; and it is the vector space that is dual to the ket space.
The previous rules of addition of multiplication of kets easily generalize to bras as

well. There exists a bijection between the ket space and bra space such that

[v) €5 (o]
1), 12),... &5 (1], (2], ... (A.7)

crlu)+ co|v) £ i (u|+ 5 (v

where DC stands for dual correspondence [11]. It is important to note that the
dual of ¢|v)is ¢*(v].

In elementary linear algebra, all vectors can be written as a linear combination
of some basis vectors. To express this in Dirac notation, let {|i)}?_, be a set of

basis vectors then for an arbitrary ket |v) we have

n

o) =" vili, (A.8)

=1

and we see that
n

o)+ Juy =" (i + )i, (A.9)

i=1
where v; and u; are the components of kets |v) and |u), respectively, in that basis.
In quantum mechanics, one usually works with an orthonormal basis and if a given
set of basis vectors is not orthonormal, one can apply the Gram-Schmidt process
to turn an orthogonal set of basis vectors into an orthonormal set of basis vectors.

To see how this is done in Dirac notation, let {|i')}5_; be a set of basis vectors.
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Then we first choose an arbitrary basis vector, say |1’), to normalize and we get

)= L. (A.10)

Then we choose a second vector, say |2'), and we first make this basis vector
orthogonal to |1)
[2)=12') = [1)(1[2'), (A.11)

and we see that

(1[2) = (1[2) - (1[1)(12)
— (1)2)- (12)

=0.

We then normalize [2) to get our second orthonormal basis vector

ngl (A.12)
2)

Repeating this process for n basis vectors gives us

—

)= Iy — 3 JiYiln)

=1

In) = T (A.13)

With the orthonormality of the basis vectors, we see that the inner product of two

basis vectors is

1, ifi=j
(ilj)=6i; = (A.14)
0, ifi#j

where §;; is the Kronecker delta function. We can then find the components of an
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arbitrary ket |v) in the following manner:

n

Gl =" wili)

(jlv) = Zw(zlﬁ
(jlv) = sz‘ 0ij
(Jlv)=vj, (A.15)

thus

|v) = Z ji)ilv). (A.16)

o) = (3 laxl) o (A.17)

we see that

> liNil=1=1, (A.18)

i=1

where 1 = I is called the identity operator and equation is called the
completeness relation. The completeness relation is one of the most important
operations in quantum mechanics because we can insert the identity operator at
any place in a long chain of kets and/or bras using any set of orthonormal basis.
This will almost always massively simplify a problem and gives physical insight
into the nature a quantum state when expanded. From equation , consider
the term

P, = |iYi]. (A.19)

Expression (A.19) is clearly a Hermitian operator which is called the projection

operator since for any ket |v)

Pifo) = [i)ilv) = [i)vs, (A.20)
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thus the projection operator projects the i component of a ket |v). It is easy to
see that

B,B; = [i)aliil = |i)il = B, (A.21)

and the completeness relation can be written as

I, (A.22)

B i

i

for some basis |i).

From the postulates of quantum mechanics, observables are Hermitian operators
that act on the elements of the Hilbert space. Since we have thus far only covered
linear algebra, Hermitian operators are simply Hermitian matrices which are
denoted as A for any arbitrary observable A. For an arbitrary operator X and

some arbitrary ket |v), we have
X ) &S (olX, (A.23)

where X' is the Hermitian adjoint, o Hermitian conjugate, of X and the dagger t
is the Hermition adjoint, or Hermitian conjugate, operation [11]. We see that an

operator is defined as Hermitian if

X = X" (A.24)
Then we see that

(10))" = (ul, (A.25)

((0])" = [v). (A.26)

It is common practice to denote the operator and its eigenket, which is the Dirac
notation version of the eigenvector, by a labeling scheme that clearly shows that

the ket is an eigenket of the operator. One common convention is to use uppercase
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letters to denote an operator and label its respective eigenket and eigenvalue with
the equivalent lowercase letter. It is common to use Greek and/or Latin letters.

For example, for arbitrary operators A and ), we have

Ala) = ala), (A.27)

N

Qw) = w|w), (A.28)

where a and w are the eigenvalues. There are some exceptions to this, such as
the labeling of creation and annihilation operators along with their eigenkets, but
it will usually be known from the context whether or not a ket is an eigenket
of some operator. It is known from elementary linear algebra that the eigenkets
{la:)}yr_, = {|i)}™, of any n x n Hermitian matrix A form an orthogonal basis of
C". We can normalize the eigenkets, if they are not already normalized, to form

an orthonormal basis then for any arbitrary operator X

= Z > liiX 1)l (A.29)

where we have insert the identity operator 1 using the same set of basis vectors

except with a different labeling. Then the term

A

(il X 7). (A.30)
et

is the matrix element of X in row i column J. Then we have that any Hermitian
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operator X (including matrices) can be represented in matrix form

(11X]1) (11X]2)
X=1@Xn) X2 ... (A.31)

where the symbol = means “represented by.”
In quantum mechanics, we work with infinite-dimensional Hilbert spaces which

is a type of function space equipped with an inner product defined as

(f. 9= / dr [*(x)g(x), (A.32)

or in Dirac notation

(flg) = / dz f*(2)g(z), (A33)

for any f(x),g(x) € C on the interval (—oo, +00) where we denote an integral with
no labeled bounds as being integrated on (—oo, +00) [7]. With Hilbert spaces, a
ket |v)is still a vector in a complex vector space C™ but the bra is different. A bra
(u]is a linear map (u|: V' — C, or in Dirac notation, (u|: |[v) = (u|v), where V is a
vector space. Before we explain this further, note that the completeness relation

easily generalizes in one dimension as

/ dar )| = 1, (A.34)

where the basis kets are labeled with the continuous label x. Then for an arbitrary

ket |f)and bra (z| we have

(x| f)= (2| f)
_ / da’ (zla' Y| f), (A.35)
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which is the projection of |f) onto the basis ket |z) so

(x[f)= f(z). (A.36)

Then we see that equation (A.33)) is derived as

(flg)= (f[tlg)
~ [ do (flalalg)
= /dm [ (x)g(z). (A.37)

In equation (A.35), we now know that (z|f)= f(z) and (z'|f)= f(z’) so we must
have that

1 o
(xla'y= — /dp @ = §(x — 2, (A.38)
2m
where §(x — 2’) is the Dirac delta function and in n dimensions, we have

1
(2m)"

(xx) =

/d"p )P — 5 (x — X)), (A.39)

Equation (A.39) tells us how to normalize basis kets labeled with a continuous
index.
With the basics of Dirac notation established, we will derive the canonical

commutation relations in three dimensions

[XhXj] =0,
[ Ai? Aj] =0,

This example will demonstrate the full scope on how to use Dirac notation along
with its simplicity. Before we can even derive the commutation relation (A.40)), we

must derive many prerequisite results. Using the postulates of quantum mechanics,



273

let X and P be the Hermitian position and momentum operators, respectively,

such that
X |x) = x|x), (A.41)
P|p)=p|p), (A.42)
where
|X> = |$17 L2, {E3> = |ZL‘, Y, Z>,
P) = |p1, P2, P3) = [Pas Pys P2), (A.43)
and
Plpi) = pilpi), (A.45)

for i = 1,2,3. The fact that |x)and |p) are simultaneous eigenkets implies that the
position and momentum operators commute with amongst each other in different
directions so the first two commutations relations of are trivially established.
Now from Wigner’s theorem, momentum is the generator of translations so let

T(x) be the translation operator then an infinitesimal translation by dx is

T(dx) =1— % -dx, (A.46)
then
T(dx)|x) = |x + dx), (A.47)

for some position eigenket |x) [11]. Let |¢)) be an arbitrary state ket then in one
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dimension

T(aw)y)= (1- §M) %)

_ / r (1 - %m) )|

_ /daz | + Az)z|)

_ /d:v 2}z — Azfv)

— [ dna)(alv) - (ac10)

— [ dela)(tele) - Ao gGalu). (A.48)
where Az is infinitesimal and we have changed variables in the fourth equality but

since the choice is arbitrary, we have relabeled the variable to its original labeling

[11]. Comparing both sides of equation (A.48])) yields

R 0
Ply)= —iho—[) (A.49)
and operating with (z|on the left yields
. 0
(alPly) = ~ih 2 (). (A50)

Since |¢) was arbitrary, we have that the momentum operator in the position basis

is

~ xr—basis . a

P— —{h— A51
and in three dimensions

| SRR/ v (A.52)

With expressions (A.51)) and (A.52)), we can now derive the scalar product of
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position and momentum, namely (x|p). Observe that in one dimension

(&|P|p) = p(zlp)
i {elp) = pla)

(alp) = New=/" (A.53)
where N is some normalization constant. To find N, note that

§(x — ') = (z|2)
_ / dp (lp)pl)
— ’N’Z/dpei(xx’)p/h

= |N|* (27h) 6(x — 2'). (A.54)

Equating both sides of the equation and choosing the constant to be real and

positive by convention, we get

(A.55)

3

2

thus

(x[p) = \/;— elr/h (A.56)

2

o

and in three dimensions
1

(@)= gy ™" (A57

Finally, we can derive the third commutation relation, namely, [X,, 15]] = ihd;;. In

one dimension, observe that

(X,P] = /dx dz' |x)z|[X, P]|z)z']. (A.58)
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Then

(@|[X, Plla’) = (z|(XP — PX)|a")
= (2| X P|2')— (x| PX|2")
— 2 (x| Pla) + ma% (<x|f(|x'>)
= 2(z|P|2') + ma% <$<x|x'>)
- —m(% ((:c|:1:’>> + z’:ch(% ((x\x')) + ih(z]a’)
= ih(z]2’), (A.59)

thus

[X,P] = ih/dx da’ |x )| )|

= ihl. (A.60)

Therefore, we have the canonical commutation relations

(X, Pj| = ihdy;. (A.61)
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